J. Austral. Math. Soc. (Series A) 56 (1994), 403-414

I

SR

MOBIUS COVARIANCE OF ITERATED DIRAC OPERATORS

JAAK PEETRE and TAO QIAN

(Received 17 July 1991; revised 3 March 1992)

b Communicated by P. G. Dodds

Abstract

Using Fourier transforms, we give a new proof of certain identities for the fundamental solutions
of the iterated Dirac operators D’ = (Y_1_, ¢; 8/3x;)", £ € Z, and D® = (3/3xp + D)¢. Based
on the close relationship between the fundamental solutions and the conformal weights we then
give a simple proof of B. Bojarski’s results on the conformal covariance of D*. We also prove a
new conformal covariance result of D.

1991 Mathematics subject classification (Amer. Math. Soc.): 30 G 35.

1. Introduction

This paper gives an alternative proof of B. Bojarski’s results [1, 2] on Mobius
covariance of the iterated Dirac operators D* = (3 i_, e a/ax,-)‘, teZ,
by recognizing the close relationship between the conformal weights and the
fundamental solutions of the operators. We also give a covariance result on
the Dirac operator D = 8/dxo + D, with some observations concerning non-
existence of Mobius covariance of its iterations D%, £ > 1 (see also [11]).

We begin by recalling basic knowledge related to Clifford algebras ([1, 2, 4,
3, 6]). The Clifford algebra &7, shall be the associative algebra over the real
number system R generated by n elements ey, €z, ..., € subject to the relations
eie; = —eje;, i # j, and ef = —1. Each element a € &, has a unique
representation in the forma = S ase,, where a; € R and the summation is over
all ordered subsets s = {0 < i; < --- < ig} C {1,2,---,n}, and we identify
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e, with ¢; - --e;,. For the empty set ¥}, ey is interpreted as the real number 1.
oo, |, &> can be identified with R, the complex field C and the quaternions,
respectively.

&/, is a vector space of real dimension 2". In the literature there are two ways
to identify R" with certain linear subspaces of &/,. In this paper we identify

R" with span{e,,---,e,}. For any element x = xo + x1¢; + -+ + X,€, WE
denote x = xy + x with x = xje; + --- + x,e, € R". Define two operations
on the basic elements: (e;, ---¢;,)* = e, ---¢€;, (e, ---¢€,) = (—=1(e;, -+ - i)

etc., and extend them by linearity to two corresponding operations on &, still
denoted by * and '. By combining them we define the third operation ~ by
X = (x*)'; it is easy to see that ¥ = xq — x for x = Xy + x. The natural inner
product between a and b, denoted by (a, b), is the number ) __a,b, and the norm
of a associated with this inner product is |a| = (3", la;|?)z. We recall that the
Clifford group I', is defined as the multiplicative group of all elements in the
Clifford algebra which can be written as products of non-zero vectors in R".
For elements a, b in ", U {0}, @aa = |a|* and |ab| = |a| - |b] (see [1, 2, 4, 3, 6]).

If a € T,, then it has a representation a = fi(f) a;, where a; € R". Gen-
erally, such a representation is not unique, and neither is the related integer
M (a). We let m(a) be the minimum of M (a) over all such representations. If
a € R\{0}, then we set m(a) = 0. So, m(x) = 1, and for a € T, it follows that
aa* = a*a = (—1)"?|a|%

By the Mobius group we mean the group of orientation preserving transform-
ations acting in the Euclidean space R", generated by rigid motions, dilations
and inversions ([1, 2, 4, 3, 6]).

According to a theorem of Ahlfors ([1, 2, 4, 3]), all Mobius transforms from
R" U {oo} to R" U {co} are exactly those of form

@(x) = (ax + b)(cx + d)™
where a, b,c,d € T, U {0} and
ad* - bc* € R\ {0}, a*c, cd*, d*b, ba* € R".

See [2], for example. Furthermore, the identification between the ¢’s and the

Clifford matrices ( i Z ) gives a homomorphism under 2 x 2 block matrix '

multiplication.

Since we are interested in differentiation of transformations of functions, we

can assume without loss of generality that the functions under consideration
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are defined in R" or its one-point compactification, with compact supports and
having as many orders of differentiability as we need in our argument; the same
applies to functions definedin R = R&R" = {x = xo+x; x € R, x € R"}.
For Clifford number-valued functions defined in R" belonging to the above
mentioned nice classes we introduce the following Fourier transform:

f&) = f ¢ £ (x)dx.

The associated symbol of the Dirac operator D is i&; and, accordingly, those of
D* and D™* are (i§)* and (i§)7%, € € Z., respectively.

For functions defined in R = {x +x : xy € R, x € R"} we use the
following definition

fe) = [ ¢ f(x)dx
RY

where &, x € R].

With this definition the associated symbols of the iterated Dirac operator D¢
and D%, ¢ € Z,, where D = 38/dxy + D, are (i£)* and (i&)¢, respectively.
It would be helpful to mention that Hans Jakobson and Michelle Vergne have

established an analogue of Theorem 1 for the group SU (2, 2) ([10]); and Hans
Jakobsen has established related results for other Lie groups ([9]).

2. Fundamental solutions of D¢ and D*

First we deduce the fundamental solutions of D®. We prefer an approach

that will not concentrate on integers £ at the beginning. It is consistent with the
above if we define D™, « > 0, by

DF) =c f D) (i£) f (£)dE,

n

where (i)™ is defined by

(E) = 1§ X+ (&) + (—1ED ™" x- (&)

1 &
4 =—11 T
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Thus, if = £ is a positive integer, we have

W if £ is even;
&
|§|‘;“ if £1sodd.

(&) =

Therefore
prw=5| [ etierfeu + 0 [ et tiga
+ ] ERIEDf ©)dE + D fm "e“'"i‘i’(—lgI)""‘”‘f(g)d%j}-

If 0 < o, + 1 < n, by invoking the following formula (see [14, p. 117] for
example) for0 < 8 < n,
1\, 1
T = Cn. Yodm Y
£1° ?lxir-?

D™ flx) = Ko u% f(x)

we conclude

where

1 —iamr 1
e dra (1=€7) D (i:ﬁ"‘““l) '

For general o > 0, the same criterion gives

Kn,tx(’.‘:) = Cn,e (1 + e‘—iam) E

Ky o(%) = oo (1 +€77) G a(x) + dyor (1 =€) DG (3),

where G, 4 is the fundamental solution of |D|? that is the operator associated
with symbol [£7.
Accordingly, we conclude that, for n odd,

Cn.e Ext";“eﬂ’ 4 Odd,
(1) K, (x) = "5
Cnp ——, £ even,
x|
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5 even;

s odd.

De|=f(©)dé

formula (see [14, p. 117] for

—ia 1
e ”) D (IJEI”_‘“_I) :

L = e—-ian’) DGI'!,C!‘!'](‘E)!

hat is the operator associated

£ odd;

£ even,
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and for n even

X

Cn,t E"i-;ju_—l, £oddand £ < n;
1
Cn,e -T;_—E, fevenand £ < n,
(2)  Kne(x) = & "
(cneloglel +due) oy £oddand £

1
(cneloglxl + dut) —— Zevenand £ > n.

~ x|’

The formulae in (2) can also be derived using other methods. For example,
they follow from the results in [12]. Our method by using Fourier transform,
however, gives the formulae for K, , when o is not an integer. The formulae and
the proof of Theorem 1 indicate the reason why D, has no conformal invariance
when « is not an integer.

Now we turn to the fundamental solutions of D%, £ € Z,. In fact, writing
Dy = 3/3xq, it follows that D™¢ = (Do + D)™t = (Dy — D)Y(D? — D*)“.
According to the Fourier transform defined at the end of the introductory section,
the symbol of (DZ — D*)~* is |£|%, while its inverse Fourier transform, for
0 < 2€ < n + 1, is cue|x|~@+'1=22, This shows that the kernel of the operator
0~ 15

1
Ly (x) = €p (Do — D)* (W) , 0<2l <n+1.

A direct computation then gives
WE

3) Lys(x) = Cne tel,.

This result is due to Delanghe and Brackx [7] with a different proof.

3. Conformal Covariance

We normalize the M6bius transformation defined in the introduction by adding

" the condition

ad* — bc* =1,

1
i
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i
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and consider the multiplier representation

L) f(x) = ey - f (9(x)),

where
(ex+-4) ¢ odd;
() Tgllsc) = lcx + djn—¢+1’ ;
. 1
W, £ even,
and £ € Z.

The following theorem is the main result of [1,2].

THEOREM 1. For £ € Z., the iterated Dirac operator D intertwines the
representations T, , T_, of the Mibius transformation group, that is, for ¢ # 0

(_l)m(c‘)+1 T—e (fo) , ¢ Odd;

) D(T.f) =
‘ T_.(D°f), £ even,

and, if ¢ = 0, then it must be the case that d + 0, and the factor (—1)"O*! iy

the last formula should be replaced by (—1)"@.

REMARK. Note that the constant factors for £ odd in the theorem seem to be
missing in [6].

The following proof of the theorem based on the close relationship between
K, ¢, the fundamental solutions of D¢, and the conformal weights J; ,. Note
that it is thus akin to a known proof of ‘Bol’s lemma’ (ctf. [8]).

PROOF. We only give the proof for the case ¢ # 0. The proof for ¢ = 0 is

omitted, since it is similar, and even simpler. We are going to show

(—I)M(C)+ID_8T_£ (fo) , E Odd;

5t T =
= el [ DT, (D*f), ¢ even.

First, let us assume that n is odd or that £ < » and n is even. Denote by ¢ the

inverse of ¢. If y = ¢ (x) = (ax +b)(cx+d)~' € R", then Yex+d) =ax+b
and 50, x = ¥ (y) = (yc —a)™'(—yd + b). Letz = z(y) = yc—a,A =
b —ac™d, it follows that

(6) e B,
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1 and n is even. Denote by v the
'€ R", then y(cx+d) = ax+b
Letz = z(y) = )H)c-va,A =

61 |
On the other hand, since x = x*, y = ¥, (6) is equivalent to
©

It can be observed, from the properties of Mébius transformation and formula

o AT e
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x= A*z*—l _ d*cﬁ-—l.

(6), that ¢ 3 0 implies A # 0. We have
D™ (T, (D*f)) (W ()
= c,.,ef Kne(#@) =) - T (D°F) (6 (y))dy
dyr(y)

dy

dy,

= f Koo @) — ¥ ) - ea (4 ) (2°F) )

where |dv (y)/dy| is the Jacobian. Noticing that x = ¥ (y) is also a Mobius
transformation, by using formula (2.4) of [2] and the condition ad* — bc* =1,
we see that the Jacobian equals |z(y)|™*". In view of the identities (2), (4) and

Y(x) — Q) = (27 @ -z (M)A,
@) — ) =~z @ (E@ - z()2 T Q)
z(x) —z(y) = (x — y)c

and
A* z*~'(y) c* .
|A|n+e+1 IZ«-l(y)ln+€+l |C|n+€+l E ¢ odd;
Jeo(¥(¥)) = 1 1 1
| A+t 1Z—I(X)in+£ lc|r+e ¥ Jol
for £ odd, the above equals
; z71(x) (x = ) ¢ z7'(y) A
i @)t S Jx =yt e[t lz—t(z)ln—zﬂ |A |-t
A* 77 (y) c* 1
. — B d
|Atin+€+l |Z_l(2)ln+£+l |C|n+5+1 (_ f) (z)kz('y)llﬂ ‘X
1 -D"° ') (x -y ¢
= AR (e f r—gr (2 F)
1 (=D"9  z7'(x) ¢
=TAP o [ Kuel =) (2F) 4y
1 =" ')
“aE e e
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where we used m(z~'A) = 1, which follows from the fact that A =x+c'd

and ¢-'d € R" (see [2, Lemma 1.4]), and the properties of the fundamental

solution. Replacing x by ¢(x) in the above and noticing that (x + d*c* ) =
271(¢(x)) A, we obtain

_ (=1)"WcA*  (cx+d)
D (T2 (D' @ =T gmer jox+ g @@

Now bc* = ad* — 1 together with ¢™'d € R” implies b = —c* ' +ac”'d and
hence A = —c*~'. Using this relation, the above immediately gives (5'). The
proof for £ even is similar. The only difference is that this time we should use
the expressions for the case ¢ even in formula (1), (2) and (4), respectively. We
consider the case £ > n when n is even. Using (2) and the proceeding as above
in the case £ is odd, it follows that

D™ (T-e (D)) (W ()
_ 1L e W
TIAP e @

f [(—cn) 108120)| + (cncloglx =1+

(x =3 3
+ ey logle] + (—cae) loglz()1] ey
) y
= Z I,'.
1
Since in the case £ > n when n is even and £ odd (x — yiflz — yIrtt =

+(x — y)*", Iy and I; are obviously zero. The inequality

1 e g

I, =
A lelr 27 @)

fx)

follows from the basic property of fundamental solutions. To conclude we only
need to show I, = 0. In fact, since

(x—3)

=:l:[(;—ac‘1)—()_:-ac‘l)]€_" = Z hy (x—ac™) (y-ac™'Y,

k+j=t—n

by integration by parts, we have

9l

k{
——cn'e

k+

= —Cny
k+.

—hoe-

where the 1z
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|
atz'A=x+4+c'd _ » SR
o gl | —C"‘LZ; hyj(x—ac l)k[(loglx'ac 1| 4+ loglel)y—ac™ ) (D F) Dy
hat (x +d*c*™) = | — ' |
‘ = —Cnt Z hyi(x — ac’l)"f(log ly - ac”' Xy — ac™ Y (D' f)(y)dy
} k+j=f—n
—f @&, L= —cw S hyx— aC“)"flog ly —ac”'(y = ac™Y (D) f(y)dy
° k+j=L—n, j<f—n
¢ 4+ac'd and "hO.E—nan.e logly — ac™'|(y - ac ) (D F)(ndy
ately gives (5). The (y—a &1
s time we should use = :l:ho,e—nfcn,e(log ly — ac™'| + dn,z)———;—'—cm (l_)ef)(z)dz
(4), respectively. We ly—a
proceeding as above sty o FEHET )

=0,
where the last step used the convention that function f o ¢ has compact support.
In fact, flac™) = fo ¢o w(ac") = fogp(oc) = 0.

(ca.c loglx— Y1+ dy) So, we still have, as in the previous case
I Gt VAN

D (T (D*f)) W) = WWWﬂE)-

-

=Yty

A Replacing x by ¢(x) and proceeding as before, we obtain the desired formula

in (5') for the case ¢ odd when £ > n and n is even.
The case £ even can be treated similarly, and hence the theorem is proved.

, BT e Now we tumn to the operator D¢, and ask if we have similar conformal
L 2)/ lx =yl = covariance for these operators. The answer is yes for £ = 1; and no for £ > 1
Y (see remark below). First, hotice that if we change R" to R” in the definition of

" M&bius transformations and the identification relationship between them and the
X) . certain Clifford matrices described in the introduction, then all the conclusions’
N still hold. In fact, it then becomes L. Ahlfors’s original result (see [1,2, 4, 3.
Now denote by ¢ a Mobius transformation from R} U {oc} into R} U {00} and
s. To conclude we only et ¢ be the fixed function from R’ U {oo} into R} U {00} defined by

g(x) = W,
A (—ac Y (ac™Ys yhere x = xo + x. Define the representations
$,(@) f(x) = Ly (ex +d)) f (@ (),
S_1(@) f(x) = glex +d) f (p(x)) -
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The following result holds. J Consider now
i
THEOREM 2. |
(7 D(S,f) = S.1(Df).

PROOEF. By using the fundamental solution obtained in Section 1, formula (3),
and the same notation and relations established in the proof of Theorem 1, with = Applying the ison
x and y are replaced by x and y, respectively, we have i

D (S_(DF) W (x))
¥ 1
- f Lus (40) = ¥ ) 8(e ™ GIANDAO) =y

—z~1(x)
= Cnd's o e |
M@ |
(x = yez~l(y)A A*(z7'(y)*c* 1 dv |
lx =yl |z () [ A P JAP+3 2=t () o]+ Jz () [P0+ 7 In condensed form
-1 —z71(x)
= AP [ o Loa(x — y)(Df)(y)dy
_ =1 -z~ (x) Fl0). ‘This gives us a pc
[Ack|[&t2 |z=L{x )P+l (thecase £ =1). 1
Replacing x by ¢(x) and using Ac* = —1, we obtain (7). he:argurent beed)

The above proof is not applicable when £ > 1. (For a different proof of
Theorem 2, see [11].) It is caused by the presence of a positive power of the o '
single component x;, as indicated by formula (3). That, is p intertwis

REMARK. Now we indicate why a result such as Theorem 2 cannot be true
for £ > 1. Rather than continuing the rather tedious computation in [11}—in
principle this is always possible—we supply the following argument which was
suggested to us by Professor John Ryan (personal communication). Consider | Ol tharilesare 4
the Clifford algebra &/,,; with n + 1 generators ey, -+ -, €,41 and let o7

; . o+l 'us to better under
be the subalgebra of even elements of &,.;. Then there is an isomorphism B ogdan Bojarski f

p: o, — &, suchthate; > e,} 6 = —€ns16; (j = 1,--+,n). (Thiscanbe | Tpe cecond autl
seen by observing that & | is generated by the elements e, e (j=1,---,n),

- support received fr
‘theory and comple
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which again follows from the relation

e by el y=xy (x,y€,).)
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Consider now the equation

AR e

sction 1, formula (3), |
f of Theorem 1, with | Applying the isomorphism p we obtain

dy

K 1
lc|+3 | z(y)|2(n+1)dy In condensed form, we may write this as

pD = en_.gl.le-

T}us gives us a possibility of deriving Theorem 2 from Bojarski’s Theorem 1
| (the case £ = 1). The point is that such a relation cannot be true if £ > 1 and so
'the argument breaks down. For iterating gives

? e
a different proof of | = (.1 D) ».
ositive power of the |

That, is p intertwines D* and (e}, D)%, not D¢ and D°.

em 2 cannot be true i | i
putation in [11}—in | 4. Acknowledgement G
argument which was E

mication). Consider | yr thanks are due to Professor John Ryan. A communication by him helped

enp1 and let &, 'us to better understand some points in this work. We also thank Professor
> is an isomorphism | g4 4an Bojarski for pointing out a gross error in an earlier version of the paper.
- ). (Thls canbe The second author would like to thank for the invitation and the financial
wg G =1, .n), | support received from the Mittag-Leffler Institute within the program Operator
theory and complex analysis, and also acknowledge the Civilingenjér Gustaf
Sigurd Magnusons fond for fraimjande av vetenskapen inom dmnet matematik
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