LP POLYHARMONIC DIRICHLET PROBLEMS IN REGULAR
DOMAINS II: THE UPPER HALF PLANE

ZHIHUA DU, TAO QIAN, AND JINXUN WANG

ABSTRACT. In this article, we consider a class of Dirichlet problems with LP
boundary data for polyharmonic functions in the upper half plane. By intro-
ducing a sequence of new kernel functions called higher order Schwarz kernels,
integral representation solutions of the problems are given.

1. INTRODUCTION

The best and most desirable way of solving a BVP (boundary value problem)
for a partial differential equation is to obtain an explicit solution formula in terms
of the given boundary data. When this is impossible or too hard to do, one turns
to deal with the existence and estimates of the solutions. In recent years, the
study of explicit solutions of BVPs has undergone a new phase of development
([1-8,10,11,14-16,20] and references therein). These include Dirichlet, Neumann,
Schwarz and Robin problems for harmonic, biharmonic, polyharmonic and poly-
analytic equations in regular domains (in the unit disc: [1,2,4,7,8,11]; and in the
upper-half plane: [3,5,6,10]) and in irregular domains (Lipschitz domains: [5,16,20]).

The purpose of this article is to solve the following polyharmonic Dirichlet prob-
lem (PHDP) for L? data in the upper-half plane, H, i.e.

A" =0in H
(1.1)

Ay = f; on R,

where R is the real axis, f; € LP(R), n € N, 0 < j < n, and p > 1. By introducing
a series of new kernel functions, we will give potential solutions of the PHDPs (1.1).
The kernel functions are higher order analogs of the classical Schwarz kernel for the
upper half plane (see next section). To the authors’ knowledge, this work is the
first to give integral representations of the solutions of the BVPs for polyharmonic
equations in the LP setting. There have been studies on such BVPs ( [1-8, 10,
14-16,20] and references therein), those, however, do not present a complete and
coherent integral representation theory except for some special cases ([1-4,6-8,10]
and references therein).
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2. SEQUENCE OF CONSECUTIVE SCHWARZ KERNELS

Definition 2.1 ([7]). A sequence of real-valued functions of two variables {G,, (-, )},
defined on H x R is called a sequence of consecutive Schwarz kernels, and, precisely,
Gr(-,+) is the nth order Schwarz kernel, if they satisfy the following conditions.
1. Foralln €N, G,(-,-) € C(HxR); G,(-,t) € C*"(H) with any fixed t € R; and
Gn(z,-) € LP(R),p > 1, with any fixed z € H, and the non-tangential boundary
value
;1_)1119 Gn(2,t) = Gn(s,t)

zeH,seR

exists for all t and s # t;

2. Gi(i,t) = ﬁ and G,(i,t) =0,n > 2 and t € R, and for any n € N,

uniformly on D, x {t € R : |t| > T} whenever 2’ € D, where D, is any compact
set in H, M, T are positive constants depending only on D, and n;

3. (0.07)G1(z,t) =0 and (0,07)Gn(z,t) = Gp_1(z,t) for n > 1;

4. lim, .5 e %fj;o G1(z,t)y(t)dt = v(s), a.e., for any v € LP(R), p > 1;

5. lim, s el %fj;; Gn(z,t)y(t)dr = 0 for any v € LP(R), p > 1, n > 2,

where all limits are non-tangential [19].

Definition 2.2. Let D be a simply connected (bounded or unbounded) domain
in the plane with smooth boundary 0D, and H(D) denote the set of all analytic
functions in D. If f is a continuous function defined on D x 9D satistying f(-,t) €
H(D) for any fixed ¢t € 9D, and f(z,-) € LP(OD),p > 1, (or Co(dD) if ID is a
boundless curve) for any fixed z € D, then f is H x L? (H x Cp) on D x 0D and
write f € (H x LP)(D x dD) (or (H x Cy)(D x dD)). Likewise, (H x C)(D x 0D)
may be similarly defined.

Lemma 2.3. Let D be a simply connected unbounded domain in the plane with
smooth boundary OD. If f is defined on D x QD that is analytic in D for any fized
t € 0D and

1
2.1 W< M———
(21) eot)] < M=
uniformly on D. x {t € OD : |t| > T} whenever z’ € D.., where D. is any compact
setin D, and M, T are positive constants depending only on D., then for any fized
zo € D, the primitive function

z
(2.2) Flz,1) :/ F(C,4)dC, = € D, t €D,
20
enjoys the same properties as f.
Proof. Tt is trivial to show the analyticity of F(z,t) in z € D for each fixed t € 9D

( [18]). Then the inequality part of the Lemma follows from

(2.3) F(z1)] < / F(C0)]ldc]
Y

20,2]
since 7[z,,.) N D is compact for any simple curve v, . in D that connects 29 € D
with z € D.. (]
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Lemma 2.4. Let D be a simply connected unbounded domain in the plane with
smooth boundary 0D. If f € (H x LP)(D x D) and

|t = 2|

[f(z )] <M

uniformly on D, x {t € 9D : |t| > T} whenever z' € D.., where D, is any compact
set in D, and M, T are positive constants depending only on D., then for any fixed
zg € D, the primitive function

(2.4 Fet) = [ 104
is also in (H x LP)(D x 0D).

Proof. Since f € (H x LP)(D x 0D), from Lemma (2.3), F(z,t) is analytic in z € D
with any fixed ¢ € 9D. By Minkowski’s inequality for integrals [12,17],

(2.5) 1E ()l = (/GDIF(ZJ)Iplde)l/Z)

1/p
S/ / £GP |dt]| ]|
Vzg.2] |/ (8D)TUC(OD) T
1/p
< [ [ wcori|
"/[zo,z] (BD)T
1/p
M
+ / / Tl | 1]
V=0,2] C(BD)T| — 20|
< 400

where 7., .] is any simple curve from zq to z in D which is compact in D, (0D)r =
{t € 0D : |t| < T} and C(OD)r = {t € dD : |t| > T}, T and M are positive
constants depending only on 7, . by the condition (2.1) for f. |

Lemma 2.5. Let D be a simply connected unbounded domain in the plane with
smooth boundless boundary 0D. If f € (H x LP)(D x dD) and the nontangential
boundary value

(2.6) lim  f(z1) = f(s.1)

z€D,s€dD

exists on 0D except t € OD, and f(s,-) € LP(OD) for any fired s € OD. For
any fixed t € D, f(-,t) can be continuously extended to D \ B(t,0), where B(t, s)
denotes the open disc of center t and radius 6 for every § > 0. Moreover,

(2.7) lim  [f(z.8)| = +oo and lim |(z—$)f(z5)] =0
2€D,s€dD 2€D,s€dD

for any s € 0D, and

1) < M=

uniformly on Do x {t € 0D : [t| > T'} whenever 2" € D which is any compact set in
D, where M, T are positive constants depending only on D.. For any fized zy € D,
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set the primitive function
F(t) = [ £(G0C 2 €D, te oD,
20

then F enjoys the same properties as f does.

Proof. By the assumption, f(-,t) can be continuously extended to D \ {t} for any
fixed t € 9D. Therefor, for any zg € D and fixed t € 9D, we can define

(2.8) F(s,t) = /S f(¢,t)d¢ whenever s # t.

Let ny = (x5,ys) be the unit normal vector at s of 9D and Ny = x5 + iys. For any
0 < o < 7/2, denote

(2.9) Va(s) ={z € D : arccos <§R{('|2_82]V5}) <a}

as a pseudo-cone with vertex s and opening angle « in D. Due to the fact that
f(z,t) is continuous on V4 (s) U {s}, s # t, it is clear that

@10 G0~ P < [ G S Hale,ol} mae 17(G0)
v[z,s 0,8

where z € V,(s) and 7]z, s] C v[20,5] C D for any 29 € D and 0 < o < m/2. Thus
F(z,t) have the nontangential boundary value F'(s,t) given by (2.8).
From (2.7), it is easy to obtain

(2.11) lim  |F(z,s)] = +o0.

2€D,s€dD
For any fixed zy € D, define

(2.12) Liz,s) = |2 —s|_max_|f(C,s)]
CE7[20,7]

where z € D\ {s}. Since by (2.7)

Lz s) =z =sllf(z"s)] = |Z—|I" = )f(z" = s)]
(2.13) < 7 = sllf(2" 8

in which z* € v[zo, 2] as z is sufficiently close to s, note that in this case z* is also
sufficiently close to s. Therefore,

(2.14) lim  L(z,s)=0.
2€D,s€dD

Note that

(2.15) |(z—8)F(z,s)] =

=) [ :f(C,s)dC‘

< — ,8)|d

< Jesf [M’Z]f(c 5)ldc]

< Uz dl}lz — 8| max [(C.s)|
¢e[z0,2]

< 1nlz0 s} L(z9).
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It immediately follows that
(2.16) lim |(z—s)F(zs) =0.

Z—S
2€D,s€dD
Finally, by the assumptions, take the same arguments as in Lemmas 2.3-2.4, it is
easy to prove that F(s,-) € LP(9D) for any fixed s € 9D and

1
Flz,t)| < M——
P < M=
uniformly on D, x {t € 9D : [t| > T'} whenever 2’ € D, which is any compact set
in D, where M, T are positive constants depending only on D.. ([

Lemma 2.6. Let D be a simply connected unbounded domain in the plane with
smooth boundless boundary OD. If f € (H x L?)(D x 9D) for any q > 1, the
nontangential boundary value

;llg f(th) :f(sat)
z€D,s€dD
exists on 0D except fizred t € 9D, and f(s,-) € L1(9D) for any fized s € OD. For
any fivred t € 0D, f(-,t) can be continuously extended to D\ B(t,6), where B(t,s)
denotes the open disc of center t and radius & for every 6 > 0. Moreover,

i [f( sl = oo and T |(z—9)f(z,9)] =0
2€D,s€dD 2€D,s€dD

for any s € 9D and
1

|t = 2|
uniformly on D. x {t € 0D : |t| > T} whenever z' € D. which is any compact

set in D, where M, T are positive constants depending only on D.. Then for any
v € LP(R) withp > 1,

(2.17) lim /BD(z —9)f(z,t)y(t)dt = 0.

Z—S
z€D,se0D

[f(z,t)] < M

Proof. For any fixed 2 € D and s € 0D, let ¢ = ﬁ asp > 1, by Holder’s inequality,
f(z,9)70), f(s,)v(:) € L*(R). By the assumption, we know that f(z,t), f(s,t) €
Co(R). Therefore, all the same f(z,-)y(-), f(s,)y(-) € L*(R) when p = 1.

For any s € 9D and 0 < a < 7/2, define

(Z - S)f(zat)7 t?’é 53
0, t=s

(2.18) Us’a(z’t) = {

where z € V,(s) and t € OD. Note that f € C(D x dD) and f(-,s) € C(D \ {s})
for any fixed s € 0D, then from (2.7), Us.o € C(Va(s) x OD). Then there exists
1 > 0 such that

(2.19) Usa(2,)] < 1
for any z € D and t € 9D satisfying |z — s| < n and |t — s| < n respectively. Fix
such 7, by the assumption, we have that

M

|t —=2'|

(2.20) [f(z,8)] <
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uniformly on a,,(s) x {t € 0D : |t —s| > T}, where 2’ € () ={z € Val(s) :
|z — s| <n}, M, T are positive constants depending only on W/, ,(s). Split

e [ e-ofcomme = [ oy Ul (0
e — ) /WKT’ St

H(z—s) /| I SO

in which z € 4 ,(s). Moreover, from (2.6) and (2.7),

(2.22) lim  (z—5)f(2,1)v(t) =0, a.e. t €9D.

z€D,sedD
Thus, by dominated convergence theorem, (2.17) follows from (2.18)-(2.22) and the
fact f € C(Van(s) x {t € 0D : n < |t —s| < T}) in the sense of nontangential
limits since « is arbitrary. ]

Higher order Schwarz kernels are the key in our programme to solve the PHD
problems (1.1). By the decomposition theorem of polyharmonic functions [8] and
all above lemmas, we have the following

Theorem 2.7. If { G\, (2,t) }22, is a sequence of higher order Schwarz kernels de-
fined on HxR | i.e., { G, (2,t) }52, fulfills the aforementioned properties 1-5 in Def-
inition 2.1, then, forn > 1, there exist functions Gy, 0(2,t), Gn1(2,t), ..., Gpn-1(2,1t)
defined on H X R such that

|
—

n

(2.23) Gnlz,t) = m{ (z + i)ijj(z,t)}, seH,teR
=0
with
(2.24) aan,j(Z, t) = j_lanl)jfl(Z, t)
for1<j<n-—1 and
(2.25) ok G, (i, t) =0
for 0 <k <j—1 with respect tot € R as well as
n—1
(2.26) Go(z,t) == (2+1)Gnj(2,1).
j=1
However,
1 1 1
(2:27) Gilz0) =5 [t - t—i}

is the classical Schwarz kernel for the upper half plane. All of above Gy, ; € (H x
LP)(H x R), the nontangential boundary value

(228) 111)11 Gn’j (Z, t) = Gn’j (8, t)

zEZH,sSE]R
exists on R except fized t € R and G, ;(s,t) € LP(R) regarding to t for any fized
s €R and

(2.29) |G, j(z,t)| <M

|t — 2|
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uniformly on De x {t € R: [t| > T} whenever z' € D, which is any compact set in
H, where M, T are positive constants depending only on D.. Moreover,

(2.30) lim  [Gn(z,8)| =400 and lim [(z—s)Gn;(z,5)| =0
z€H,s€R z€H,s€R

for any s € R.

Proof. The property 3 indicates G, (z,t) is polyharmonic in H. By the decomposi-
tion theorem of polyharmonic functions in [8], (2.23) holds with (2.24)-(2.26) where
Ghr,j(2,t) defined on H x R is analytic in H regarding to z and has at least the jth
order zero at z =i for cach t € R as n > 2.

It is well known that G1(z,t) € LP(R) regarding to ¢ for any fixed z € H and
p>1, Gi(i,t) = ﬁ and the property 4 in Definition 2.1 holds in the case that
Gi(z,1t) is given by (2.27) [19]. Starting from G1,0(2,t) = 3 7 and using (2.24)-
(2.26), all G, ; and G,, can be inductively obtained (see the following algorithm).

Note that G1,0 € (H x LP)(H x R) and the nontangential boundary value

(231) lll)ng Glyo(z,t) = Glyo(s,t)
zEH,ée]R

exists on R except fixed t € R and G10(s,t) € LP(R) regarding to ¢ for any fixed
s € R as well

1
2|t — 2|

|Gio(2,t)] =

1
1 =
5% =]
1= 1=
1

|t — 2|

<

uniformly on D, X {t € R : |t| > T} whenever 2z’ € D, which is any compact set in
H, where M, T are positive constants depending only on D,. Therefore, by Lemmas
2.3-2.5 and induction, for any n € Nand 0 < j<n-—1, G, ; € (H x L?)(H x R),
the nontangential boundary value

;LH}, ij(zat) - Gn,j (Sat)
zeH,seR
exists on R except fixed t € R and G, ;(s,t) € LP(R) regarding to t for any fixed

s € R and
1
Gni(z,t)| < M—
| "»J( )|— |t—Z/|
uniformly on D, x {t € R: [t| > T'} whenever 2’ € D, which is any compact set in
H, where M, T are positive constants depending only on D.. Obviously, G, ;(z,t)

has at least the jth order zero at z = i for each t € R. Moreover,
i Gz 9) = o0 and  lim (2= )G, (2] =0
z€H,s€R z€H,s€R

for any s € 0D in terms of Lemma 2.5 since G2 1 has the same properties by using
straightforward calculations.
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By (2.23) and (2.26),

n—1j5-—1

Gn(z,t) = {z—z Z Z 4+ 1z +0)! ij(z,t)}
j=11=0
= {iz zZ4+ )12 +10) [(zfs) (zfs)]G (2, t)}
Jj=11=0

where z € H and ¢ € R for any fixed s € R.
From the above facts, by Minkowski’s inequality and Lemma 2.6, all GG,, satisfy
the properties 1, 2 and 5, i.e. the nontangential limits

+oo
(2.32) lim G (z,)y(t)dt =0
z€H,s€R
holds for any n > 2 and v € LP(R) with any p > 1. O

In fact, following from Theorem 2.7, we establish an algorithm to obtain all ex-
plicit expressions of higher order Schawrz kernels as follows.

Forn=1,
1 1
2. t -
(233) CGrolzt) = 2it—z
therefore
(2.34)
1 1 1 z—z 1 Y
t)=2 t — = —
Gi(z,t) = 2{Gro(z 1)} = 2 (t—z t—z) 2 |t—z2 (x—1)2+y?
For n =2,
z 1 /% 1 1 t—1
(235) 02}1(271?) = /Z\ GL()(C,t)dC = ;/Z\ ﬁdc = Z log _ Z,
and
. i
(2.36) Gaolzt) = —(2+0)Gan(zt) = f;; log —
= —(z—2)G21(z,t) — (x +1)G21(2,t),
therefore
(237) GQ(Z,t) = 2%{G270(2,t) + (Z-F Z')Gg,l(z,t)}

= 2%{—(2 + i)GQ)l(z, t) + (E + i)GQ’l(z, t)}
= 2R{(Z — 2)G21(2,1)}

zZ—z t—1
= 2% 1
{ 2i Ogt—z}

2

t—z

t—1

(x—t)* +y?
241

z—Z

= 1
2i Og'

= ylog

For n = 3,



(2.38)

(239) G371 (Z7 t)

and

(240) 03,0(27 t)

Gg,g(z, t)
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_ %/zeg,lgtd<_7/zlogf édg
1 .
= 4l[(z—t)log +(z—z)}
= %(z—t)Gg’l(z t) + li(z—i)
0! 1
= e t)Gn(nt) + g g5 =)
1 _
= o >1°gf_
1 .
oI x 2 C Y
/ Goo(C.1)dC = — / (C +8)Gat (€, £)dC
— [ 0G0 t+) [ Garletiac

-/ (¢~ )G (G )dC — 2t +)Caa(et)

- / (¢ — 1)0cGa2(C,1)dC — 2t +i)Caa(z 1)

—2(2 — t)Gg,Q(ZJ) + 2 /Z G3’2(<,t)dc
—2(t +1)G32(2,t)
—2(2 — t)G3’2(z7t) + 3! x G4’3(Z,t) — Q(t +
—(2 = 1)G32(¢, 1) — 2(t +14)G5,2(C 1)
1
i)?

o T o2
—(Z +t+2i)G3’2(C,t) +

1
2l x 1! x 2 x 21

(z

—(z +1)Gs, 1(z,t) (z+i)2G3 2(z,1)

—(z+1)[G3 1( z,t) + (2 +1)G32(2, t)]

—(z41)[G3a( + ((z=t)+ (t+1))Gs
(240 |t DGz 8) = 5y i 2 x 2i

(t+19)(z +1)G32(2,1)
1

e — y _'2
T T2 w22 T

Z')Gg,g(z, t)

_Z')Q7

72(27 t)]

(2 —i)?
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therefore

(241)  Ga(zt) = 29%{(5 — 2)[Gs1(2,1) + (+ 2 + 20)Ga.0(2,1)] }
1

= 2%{(5_ ?) [(2_ DGs2(50) + 5 5

X (z — 2)2} }

1 ) 1
= m{(z_z)[ik_t‘ Gorlt) + o T T
. 1 2
S B
XE=D =D+ o e Z)”
1 ¢
- 9 {*— {7 e
E =2 o g P~ 1 lee
1

P a7 D)

i

1 2
tor oz ¢ ”
y (z—t)%+y°
+2xt — 327 — y* + 1}

For n =4,

(242) G4,3(Z,t) = /03,2(C7t)d<

1
3
|

= %/ (C_t)GZl(Cvt)dC—’_ !

i 3 x1Ix1x2¢

x/j@z‘)dc

| z
B 0'37 - / (€ —1)0:G32(C,t)d¢ +

x(z —1)?
0! x 2 1 Z
= :; (z —=1)G32(2,t) — m/z G3,2(¢,t)d¢

1 -
TRl

1
= 5(2 — t)Ggyz(Z, t)

1 t
= —(z—1t)%log

3 x2lx1x2¢

1
+3!><2!><2><2i

(z —1i)?

—i 1 1 .
- _t _ - _

24 il yAC A ChORb T Chal))
1

t—i
= — (-2
Sl ki &) s
1

+3!><2!><1><2i
1

+3!><2!><2><2i

(z=1)(z —1)

(z _i)Qv
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(2.43) Gao(z,t) = /GMU
_ _5/ (C+1t+20) G 2(C, 1)dC +
x/ (¢ —i)2dc

3 [ ;
- 2 / (C+t+ 20)0cGas(C, 1)dC +
x(z —1)3
2(z—|—t+21G432t /G43<t

+ ! (z =)’
3 x 2 x 2 x 24 !

3 .
—§(z+t+21)G4,3(Z,t) +
1 3
MV s v Gl
5 _ 14l
= _5(2 +1t+2i)Ga3(2,t) + 5% §G574(C’t)
1 3
DT PTH G
= —(2+4+2t+3i)Gq3(2,1)

2 3
ATV v riCaall

4G

(244) G471(Z, t) = /z G370(C, t)dc

9

B 1
= (t+1) [ €+ - 5
<[ i -ira
. * ; 1
_ 3(t+l)/ (C+Z)8€G4,3(C7t)d<_m

1

11
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and

(2.45)

therefore

(2.46)
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x 34— i) - (2 )
[3 12

— 3(t+i) {(z +0)Gas(zt) — / ’ G4,3(C,t)d§]

1 LV
Taxiixaxa < [3EHIE DT -
Al
= (t +Z) [3(2 +Z')G4,3(Z,t) — 2|G5’4(Z,t):|
1 1 1]
xiixaxa < |3EFIEZDT - -

= (t+i)(2z+t+ 31‘)0;3(2, t)

- - N3

X3z T

3

3 x 2l x3x2
1

+3!><2!><4><2i

(z+i)(z —i)®

(z—i)4

Gap(z,t) = —

1

S 3Ix 21 x 3 x2i
1

+3!><2!><4><2i

[(z+4) + (t+4)] (2 —0)®

(== i)

Gi(zt) = 29%{(5 — 2)[Gar(2,t) + (F+ 2 + 20)Gaa(2,1)

H[E+i2+ E+ i)+ i) + (2 + ) Gaa(z,0)] |
= 2m{(z- )|z~ Cua(z0)

1 = 3
T x o sk 2E A+ E- -0

1 4
+3><2!><4><2i(2_1)}}

_ 1 4
- 2%{(2 - Z)[:s! ol o7t e
1

+3!><2!><1><2i
1

+3!><2!><2><2i

t—1
t—=z

(Z—-t)%(z —t)(z — i)

(2 —t)*(z —i)?
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1
T ka3 %2

1 4
a0 )

By similar calculations,

2(z—2)+ (z = t)](z —i)®

(2.47) Gs(2,t) = 2?}3{(5 — 2)[Gs1(2,t) + (F+ 2 + 20)Gs 2(2, 1)
+[Z+9)?+ (Z+19)(z+1) + (2 +1)°] G5 3(2,t)]
+[E+i)P+E+) (2 +i) + EF+)(z+1) + (2 +1)°]
XGs.a(z )] }

= w{(z-2)[E-1Csalz 1)

1

a0 BE - AE -0+ (= 07z =)
1

a5 BE A+ 0]z i)
)

4! x 3! x 6 x 21 |
= 2%{(E—z)[m|z_t|6logz:;
+m(z—t)3(z—t)2(z—i)
*m@*t)y’@fﬂ(z—iﬁ
+m@—t>3(z—i)3
+m[3(z—z)(f—t)+(z—t)2} (z — i)

+ ! [
4! x 3! x 5 x 2¢

s}

3(z—2)+ (z—t)](z —4)°

and

(2.48)Gg(2,1) = 23%{(2 — 2)[Ge(2,t) + (Z+ 2 + 20)Ge2(2, 1)
+[E+0)+ EZ+0)(z+14) + (2 +1)*]Ge 3(2, t)]
+H[E+D)+E+0)2(z+1) + E+i)(z+0) + (2 +1)°]
XGoa(z,t) + [Z+)' + EF+0) (2 +4) + (7 +1)%(2 +1)?
+EZ+D)(z+1)% + (2 + 1)1 G 5(2,1)] }

= 2m{(z-2)[(z- )Cos(21)

1 _
i pTIrr LRt R Ciab]
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x[2F =2 +2F—2)(z—t)+ (2 —t)*](z — i)°

Ve s s 26 -2+ = 0] + 26 - 1]
x(z —1i)°
1

e RE - A+ (=] (2 )

)

= {2 gy e P lor
+m(2 -tz —1)3(z — i)
*a&zﬁéxég@—ﬂ“z—ﬂ%z—oZ
+§§zﬁéﬁzgﬁ—ﬂ%z—w@—og
+m@ —t)*(z—d)?
1

A pTIrr LRt RG]
x[2(Z - 22 +2EF - 2)(z =) + (2 = )*] (z = )°

e |29+ o] 20y
x(z —1)°
1

pp T LG R Gl Gl

s RN

In general, we have a unified expression of all G, ,—1 and G,, as stated in the
following theorem.

Theorem 2.8. Let G, ,—1 and G, be stated as in Theorem 2.7, then for anyn > 2,

(249G n-1(2,t) = EZ : ?;: (z = t)Gp-1,n-2(z,1)
1 \n—2
+(”*1)! x (n—2)! x (n—2) x 21'(2 0)
1 n—2
B (nfl)!x(n—2)!><2i(z_t> log +—

n—2 1

+j§::1(n—1)!><(n—2)!><jx2i =T




and

(2.50)Gn(z,t) =

LP POLYHARMONIC DIRICHLET PROBLEMS

1

t—1
2%{ zZ— |: —t 2(%—2) 1
G2 (nfl)!x(n*Q)!XQik | 08
n—2 1
Z )2y — )2
+j§::1(n—1)!><(n—2)!><j><2i(z )"z 1)
x(z — i)
2(n—2) n—2 )
N\
I e b T T EEC G

X(z — t)2("*2)*l*7 (z — Z)j] }

zZ— 1 IO S
e (] oy i 7 b B P

n—2
E 1 ,
Z—t)" 2 (z — )2
+j:1 n—1)!x( 2)!><j><2i(z A Ca))

x(z — Z)j
2(n—2) 2(n—2)

1 =7 (= I—j
RS = ix =i x g xan 2

j=n—-1 I=j

x(z — )25 — i)a} }

where z € H and t € R.

15

Proof. Obviously, (2.49) follows from (2.24) and (2.27) as n = 3. Suppose that for

n >4,
—4)!
Gn-1n—2(2,t) = EZ — 2;! (z = t)Gn_on_3(2,t)
! \n—3
+(n—2)! X (n—3)l % (n_3) XQZ'(Z_Z)
- 1 _ \n—3 t—1
T (n=2)!'x (n—3)!'x 22'(2 t) log -—
n—3
1 n—3—j N
Jrj:1 (n—2)!><(n—3)!><j><2i(zit) Tz — 1),
Then
Gnpn-1(2,t) = ni 1 /Z Gn-1n—2(¢,t)dC
(n—4)!

(n—1)! /Z(C —t)Gn—2n-3(¢,t)dC
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1

+ (z—9)"~

(n—=D!'x(n=2)'x(n—3)x2i
(n—4)!'x(n-2) [
(n—1)! i

1

+ (z—9)"~

(n—D!I'x(n=2)'x(n—3)x2i

(n—4)!'x(n—-2)
(n—1)! (z = t)Gr-1,n—2(2,t)

1 z
e GG
1

+ (z—9)"~

(n—1)!'x(n—-2)'x(n—3)x2i
(n—3)!
(n—1)!

(Z — t)Gn_Ln_Q(Z, t)
1

—_
|
58

1

+j§::1(n—1)!><(n—2)!><j><2i “

Therefore, by induction, (2.49) holds for any n > 2.

Let

(2.51)

and

(2.52) T (2, 1)

therefore
(2.53)

Thus

(2.54)  0,0:Gn(z,t) = 2R{(Z— 2)0.0:H,(2,t) + (0, — 0%

1
H,(z,t) = — 22
D)= o e i ©8
n—2
1 -2
—_pn
;(n—l)!x(n—Q)!xjx%(z )
x(z — i)
2(n—2) 2(n—2) 1
+ , RV ey
Pl (n=—1)!I'x(n—2)!'xjx2

X (z — )2 =Dz — 4y,

2

(¢ —=1)0cGr-1n—2(¢,t)dC

2

2

t—1
t—

n—2

Gn(2,t) = 2R((Z = 2)(Hn(2,1) + Ta(2,1))].

+2R{(z — 2)0.0:T,(2,t) + (0.

JHn(2,)}

92)Tn(z,1)}-
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Since

(2.55) 8, Hy (2, 1)

(2.56) 8zH, (z,t) =

1
(n—1!'x (n—3)!'x2i
1
T (n—1D!'x (n—2)! x 2

t—1
t—2z

Z—-t)""2(z —t)" 3log

Z-t"(—t)"?,

1 t—1

Z—-t)"3(z—t)""?log

(n—1)!'x (n—3)!x 2 t—2z
then
1 = n— n—
(2.57) (0, — 0z)H,(2,t) = CEEICEE)] ><2i(z_t) Sz —t)"3
_ t—1 1
S il Py s RV P | RV
X(Z—t)""2(z—t)"3
and

(2.58)  0,0:H,(zt)

Thus

1 o .
B (n_l)lx(n—3)!><2i(27t) Yz —tn?
><|:(n—2)logt_i_1 _

(2.59) (7 — 2)0.0-Hp (2, 1) + (8, — 8=)Th(2, 1)

)

z ! z n—: n— t—1
= (ZZ)[(n—l)!x(n—g)!xgi(zt) 3(2 —t) 310gm
(-1)ix <1n—3)! 5 F-AE - -y (W)
1 o N
_("—1)!><(n—2)!><2¢<z_t) (z—t)" 2.

On the other hand, since

(2.60)  0.T,(zt) =

3

n

1
(n=1)!I'x(n=3)!'xjx2

(z—-t)"?

(]

1
(z = )" 37 (2 —4)
1
(n—1)!x (n—2)! x 2
_2(752:)—1 2(3—:2) .
— | _ | - .
j=n—1 1=j+1 (n=1)!I'x(n—2)! xjx2i
X(l - ])Ci__jg(z - Z)lij*l(z _ t)2(n*2)71(z - Z-)j
2(n—2)—1 2(n—2)—1 .

LD DI DU e ¥y o

j=n—1 1=j

X <.

Z-t)"2(z —t)" 3

+

17
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X (20— 2) = L (2 = 2 (2 — 20D i
2(n—2) 2(n—2)

1
+Z Z (n—1D!'x(n—2)!'xjx2i

j=n—1 I=j

XJORTH(Z — 2)' 77 (2 — 1) 2Dl (z — g)i 1
3 1

n

= j;(n—l)!x(n_g)!xszi(zft)nfz
x(z— )" (2 — )]
! > n—2
+(n—1)l (n—2)lx2i('z_t) (1)
-1 2(n—2)

1
Z Z (n—D!I'x(n=2)'xjx2i

j=n—1 I=j+1
(l*J)C hE—2) T (2 — )2 DT ()
2(n—2)—1 2(n—2)

1
* Z Z (n=—1)!Ix(n—-2)'xjx2

j=n—-1 I=j+1

x(2(n—2) — 1+ 1)Ch % (7 —2)! 77 (2 — t)2n 2!

x(z — i)

2(n—2)—1 2(n—2)

1
* Z Z m—DIxn—2)x(j+1)x2i

j=n—2 —J+1

x(j+ 1O 5Nz = 2) T (2 — )2 D — )
3 1
T S DX (- 3)x Sz
x(z = )" (z — i)
+ 1 (2 — H)"2(z — )2

(n—l)' (n—2)I x 2i
(n—2)—1 2(n—2)

1
* Z Z (n—1)! —3)!Ixjx2

j=n—-1 I=j+1
XCiL J2 1( )l Jfl( _t)2(n72)fl(z_z-)j
(n—2) 1
Cl7n+1
+l§n:1 n—1)! —2)! x2 "2

X(5 = 2) e t>2("—2>-l<z i),

(261) 0In(t) = i (n—1)! x (nl— 3) x j x 2 (-0
X (z — t)”*Q*j(z — i)j



therefore

(2.62) (0. —

02)Tn(z,t) =
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(n—2)—1 2(n—2)

1
+ Z Z (n=1)!I'x(n—2)'xjx2

Jj=n—-1 I=j+1
—NCh(z = 2) T = = XD iy

Mﬁx
—

(z—-t)" 3

j=1 (n—1!'x(n—3)!xjx2

x(z = )" (2 —a)
2(n—2)—12(n—2)

1
+ Z Z (n—1)! —3)xjx2

j=n—1 Il=j+1

XCo s H(Z=2) N (2 - t)Q(”*Q)’l(Z —i),

3
|
w

(n—1)!'x(n=3)xjx2i

K(Z = 2)(Z — )" Bz — B (2 — )
1 = n— n—
S PTCEE EETAA Gl A
1

(Z—t)" 3z —i)" 2

T (n—1)!'x (n—2)! x 2
2(n—2)—1 2(n—2)

1
* Z Z (n=1)!'x(n=3)!'xjx2

j=n—1 I=j+1

x [Cf;j;l - cf;fgl] (7 — 2)l-9-1

x(z — )22l (5 —4))
2(n—2)

1
Cl—n+1
* _Z; (n—1)!'x (n—2)! x2 "2

x(z = 2) 7 (g — )2 D (p — gyn?
= 1
B = (n—1)!'x (n—3)! xjx2i
X(Z—2)(Z—t)" 3z — )" B3I (2 — i)
+ (n—1)! x (1n —2)I' x 24 A U
1

= n—3 n—2
ooy ED)
2(n—2)—2 2(n—2)

1
+ Z Z (n—1D!'x(n=3)!'xjx2i

j=n—-1 I=j+42
XCLT2 (2 = 2) 7 (2 = )20z — i)
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and

Thus
(2.64)
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2(n—2)

1

Cl n+1

+lzl n—l)'X(n—Q)'XQZ
n

% (3 _ Z)lfnJrl(Z _ t)2(n72)7l(2 _ Z.)n72

i
w

|
(]

(n—1)I'x (n—3)!'xj x 2i(n—2)(2—t)n—3

1
(z—t)" 37 (2 —4)

NGt

1 o -
—2)—2 2(n—2)

1
+ Z Z n—1'>< n—3)l><]><22

Jj=n—1 I= ]+2

x(l—j— 1)0711712 1(2 — )iy — t)2(n—2)—l(z iy

2(n—2) 1
_ 1 l—n+1
+ Z:n (n—l)!x(n—2)!><2i(l n+1)C, "

(

X

_ Z)l—n(z _ t)2(n—2)—l(z _ 7;)71—27

1 2 n—
= X e m g 2E 0

(z=t)" (2 — i)
1

+(’I’L ) % (n—3) x 2 (Z—t)" 3z — )" 3

@

S

NGt

2(n—2)—2 2(n—2)

1
P OpY (n—=1x (n—3)!x j x 2i

j=n—1 I=j+2
x(n — 2)CHA72(7 = 2)I2(y — )22l gy
2(n—2)

1 —n
" Zn (n—1)!x (n—2)! ><2@( 72)02*3

X(Z — 2)7 (2 — t)2( =Dl — )2,

(Z = 2)0,0:T(2,t) + (0, — 07) T (2, 1)

n—3 1 i ) -
DRI I FE Gt
x(z—t)" (2 — i)

1 B - L
TR LA S
* : (z - t)n_Q(z _ t)n—3

(n—=1!x (n—2)! x2i
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1

T (n—1)!'x (n—2)'x 2

2(n—2)—2 2(n—2) )

+ Z Z ’]’L—]_'X n_3)'><]><2z
j=n—1 I=j+2

K OLI2 (5 )ity — 4)20=D=1(5 4y

2(n—2)

Z—t)"3(z—i)" 2

1
’ ; (n—1)!'x (n—2)! x 2
(% — 2)7H (o — )2V jyn=2

1 n— N\N—
_1)!><(n_2)[><2i(2—t) By — q)n2

1
(n—2)1x (n=3)lxjx 2

[CL_—TQH +(n— 2)071;_7%]

(

|
“ 3

n

Z—2)Ez-t)"*

(]

X(Z—t)n_?’_J(z_Z)J

! z = n— n—
+(n, 1% (n—3) x 22.(z—z)(z_t) 3(z — 4)n3

1 . N
ey T Gl A G

1

Z-0)"3(z—9)"?

C(n—D!I'x(n—2)!'x2i
2(n—2)—2 2(n—2)

1
L Z (n=2)!x (n=3)lxj x 2

j=n—1 1=j+2
Cfl J3 2(2 )l j— 1(2 )2(n 2)— l( —i)]

2(n—2)

+ Z n—2 ;) (n—Z)XQiCi:%
X(E— z)l n+1(z _ t) 2n-2)1(; _ jyn-2

N 1 l—n+1
Jrl;1 n—1)! n—2)x2zc -3
x(Z — )l—n+1(z _ t)Q(n72)—l(z _ i)"*2
n—3

Z-2)@Ez-t)"°

(]

m=2)'x(n—=3)!'xjx2

j=1
X(Z—t)n_‘?’_j(z_i)j
1 - . N
—I—(n, DIx (n—3)! x 2Z.(Z—z)(,z:—t) B(z — )n=3
1 3 . -
+(n— )!'x (n—2)! x Zi(z_t) 2z —t)" 3
1

(z - t)nf‘g(z _ Z‘)nf2

RCEETEIE

21
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(n—3) 2(n—3)

1
Jrz Z m=2)'x(n—=3)!'xjx2

j=n—-1 lI=j

C1l1 13( )l j+1( )Z(n 3)— l( 7:)]
(n—3)

1 I—(n—2)
Jrlzn:Q n—21x(n—-3)"xMn-2)x2i "?

X(E _ Z)lf(n72)+1(z _ t)2(n73)7l(z _ Z-)n72
1 n—3

(n—1Ix (n—2)! x 2 Y CLsEZ-2) z=t" T =" (0)

=0
3

+

n

1 B - .
(”_2)!><(”—3)!><j><2i(z_z)(z_ﬁ) 3

— 3 (5 — i)
1

D gk DE DT ()
1

+(n_ EICEP T G (%)
(n—3) 2(n—3)

1
Jrz Z m=2)'x(n—3)!'xjx2

j=n—2 =
XC,ll_]?)(Z—Z)l j-’rl(z_ )Z(n 3)— l(Z_l)].

|
(]

1

X <
N

(

+

It is noteworthy that, in all of above calculations, we properly use the following
elementary properties of binomial coefficients:

(2.65) Cck=cnk ck=cF | +C* 1 and kCk = nCk—]

asn>k>1.
Insert (2.59) and (2.64) into (2.54) and note that the terms marked by (#) and
(%),

1
(n—2)!'x(n—3)'x2i

8,0-Gn(z,t) = zm{(z—z)[

t—
|z — |23 log -

n—3 1 ) N -
L ot e

x(z—1)

2(n—3) 2(n—3)

1 ~i (3 _ 5\l—i
T2 Gy 3)!xjx2ici*3(z_z)l

j=n—-2 I=j

x(z — )2z — 4y }
= Gn,1 (Z, t).
Then (2.50) holds by backward induction and we complete the theorem. (]
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3. POLYHARMONIC DIRICHLET PROBLEMS IN THE UPPER HALF PLANE

In this section, we solve the PHD problems (1.1), i.e.

A"y =01in H,
ANy = f; on R
where H is the upper half plane, R is the real axis, f; € LP(R), n e N,0<j <n

and p > 1.
To do so, we need the following

Lemma 3.1. Let D be a simply connected unbounded domain in the plane with
smooth boundless boundary OD. If f € (H x L')(D x D) and there erists g €
LP(0D), p > 1 such that

(3.1) ) <m0
|t — ZQ|

uniformly on D. x {t € D : [t| > T} whenever zy € D. which is any compact set
in D, where M, T are positive constants depending only on D.. Then

0 af
3.2 — t)dt | = —(z,t)dt.
3.2) 0z < oD fz1) ) ap 0% (1)
Proof. Fix zy € D, take any sequence {zl}f;of such that lim;, . 21 = 29 and

21 # 2o for all [. Since f € (H x L*)(D x D), denote

f(a,t) = f (20, 1)

(3.3) Di(20,t) = 7 — 2
1 f(S:1)
= — o dC,
270 i zp=r (€ — 20)(C = 20) ¢
then by the assumptions,
1 EACSDINRCS
(3.4) [Di(z0,8)] < o cenaier I~ 2l C— 70
2M  g(t)

< -
- R |t—20‘

uniformly in {t € 9D : [¢| > T} whenever z; € {¢: | —z0| < R/2} C{(:|¢— 20| <
R} C D. Since

of
3.5 lim D t) = —(zo,t), t € 0D,
(3.5) zJiHOO 1(z0,t) 92 (20,1)
by the continuity of f on compact set 7, . X (OD)r (recall that (0D)r = {t €
0D : |t| < T}) and dominated convergence theorem,
of

. li D = -
(3.6) Jm - 1(z0, t)dt o D (z,t)dt,

i.e.
Jop fla,t)dt — [, flzo,t)dt of

. li = ——(z,t)dt.
(3 7) ZJEIOO Zl — 20 8D 0z (27 )
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Since the sequence {z};.% is arbitrary,

0 B of
e < - f(z,t)dt) = /aD g(z,t)dt. O

From the above lemma, we obtain an important theorem concerning differentia-
bility of integrals of higher order schwarz kernels as follows.

Theorem 3.2. Let { G, (z,t) }52, is the sequence of higher order Schwarz kernels
defined on H x R, then for any n > 1 and v € LP(R) with p > 1,

52 +oo +oo
(3.8) 5207 ( - Gn(z, t)*y(t)dt) = - Gn_1(z,t)v(t)dt.
Proof. By Theorem 2.8, for any n > 1,
n—1
(3.9) Gulz,t) = wﬁ§:@+wGw@¢%
j=0
n—1 ‘ )
::2%{2]@+@J7@+nqam@¢&
j=1
where all G,, ;(z,t) fulfill that
(310) jaan’j(Z, t) = anl,jfl(z7 t)
and
: <
|G"»J(z’t)| — M|t _ Z/|

uniformly on D, x {t € R: [t| > T'} whenever z’ € D, which is any compact set in
H, where M, T are positive constants depending only on D.. Hence

+o0 n—1 +00
(3.11) Gz, t)y(t)dt = 2?}%{ S+

—o0 0
1

Gos (2, ()t }

j oo
n—

= W[ Y(E+iY — (= +1)]

j=1
—+o0
x/' Gy (=) (1)dt ).
Similarly, by Lemma 3.1,
B +oo n! ) .
. — = N\ \J
5 ([ enmon) - ;{[(Hz) (= + 1))
400
x/ 0.Gp j(z,t)y(t)dt
-
i [ Gusta ot
Ry -
(=i [ Gy DDt}
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Further

=

020%Z

n—1

+oo

— 00

Gn(z, t)v(t)dt)

j=1

+(z — i)Jfl/
n—1

2?)%{ Sz 4y
25)%{ Z(zﬂ‘)j/

Jj=0

— 00

> {(z+i)j‘1/

25

o (j az(;n,j(z,t))y(t)dt

— 00

Wﬁdt}

“+ o0

Gu11(z ) y(0)dt }

+oo
Gos (2, )1 (t)dt |

—0o0

O

Now we give the main result for polyharmonic Dirichlet problems in the upper

half plane as follows.

e
n=1

Theorem 3.3. Let { G, (z,t)

is the sequence of higher order Schwarz kernels

defined on H X R, then for any n > 1, the PHD problem (1.1) is solvable and its

general solution is given by

(3.12)

n i oo
u(z) = Z%[ (2 t) fy1 (0)dt + un(2)

where up(z) denotes general solution of the accompanying homogeneous PHD prob-

lem

(3.13)

{A”u =0in H,

Ay =0 on R.

Proof. By Theorem 3.2 and the inductive porperty of higher order Schwarz kernels,
take polyharmonic operators Al, 1 <1 < n — 1 act on two sides of (3.12),

n

Alu(z) = Z

j=1+1

(3.14)

since the Laplacian A =

(3.15)

4j—l +o0o ;
T/ Gzt ()t + Alug (2)

ia‘z—gz. Thus the nontangential boundary value

Alu(s) = fi(s), seR, 0<1<n-—1

follows from (2.21), Aluy, = 0 on R and the nice property of G1, i.e.

1 [*o°
(3.16) ;lﬂﬁé
zeH,seR T J-co

G1(z,t)y(t)dt

v(s)

for any v € LP(R) with any p > 1. In the same way, A"u(z) = 0 for any z € H.
So (3.12) is a solution of the PHD problem (1.1).

Denote

(3.17)

noo +o00
u*(z) = Z 4?/ Gj(Zﬂf)fj,l(t)dt.
Jj=1 -
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Obviously, u* is a special solution of the PHD problem (1.1). Since uy, is general

solution of the PHD problem (3.13), then it is immediate from linear algebra that
(3.12) is general solution of the PHD problem (1.1). O
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