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1 Introduction
The Fractional Fourier transform (abbreviated FrFT) may be considered as a fractional power
of the classical Fourier transform. It has been intensely studied during the last decade, and
may have partially aroused men’s attention because of their vivid interest in time-frequency
analysis methods of signal processing.

In the one-dimensional case, one obtains an integral representation for the FrFT by means
of Mehler’s formula for the Hermite polynomials (see [1]). In this paper, we will proceed the
other way around. First we introduce a multi-dimensional FrFT in the framework of Clifford
analysis making use of the generalized Clifford–Hermite polynomials. Clifford analysis may be
regarded as a direct and elegant generalization to higher dimensions of the theory of holomorphic
functions in the complex plane, centred around the notion of a monogenic function, i.e. a null
solution of the Dirac operator. Then we show that our FrFT coincides with the classical tensorial
FrFT in higher dimension. In this way we are able to prove Mehler’s formula for the generalized
Clifford–Hermite polynomials.

The outline of the paper is as follows. To make it self-contained, a section on definitions and
basic properties of Clifford analysis is included (Section 2). In Section 3 we describe the classical
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FrFT. Subsequently, we introduce the FrFT in the framework of Clifford analysis (Section 4).
First we discuss the generalized Clifford–Hermite polynomials, a multi-dimensional generaliza-
tion to Clifford analysis of the classical Hermite polynomials on the real line (Subsection 4.1).
By means of these generalized Clifford–Hermite polynomials we then construct an orthonormal
basis of eigenfunctions of the Fourier transform for the space of square integrable functions
(Subsection 4.2). In Subsection 4.3 we define the FrFT in Clifford analysis and show that it can
be written as an operator exponential. From this operator exponential form it becomes clear
that our FrFT coincides with the tensorial higher-dimensional FrFT. This allows us to derive
the so-called Mehler formula for the generalized Clifford–Hermite polynomials (Section 5).

2 Clifford Analysis

Clifford analysis (see e.g. [2] and [3]) offers a function theory which is a higher-dimensional
analogue of the theory of the holomorphic functions of one complex variable.

Consider functions defined in R
m (m > 1) and taking values in the Clifford algebra Rm or

its complexification Cm. If (e1, . . . , em) is an orthonormal basis of R
m, then a basis for Rm is

given by (eA : A ⊂ {1, . . . , m}), where e∅ = 1 is the identity element. The non-commutative
multiplication in the Clifford algebra Rm is governed by the rules:

e2
j = −1, j = 1, . . . , m. ejek + ekej = 0, j �= k, j, k = 1, . . . , m.

Conjugation is defined as the anti-involution for which ej = −ej , j = 1, . . . , m with the
additional rule i = −i in the case of Cm.

The Euclidean space R
m, respectively R

m+1, is embedded in the Clifford algebras Rm and
Cm by identifying (x1, . . . , xm) ∈ R

m with the vector variable x given by x =
∑m

j=1 ejxj , and
(x0, x1, . . . , xm) ∈ R

m+1 with x0 + x.
An Rm- or Cm-valued function F (x1, . . . , xm), respectively F (x0, x1, . . . , xm), is called left

monogenic in an open region of R
m, respectively R

m+1, if in that region:
∂xF = 0, respectively (∂x0 + ∂x)F = 0.

Here ∂x is the Dirac operator in R
m: ∂x =

∑m
j=1 ej∂xj

, which splits the Laplacian in R
m:

Δm = −∂2
x, whereas ∂x0 + ∂x is the Cauchy–Riemann operator in R

m+1 for which Δm+1 =
(∂x0 +∂x)(∂x0 +∂x). The notion of right-monogenicity is defined in a similar way by letting the
Dirac operator or the Cauchy–Riemann operator act from the right.

Let h be a positive function on R
m. Then we consider the inner product

(f, g) =
∫

Rm

h(x)f(x)g(x)dV (x),

where dV (x) stands for the Lebesgue measure on R
m, and the associated norm ‖f‖2 = [(f, f)]0.

Here [λ]0 stands for the scalar part of the Clifford number λ. The unitary right Clifford-module
of measurable functions on R

m, for which ‖f‖2 < ∞, is a right Hilbert Clifford-module, which
we denote by L2(Rm, h).

Finally, the Fourier transform of f(x) will be denoted by F (f)(y); it is given by:

F (f)(y) =
(

1√
2π

)m ∫

Rm

exp (−i〈x, y〉)f(x)dV (x),

where 〈x, y〉 =
∑m

j=1 xjyj . The function exp
(− |x|2

2

)
is an eigenfunction of this Fourier trans-

form:

F

(

exp
(

− |x|2
2

))

(y) = exp
(

− |y|2
2

)

. (1)

3 The Classical Fractional Fourier Transform

The idea of fractional powers of the Fourier operator appears in the mathematical literature as
early as in 1929 (see [4–6]). It has been rediscovered in quantum mechanics, optics and signal
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processing. The boom in publications started in the early years of the 1990s and it is still going
on. A recent state of the art can be found in [7].

The FrFT on the real line is first defined on a basis for the space of rapidly decreasing
functions S (R). For this basis one uses a complete orthonormal set of eigenfunctions of the
Fourier transform given by

(Ff)(ξ) =
1√
2π

∫ +∞

−∞
f(x) exp (−iξx)dx, f ∈ S (R).

A possible choice for these eigenfunctions leads to the normalized Hermite–Gauss functions:

φn(x) =
21/4

√
2nn!

exp
(

− x2

2

)

Hn(x),

where Hn(x) = (−1)n exp (x2) dn

dxn

(
exp (−x2)

)
are the Hermite polynomials associated with the

weight function exp (−x2). These eigenfunctions satisfy the orthonormality relation 〈φn, φm〉 =
δn,m with 〈f, g〉 = 1√

2π

∫ +∞
−∞ f(x)g(x)dx and the eigenvalue equation Fφn = exp

( − inπ
2

)
φn.

The eigenvalue for φn is thus given by λn = λn, with λ = exp
( − iπ

2

)
representing a rotation

over an angle π
2 .

The FrFT generalizes the concept of rotating over an angle that is π
2 in the classical Fourier

transform situation. Like the classical Fourier transform corresponds to a rotation in the time-
frequency plane over an angle α = π

2 , the FrFT corresponds to a rotation over an arbitrary
angle α = aπ

2 with a ∈ R.
Consequently the FrFT is defined by

F aφn = exp
(

− ina
π

2

)

φn = λa
nφn = λn

aφn, (2)

with λa = exp
( − iaπ

2

)
= exp (−iα) causing a rotation over an angle α = aπ

2 . Thus the classical
Fourier transform corresponds to F 1. Note also that, for α = a = 0, we get the identity operator
F 0 = I and for α = π or a = 2 we get the parity operator F 2 = exp (−iπH ).

The FrFT can be written as an operator exponential F a = exp (−iαH ), so that

exp (−iαH )
(

exp
(

− x2

2

)

Hn(x)
)

= exp (−inα) exp
(

− x2

2

)

Hn(x).

Differentiating the above relation with respect to α, setting α = 0 and then using the differential
equation H ′′

n(x)− 2xH ′
n(x) + 2nHn(x) = 0, one can easily verify that the operator H is given

by H = −1
2

(
d2

dx2 − x2 + 1
)
.

As the set of normalized Hermite–Gauss functions φn constitutes an orthonormal basis for
L2(R), each function f ∈ L2(R) can be expanded in terms of these eigenfunctions φn:

f =
∞∑

n=0

anφn,

where the coefficients an are given by

an =
1√
2π

∫ +∞

−∞
φn(x)f(x)dx =

1
√

2nn!π
√

2

∫ +∞

−∞
Hn(x) exp

(

− x2

2

)

f(x)dx. (3)

Applying the FrFT yields

F af =
∞∑

n=0

an exp
(

− ina
π

2

)

φn. (4)

The calculation of transforms by means of the series (4) is usually not practical. In order to
obtain the integral representation of the operator F a, a formula due to Mehler is used:

∞∑

n=0

exp (−inα)Hn(ξ)Hn(x)
2nn!

√
π

=
exp

(
2xξ exp (−iα)−exp (−2iα)(ξ2+x2)

1−exp (−2iα)

)

√
π(1 − exp (−2iα))

.
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Inserting an from equation (3) into equation (4) and using Mehler’s formula, one obtains

(F af)(ξ) =
1√

π
√

1 − exp (−2iα)

∫ +∞

−∞
exp

(
2xξ exp (−iα) − exp (−2iα)(ξ2 + x2)

1 − exp (−2iα)

)

exp
(

− ξ2 + x2

2

)

f(x)dx. (5)

Note that, for 0 < |α| < π, this expression can also be written as

(F af)(ξ) =
exp

(− i
2

(
π
2 α̂ − α

))
exp

(
i
2ξ2 cot (α)

)

√
2π| sin (α)|

∫ +∞

−∞
exp

(

− i
xξ

sin (α)
+

i

2
x2 cot (α)

)

f(x)dx,

where α̂ = sgn(sin (α)).
It was already mentioned that (F 0f)(ξ) = f(ξ) and (F±πf)(ξ) = f(−ξ). Furthermore,

when |α| > π, the definition is taken modulo 2π and reduced to the interval [−π, π].
The FrFT can be extended to higher dimensions by taking tensor products. If Ka(ξ, x)

denotes the kernel of the one-dimensional FrFT, i.e.

(F af)(ξ) =
∫ +∞

−∞
Ka(ξ, x)f(x)dx,

then one defines the m-dimensional FrFT as follows:
(F a1,...,amf)(ξ1, . . . , ξm)

=
∫ +∞

−∞
· · ·

∫ +∞

−∞
Ka1,...,am

(ξ1, . . . , ξm; x1, . . . , xm)f(x1, . . . , xm)dx1 · · · dxm,

where
Ka1,...,am

(ξ1, . . . , ξm; x1, . . . , xm) = Ka1(ξ1, x1) · · ·Kam
(ξm, xm).

4 The Fractional Fourier Transform in the Framework of Clifford Analysis

4.1 Properties of the Generalized Clifford–Hermite polynomials

In order to obtain a basis for the weighted Hilbert module L2

(
R

m, exp
(− |x|2

2

))
, Sommen

introduced the generalized Clifford–Hermite polynomials H�,m,k(x) (see [8]), which satisfy the
recurrence relation:

H�+1,m,k(x)Pk(x) = (x − ∂x)
(
H�,m,k(x)Pk(x)

)
. (6)

Here Pk(x) denotes a left monogenic homogeneous polynomial of degree k, inner spherical
monogenic of order k for short. The function H�,m,k(x) is a polynomial of degree 	 in the
variable x with real coefficients depending on k. H2�,m,k(x) contains only even powers of x, while
H2�+1,m,k(x) contains only odd ones. Moreover, the generalized Clifford–Hermite polynomials
satisfy the Rodrigues formula

H�,m,k(x)Pk(x) = exp
( |x|2

2

)

(−∂x)�

(

exp
(

− |x|2
2

)

Pk(x)
)

and the orthogonality relation
∫

Rm

exp
(

− |x|2
2

)

H�,m,k1(x)Pk1(x)Ht,m,k2(x)Pk2(x)dV (x) = γ�,k1 δ�,t δk1,k2 ,

with

γ2p,k =
22p+m/2+kp!πm/2Γ

(
m
2 + k + p

)

Γ
(

m
2

)

and

γ2p+1,k =
22p+m/2+k+1p!πm/2Γ

(
m
2 + k + p + 1

)

Γ
(

m
2

) .

Furthermore, the set{
1

(γ�,k)1/2
H�,m,k(x)P (j)

k (x); 	 ∈ N, k ∈ N, j ≤ dim(M+
� (k))

}
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constitutes an orthonormal basis for L2

(
R

m, exp
( − |x|2

2

))
. Here

{
P

(j)
k (x); j = 1, 2, . . . , dim(M+

� (k))
}

denotes an orthonormal basis of M+
� (k), the space of left inner spherical monogenics of order k.

By a straightforward, but lengthy, calculation the following fundamental properties of the
generalized Clifford–Hermite polynomials may be proved:

Proposition 1 The generalized Clifford–Hermite polynomials satisfy :
(i) ∂x(xH�,m,k(x)Pk(x)) = a�,m,kH�,m,k(x)Pk(x) + x ∂x(H�,m,k(x)Pk(x));
(ii) ∂x(H�,m,k(x)Pk(x)) = −C�,m,kH�−1,m,k(x)Pk(x);
(iii) ∂2

x(H�,m,k(x)Pk(x)) − x ∂x(H�,m,k(x)Pk(x)) = C�,m,kH�,m,k(x)Pk(x), with

a�,m,k =
{−(m + 2k), for 	 even,

m + 2k − 2, for 	 odd,
and C�,m,k =

{
	, for 	 even,

	 − 1 + m + 2k, for 	 odd.

Formula (iii) of Proposition 1 generalizes the differential equation
H ′′

n(x) − 2xH ′
n(x) + 2nHn(x) = 0

satisfied by the classical Hermite polynomials on the real line.
Furthermore, combining formula (ii) of Proposition 1 and formula (6) yields

H�+1,m,k(x)Pk(x) − xH�,m,k(x)Pk(x) − C�,m,kH�−1,m,k(x)Pk(x) = 0,

which is a generalization of the recurrence relation Hn+1(x)+2nHn−1(x)−2xHn(x) = 0 satisfied
by the classical Hermite polynomials.

4.2 Orthonormal Basis of Eigenfunctions of the Fourier Transform for L2(Rm)

In this subsection we will construct an orthonormal basis of eigenfunctions of the Fourier trans-
form for L2(Rm). We start with the following result:

Proposition 2 The set
{

1
(γ�,k)1/2

H�,m,k(x)P (j)
k (x) exp

(

− |x|2
4

)

; 	 ∈ N, k ∈ N, j ≤ dim(M+
� (k))

}

constitutes an orthonormal basis for L2(Rm).

In view of (1), we carry out the substitution x → √
2 x, which leads to the following

orthonormal basis for L2(Rm):
{

2m/4

(γ�,k)1/2
H�,m,k(

√
2x)P (j)

k (
√

2x) exp
(

− |x|2
2

)

; 	 ∈ N, k ∈ N, j ≤ dim(M+
� (k))

}

.

It may be proved by induction that this basis consists of eigenfunctions of the Fourier transform.

Proposition 3 For all inner spherical monogenics Pk(x) of order k ∈ N and all 	 ∈ N, one
has

F

(

exp
(

− |x|2
2

)

H�,m,k(
√

2x)Pk(
√

2x)
)

(y)

= exp
(

− i(	 + k)
π

2

)

exp
(

− |y|2
2

)

H�,m,k(
√

2y)Pk(
√

2y).

4.3 The Fractional Fourier Transform: Definition and Operator Exponential Form

In what follows, we denote for 	, k ∈ N, j ≤ dim(M+
� (k)):

φ�,k,j(x) =
2m/4

(γ�,k)1/2
H�,m,k(

√
2x)P (j)

k (
√

2x) exp
(

− |x|2
2

)

.

In the previous section (Proposition 3), we have shown that

(F (φ�,k,j(x)))(y) = exp
(

− i(	 + k)
π

2

)

φ�,k,j(y).
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Corresponding to the definition on the real line (see (2)), we define the multi-dimensional FrFT
in Clifford analysis by:

(F a
C(φ�,k,j(x)))(y) = exp

(

−i(	 + k)a
π

2

)

φ�,k,j(y); a ∈ R

= exp
(−i(	 + k)α

)
φ�,k,j(y),

with α = aπ
2 .

Now we will show that, similarly to the classical case, the FrFT F a
C can be written as an

operator exponential.

Proposition 4 The Fractional Fourier transform F a
C can be written as an operator ex-

ponential F a
C = exp (−iαHC) = exp (−iaπ

2 HC), where the operator HC is given by HC =
1
2 (∂2

x − x2 − mI) = −1
2 (Δm − |x|2 + mI) with I the identity operator.

Proof First we remark that the operator exponential exp (−iαHC) is defined as a series

exp (−iαHC) =
∞∑

n=0

(−iα)n H n
C

n!
.

Differentiating the relation

exp (−iαHC)
(

H�,m,k(
√

2x)P (j)
k (

√
2x) exp

(

− |x|2
2

))

= exp
(−i(	 + k)α

)
H�,m,k(

√
2x)P (j)

k (
√

2x) exp
(

− |x|2
2

)

with respect to α, and setting α equal to zero, yields

HC

(

H�,m,k(
√

2x)P (j)
k (

√
2x) exp

(

− |x|2
2

))

= (	 + k)H�,m,k(
√

2x)P (j)
k (

√
2x) exp

(

− |x|2
2

)

.

Now we will verify that the operator HC is indeed given by HC = 1
2 (∂2

x − x2 − mI). We
have

(∂2
x − x2 − mI)

(

exp
(

− |x|2
2

)

H�,m,k(
√

2x)P (j)
k (

√
2x)

)

= − exp
(

− |x|2
2

)

∂x

(
xH�,m,k(

√
2x)P (j)

k (
√

2x)
)

− x exp
(

− |x|2
2

)

∂x

(
H�,m,k(

√
2x)P (j)

k (
√

2x)
)

+ exp
(

− |x|2
2

)

∂2
x

(
H�,m,k(

√
2x)P (j)

k (
√

2x)
)

− m exp
(

− |x|2
2

)

H�,m,k(
√

2x)P (j)
k (

√
2x).

By means of formula (i) of Proposition 1, this becomes

(∂2
x − x2 − mI)

(

exp
(

− |x|2
2

)

H�,m,k(
√

2x)P (j)
k (

√
2x)

)

= exp
(

− |x|2
2

)
{
∂2

x

(
H�,m,k(

√
2x)P (j)

k (
√

2x)
) − 2x ∂x

(
H�,m,k(

√
2x)P (j)

k (
√

2x)
)

− (a�,m,k + m)H�,m,k(
√

2x)P (j)
k (

√
2x)

}
.
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Formula (iii) of Proposition 1 finally leads to
1
2
(∂2

x − x2 − mI)
(

exp
(

− |x|2
2

)

H�,m,k(
√

2x)P (j)
k (

√
2x)

)

=
1
2
(2C�,m,k − a�,m,k − m)H�,m,k(

√
2x)P (j)

k (
√

2x) exp
(

− |x|2
2

)

= (	 + k)H�,m,k(
√

2x)P (j)
k (

√
2x) exp

(

− |x|2
2

)

,

since for all 	 ∈ N, 2C�,m,k − a�,m,k − m = 2	 + 2k.
From Proposition 4 we observe that, surprisingly, our FrFT coincides with the classical

tensorial higher-dimensional FrFT F a1,...,am with a1 = a2 = · · · = am = a.

5 The Mehler Formula for the Generalized Clifford–Hermite Polynomials

A Clifford algebra-valued square integrable function f(x) can be expanded in terms of the
eigenfunctions {φ�,k,j}:

f(x) =
∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

φ�,k,j(x) a�,k,j ,

where the Clifford algebra-valued coefficients a�,k,j are given by

a�,k,j = 〈φ�,k,j , f〉 =
∫

Rm

φ�,k,j(x)f(x)dV (x). (7)

By applying the operator F a
C , we get

(
F a

Cf(x)
)
(y) =

∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

(
F a

Cφ�,k,j(x)
)
(y) a�,k,j

=
∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

exp (−i(	 + k)α) φ�,k,j(y) a�,k,j .

We thus have obtained the definition of the FrFT F a
C in the form of a series.

By replacing a�,k,j in the series by their integral expression (7), it is turned into
(
F a

Cf(x)
)
(y)

=
∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

exp (−i(	 + k)α)
2m/4

(γ�,k)1/2
H�,m,k(

√
2y)P (j)

k (
√

2y) exp
(

− |y|2
2

)

∫

Rm

2m/4

(γ�,k)1/2
H�,m,k(

√
2x)P (j)

k (
√

2x) exp
(

− |x|2
2

)

f(x)dV (x)

= 2m/2

∫

Rm

{ ∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

exp (−i(	 + k)α)
γ�,k

H�,m,k(
√

2y)P (j)
k (

√
2y)

H�,m,k(
√

2x)P (j)
k (

√
2x)

}

exp
(

− |x|2 + |y|2
2

)

f(x)dV (x). (8)

On the other hand, from the previous section we know that our FrFT coincides with F a,...,a.
Consequently, by means of (5), we have

(F a
Cf(x))(y) =

∫

Rm

Ka(y1, x1) · · ·Ka(ym, xm)f(x)dV (x)

=
(

1√
π
√

1 − exp (−2iα)

)m ∫

Rm

exp
(

2x1y1 exp (−iα) − exp (−2iα)(y2
1 + x2

1)
1 − exp (−2iα)

)
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exp
(

− y2
1 + x2

1

2

)

· · · exp
(

2xmym exp (−iα) − exp (−2iα)(y2
m + x2

m)
1 − exp (−2iα)

)

exp
(

− y2
m + x2

m

2

)

f(x)dV (x)

=
(

1√
π
√

1 − exp (−2iα)

)m ∫

Rm

exp
(

2〈x, y〉 exp (−iα)
1 − exp (−2iα)

)

exp
(

− (|x|2 + |y|2) exp (−2iα)
1 − exp (−2iα)

)

exp
(

− |x|2 + |y|2
2

)

f(x)dV (x). (9)

Comparing (8) and (9) yields the following result:
Theorem 1 The Mehler formula for the generalized Clifford–Hermite polynomials takes the
following form:

∞∑

�=0

∞∑

k=0

dim(M+
� (k))∑

j=1

exp (−i(	 + k)α)
γ�,k

H�,m,k(
√

2y)P (j)
k (

√
2y)H�,m,k(

√
2x)P (j)

k (
√

2x)

=
(

1√
2π

1
√

1 − exp (−2iα)

)m

exp
(

2〈x, y〉 exp (−iα) − (|x|2 + |y|2) exp (−2iα)
1 − exp (−2iα)

)

.
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[3] Delanghe, R., Sommen, F., Souček, V.: Clifford Algebra and Spinor–Valued Functions, Kluwer Acad. Publ.,

Dordrecht, 1992

[4] Condon, E. U.: Immersion of the Fourier transform in a continuous group of functional transformations.

Proc. National Academy Sciences, 23, 158–164 (1937)

[5] Kober, H.: Wurzeln aus der Hankel-und Fourier und anderen stetigen Transformationen. Quart. J. Math.

Oxford Ser., 10, 45–49 (1939)

[6] Wiener, N.: Hermitian polynomials and Fourier analysis. J. Math. Phys., 8, 70–73 (1929)

[7] Ozaktas, H. M., Zalevsky, Z., Kutay, M. A.: The fractional Fourier transform, Wiley, Chichester, 2001

[8] Sommen, F.: Special Functions in Clifford analysis and Axial Symmetry. Journal of Math. Analysis and

Applications, 130(1), 110–133 (1988)

[9] Bultheel, A., Martinez, H.: A shattered survey of the Fractional Fourier Transform, Report TW 337,

Department of Computer Science, K. U. Leuven, April 2002

[10] McBride, A. C., Kerr, F. H.: On Namias’s Fractional Fourier Transforms. IMA Journal of Applied Mathe-

matics, 39, 159–175 (1987)

[11] Namias, V.: The Fractional Order Fourier Transform and its Application to Quantum Mechanics. J. Inst.

Maths Applics, 25, 241–265 (1980)


