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Analysis and Design of Multiple-Antenna Cognitive
Radios With Multiple Primary User Signals
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Yang Chen

Abstract—We consider multiple-antenna signal detection of
primary user transmission signals by a secondary user receiver
in cognitive radio networks. The optimal detector is analyzed for
the scenario where the number of primary user signals is no less
than the number of receive antennas at the secondary user. We
first derive exact expressions for the moments of the generalized
likelihood ratio test (GLRT) statistic, yielding approximations for
the false alarm and detection probabilities. We then show that the
normalized GLRT statistic converges in distribution to a Gaussian
random variable when the number of antennas and observations
grow large at the same rate. Further, using results from large
random matrix theory, we derive expressions to compute the de-
tection probability without explicit knowledge of the channel, and
then particularize these expressions for two scenarios of practical
interest: 1) a single primary user sending spatially multiplexed
signals, and 2) multiple spatially distributed primary users. Our
analytical results are finally used to obtain simple design rules for
the signal detection threshold.

Index Terms—Cognitive radio, generalized maximum likelihood
ratio test, signal detection, spectrum sensing, sphericity test.

I. INTRODUCTION

C OGNITIVE radio is a promising technology which
can be used to improve the utilization efficiency of the

radio spectrum by allowing secondary user (SU) networks to
co-exist with primary user (PU) networks through spectrum
sharing [1]–[5]. A key requirement is that SU transmission
will not adversely affect the PUs’ performance. To achieve
this, a common technique involves the SUs first detecting if at
least one PU is transmitting, which is commonly referred to
as “spectrum sensing”. If no signals are detected, the SUs are
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allowed to transmit. The importance of signal detection can
be seen by its inclusion in the IEEE 802.22 standard, built on
cognitive radio techniques [6].
Signal detection has been extensively investigated over the

past few decades (see [7]–[9] as examples of some seminal
works), within different contexts of application (see, e.g., [10],
[11] in radar). Inspired by some of those seminal works, a
number of signal detection tests have been proposed to detect
PU transmission when there are multiple receive antennas at
the SUs (see e.g., [12]–[20]). Optimality is often considered
in the Neyman-Pearson sense, which involves comparing the
generalized likelihood ratio (GLR) to a user-designed detection
threshold. The GLR can be used to determine the false alarm
and detection probabilities, which can be subsequently used
to design the threshold. The particular form of the GLR is
dependent on the number of PU transmission signals, and
whether noise and/or channel information is known at the SU
receiver performing the signal detection. Albeit being a well-in-
vestigated subject, multiple-antenna based signal detection is
a problem raising a substantial interest in the recent literature
(see, e.g., [15], [18]–[21]) since fundamental issues still remain
open. In particular, very little is known for the performance
of GLR-based detectors under the presence of multiple PU
signals.
A reasonable scenario is to assume that nothing is known at

the SU receiver, i.e., no noise or channel information is known.
For this scenario, the false alarm and detection probability have
been analyzed when there is only one PU signal (see e.g., [15],
[16]). However, the simultaneous presence of multiple PU sig-
nals is a common occurrence in current and next generation sys-
tems. This may occur, for example, in multiple-antenna systems
where spatial multiplexing techniques are employed, or where
multiple independent PUs (e.g., from adjacent cells) simulta-
neously access the same frequency channel. Furthermore, the
number of PU signals are expected to grow given the current
trend towards more dense networks with more users simultane-
ously served [22]. On the other hand, low-complexity cognitive
devices (mobile units) can be reasonably assumed to have less
antennas than the transmitters in the primary system. Thus, for
many practical scenarios of interest, the number of PU signals
is no less than the number of receive antennas at the SUs .

As a concrete example, we could have a primary system built
on multiple-antenna base stations, where a large number of sig-
nals (say, e.g., ) are simultaneously transmitted in the
downlink to different PUs. In contrast, we can consider mobile
SUs having a limited number of antennas of, e.g., . The
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non-symmetric complexity of base stations (with fixed deploy-
ments) and mobile terminals is indeed a common occurrence in
practice which motivates our interest in cases where .
See, for instance, the LTE standard [23] or references on mul-
tiple-antenna based multi-user communications (e.g., [24] and
references therein).
From a practical perspective, however, the optimal test (i.e.,

optimal detector) takes a form which depends on the number
of PU signals [18], which is generally not known to the cog-
nitive devices. Therefore, a universally optimal detector would
entail, prior to signal detection, the estimation of in order to
determine the optimal test to be performed during the detection
phase. Interestingly, for scenarios where , the optimal
test, referred to as the sphericity test [7], takes the same form
regardless of . Therefore, the sphericity test would uniformly
yield optimal results provided that the situation (i.e.,
full-rank signal) holds. This situation can be either estimated
via, e.g., minimum description length (MDL) methods [25],
or anticipated (assumed) in some typical scenarios where the
number of PU signals can be known (or at least lower bounded)
beforehand. This is the case of TV broadcasting stations or
cellular base stations which, in compliance with wireless stan-
dards, have a given (known) number of transmitting antennas.
Examples range from broadcasting standards, such as the Eu-
ropean DVB-T2 [26] which considers two-antenna space-time
Alamouti codes, to point-to-multipoint standards, such as IEEE
802.11n [27], IEEE 802.16 [28], or LTE [23], which support up
to sixteen transmit antennas according to their latest releases.
For these scenarios where , exact expressions for the

false alarm probability and the detection probability were de-
rived in [19] when there are two receive antennas. For more
general scenarios with arbitrary number of receive antennas and
observations, [18] conducted Monte Carlo simulations while
[8], [17, pp. 230] derived infinite series expansions. However,
the series expansions in [8] involved complicated zonal polyno-
mials or Meijer-G functions which are generally hard to com-
pute (they are in fact integrals that need to be evaluated by nu-
merical integration methods), while the false alarm probability
expression in [17, pp. 230] was not amenable to analysis. For
the same general scenario, an approximation was considered
in [19]; however, the approximation therein was only justified
for the false alarm probability, and only then for a very small
number of antennas. Despite having made some progress in the
detection of multiple PU signals, the aforementioned works do
not provide a tractable analysis for the probabilities of detection
and false alarm to a full extent. It is our aim to fill this gap by
providing accurate approximations for these probabilities which
result in simple design rules for practical detectors.
In this paper, we derive accurate approximations for the false

alarm and detection probabilities of the GLR detector1 which:
(i) are valid for any number of receive antennas, provided that

, and (ii) are easy-to-compute involving only a finite
number of terms comprising the well-known Gamma function.
This is facilitated by an expression for the moments of the GLR

1Note that the performance of the GLR detector has been previously shown
to perform better than other detectors in many practical scenarios [19], and thus
we do not consider such comparisons in this paper.

test (GLRT) statistic which we derive. Despite the computa-
tional benefits of these expressions over previous results, our re-
sults allow us to further analyze the detection performance in the
asymptotic regime where the number of receive antennas and
observations are large and of similar order. For this scenario, we
first derive simple and accurate approximations for the moments
and cumulants of the GLRT statistic, and then show that this
statistic converges in distribution to a Gaussian random variable
under the hypothesis of no PU signals being present. Moreover,
we analyze the detection probability for a large number of PU
signals with . Using results from large random matrix
theory, we show that the (instantaneous) detection probability
can be accurately approximated without explicit knowledge of
the channel for a practical number of antennas. Leveraging our
analytical results, we then propose simple design rules to ap-
proximate the detection threshold that achieves a desired false
alarm probability while maximizing the detection probability.

II. PROBLEM STATEMENT

Consider a wireless communications system where a SU
receiver equipped with antennas is tasked with determining
if PU transmission signals are present from independent
and identically distributed (IID) observation sample vectors

, where2 for ,
and is a population covariance matrix. The th sample
vector for this hypothesis testing problem is modeled as

(1)

where denotes additive white
Gaussian noise with variance , is the signal vector
with , is the channel matrix from
the PUs to the SU detector3, which is assumed to be constant
during the observation time periods, and is the number of
PU transmission signals. Both and are assumed IID over

, implying that the observation sample vectors
are also IID. Unless otherwise specified, we do not assume

a specific distribution for ; thus, our results can account for
each PU transmission signal having different transmit power.
We assume that , and are unknown at the detector, and
that is positive-definite (full rank), i.e., . The latter
condition can correspond to the scenario where there are at least
single-antenna transmitting PUs, or if there is at least one

transmitting PU equipped with at least antennas which are
utilized for spatial multiplexing. As discussed in the previous
section, the full-rank condition can be either estimated prior
to detection via, e.g., MDL methods, or anticipated in many
typical scenarios with a known or lower bounded number of
PU signals.
The detection problem in (1) is equivalent to testing if the

population covariance matrix is one of two structures:

(2)

2 denotes the matrix of all zeros.
3Note that the PUs’ transmit signal power is included in .
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To proceed, it is convenient to introduce the observed data ma-
trix and the sample covariance matrix

Different testing criteria can be considered for the detection
problem in (1). Bayesian tests such as [11], [20] aim at min-
imizing an average cost function which involves all possible
incorrect decisions. In contrast, we consider in this paper de-
tectors of the Neyman-Pearson type, which aim at maximizing
the probability of correct detection (probability of choosing

given ) under a certain constraint on the maximum
admissible probability of false alarm (probability of choosing

given ). Since there are unknown parameters under both
hypotheses ( and ), the Neyman-Pearson detector, which
yields a uniformly most powerful test, is not directly imple-
mentable. Therefore, we adopt the classical GLR approach
as it has been shown to result in simple detectors with good
performance [29]. The likelihood function of the observation
samples is given by their joint density, i.e.,

with . The GLR , used for determining or
, is the ratio between likelihoods under and , with

these likelihoods maximized over the unknown parameters [18,
Sec. III],[29], i.e.,

(3)
The GLRT then determines or by testing whether

is above or under a user-specified detection threshold. The GLR
has been studied in the literature under different assumptions

on the rank of ; see e.g., [21] for rank-1 or [9], [18] for
more general assumptions. Here, we are concerned with the case
of having full rank, which has yet to be studied in detail
in the literature. In this case, can be obtained explicitly and
the GLRT yields the well-known sphericity test [7]. We use
to denote the corresponding GLRT statistic which admits4 [18,
Sec. III]

(4)

where is a user-specified detection threshold. Thus, PU signals
are deemed to be present if , while no PU transmission
is deemed if . Note that , as defined in (1), implies
the presence of an arbitrary number of PU signals, i.e., it does
not necessarily imply the presence of signals. However,
if the full-rank assumption is violated ( ), the test in (4)
will only yield sub-optimal results without the probability of
detection being maximized.

4The GLRT statistic usually presented in literature is , which is used to
form the sphericity test [7]. However, we work with for mathematical con-
venience.

A. False Alarm and Detection Probability
To evaluate the performance of the GLRT statistic (4), we

consider the false alarm and the detection probability. The false
alarm probability is

(5)

where

and denotes the cumulative distribution function
(c.d.f.) of . The threshold is typically chosen to ensure
the false alarm probability does not exceed a maximum value

, i.e.,

Note that the false alarm probability does not depend on and,
thus, the detection threshold can be designed regardless of the
channel statistics; for instance, the designed threshold will be
independent of the PUs’ transmit power.
The probability of correct detection is

(6)

where

and denotes the c.d.f. of .

III. C.D.F. OF AND : NON-ASYMPTOTIC ANALYSIS

In this section, we derive expressions for the c.d.f. of
and for arbitrary and with . We first present
closed-form expressions for the moments of and .

A. Exact Moments
Theorem 1: The th ( ) moment of and , for

, are respectively given by

(7)

(8)

where denotes the Gamma function, are non-
negative integers, and denote
the eigenvalues of .

Proof: See Appendix A.
Note that (7) has been derived previously in [19], while (8) is

new.
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1) Condition : The condition on , required
for (7) and (8) to hold, becomesmilder as the difference between
the numbers of observations and antennas grow. The first few
moments can be obtained for even a very small number of an-
tennas and observations. For example, for , the condition
is satisfied when and .

B. C.D.F. Approximation: Edgeworth Expansion
Armedwith the derived expressions for themoments, we now

aim at characterizing the c.d.f. of and in an easy-to-com-
pute form, which can help in understanding the performance of
the GLRT in order to design the detection threshold .
As observed in the conference version of this paper [30],

the empirical distribution of approaches a Gaussian as the
number of antennas and observations grow largewith fixed ratio.
As also pointed out in [30], a similar phenomenon is observed
for . This convergence motivates us to consider a Gaussian
approximation for the c.d.f. of and , corrected with
additional terms obtained by the Edgeworth expansion [31],
[32]. Specifically, the c.d.f. of an arbitrary random variable in
-truncated Edgeworth expansion takes the form [32, eq. (45)]

(9)

where , is the standard deviation of , is
the c.d.f. of a standardized Gaussian, is the set containing
the nonnegative integer solutions to ,
and . Further, is the th cumulant of
, related to the first moments through

(10)

with , and is the Chebyshev-Hermite
polynomial [31, eq. (13)]

where denotes the floor function.
In (9), a truncation limit implies that ,

, are involved in the corrected c.d.f. Par-
ticularizing (9) for results in the following simple
approximation for the c.d.f. of and :

(11)

for , 1, with

(12)

More terms can be added ( ) with an expected increase
in accuracy; however, with , i.e., involving up to the

Fig. 1. Probability of false alarm vs. detection threshold, with .

Fig. 2. Probability of detection vs. detection threshold, with and
.

fourth cumulant, the c.d.f. of and of are already approx-
imated with high accuracy. This can be observed in Figs. 1 and
2, which plot respectively the probability of false alarm
and the probability of detection , both as a function of
the detection threshold . The ‘Analytical (Gaussian)’ curves
correspond to a Gaussian approximation without any correc-
tion terms ( ), i.e., and

, while the ‘Analytical (Cor-
rection)’ curves are plotted using (11). The ‘Analytical (Beta)
[19]’ curves are plotted using the Beta function approximation
introduced in [19]. These results are all compared with the true
c.d.f., computed via Monte Carlo simulation5.

5To simulate the detection probability, we generate as
, which is held constant for observation periods. This

corresponds to a scenario where a single PU transmits spatially multiplexed
signals and where the channel undergoes Rayleigh fading.
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For the false alarm probability curves in Fig. 1, we observe
that the Gaussian approximation deviates from Monte Carlo
simulations, thus justifying the use of additional correction
terms. With these terms, the ‘Analytical (Correction)’ curve
closely matches the simulations with improved accuracy as
and increase. Finally, the ‘Analytical (Beta) [19]’ curve

shows a satisfactory agreement for , but it
starts deviating for larger number of antennas and observations.
For the detectionprobability curves inFig. 2,we again observe

a significant deviation of the Gaussian approximation from the
Monte Carlo simulations, especially for the case

. Moreover, for , the ‘Analytical (Beta)
[19]’ curves are inaccurate for most detection probabilities as
opposed to our ‘Analytical (Correction)’ curves, which closely
match the simulations for both configurations.

IV. ASYMPTOTIC ANALYSIS

The false alarm and detection probabilities can be calculated
for arbitrary number of antennas (provided that ) and
observations using the moment expressions (7) and (8). How-
ever, the computation of such expressions, involving -products
of Gamma functions, gets rather involved when and are
large. We are thus motivated in this section to look into more
convenient asymptotic expressions for the moments and cumu-
lants, which allow in turn for an efficient computation of the
c.d.f. with (moderately) large and .

A. Moments and Cumulants of
We aim to obtain simple expressions for the cumulants of

which, plugged into (9), allow for an efficient computation of
the false alarm probability. Letting and be large but finite,
we first provide an asymptotic expansion for the moments.
Proposition 1: The th ( ) moment of , with

and , admits the expansion

(13)

with , and for ,

(14)

where the sum is taken over the non-negative integer solutions
to , and the coefficients are

(15)

(16)
and, for ,

(17)

where and are, respectively, the Harmonic numbers
and Bernoulli numbers [33].

Proof: See Appendix B.
We may now obtain corresponding expansions for the cumu-

lants.
Proposition 2: The th ( ) cumulant of , with

and , admits the expansion

(18)

where

(19)

with and given by (14) with
.

Proof: Follows by substituting (13) into (10) and rear-
ranging terms in the resultant series.
For large (but finite) and , and , the

leading-order term dominates the th cumulant, giving

(20)

Using (19) to obtain for the first four cumulants yields

(21)

(22)

(23)

(24)

where , , and .
Note that the leading-order cumulant approximations in

(21)–(24) are much simpler to compute than the exact cumu-
lants, especially when is large. The false alarm probability can
thus be efficiently computed via the approximated cumulants
by plugging (21)–(24) into (11). To see the accuracy of such an
approximation, we compare it with the same c.d.f. expression
(11) computed with the exact cumulants. This comparison is
shown in Fig. 3, where we observe that the difference between
the “asymptotic cumulants” and the “exact cumulants” curves
is indistinguishable even for as low as 4.
Remark 1 (The Case ): Note that the expansions for the

moments and the cumulants, as given inPropositions 1 and 2, are
not valid when . For this particular case, different expan-
sions involving all powers of areobtained inAppendixCand
provide analytic continuation to the aforementioned proposi-
tions. Remarkably, the leading-order approximation to the th
cumulant, , when is found to be

(25)

(26)

(27)
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Fig. 3. Probability of false alarm vs. detection threshold, with .

where is the Euler-Gamma constant [34, (8.367)] and is
the Riemann-Zeta function [34, (9.5)]. This result, albeit prac-
tically less meaningful than for the case , may still be of
theoretical interest in other contexts.

B. Gaussian Convergence of

We now show the asymptotic convergence of to a
Gaussian distribution.
Theorem 2: Let with . Then6

(28)

where

(29)

and

(30)

Proof: See Appendix D.
The result above confirms what was empirically observed in

[30], i.e., the distribution of approaches a Gaussian as the
number of antennas and observations grow large with a
fixed ratio. Motivating examples for the large regime can be
found when considering a secondary system built on a massive
antenna array setup, e.g., a secondary (non-licensed) base sta-
tion with a very large number of antennas. On the other hand,
there are applications where can be very large. For TV chan-
nels, for example, the IEEE 802.22 standard [35] specifies the
sensing estimation to be performed at speeds of under 1 ms per
channel, which along with a typical sampling frequency of 10
MHz yield a maximum of to sense a given
channel.Moreover, the cellular LTE standard defines a subframe

6 implies converges in distribution to .

as a transmission time interval (TTI) of 1 ms [36] and, there-
fore, the required sensing time should be well below the TTI
(say, 1/10 ms) in order to maximize the time available for data
transmission. This results in considering a
bandwidth configuration of 10 MHz and sampling frequency of
15 MHz.

C. Asymptotic Analysis of

Here, we first aim to obtain simple expressions for the cumu-
lants of which, plugged into (9), allow for an efficient com-
putation of the detection probability for large (but finite) and
. Recall that is the GLRT statistic under the hypothesis

of transmitted PU signals being present. In this case, as shown
by (8), the moments (and therefore the cumulants) involve the
eigenvalues of . Hence, it is convenient to first de-
fine certain functions of these eigenvalues.
Definition 1: Let denote the eigenvalues of

, with positive definite, then

(31)

(32)

with , .
In the next proposition, we provide simple expressions for

the cumulants of for large and . Note that is assumed
to be constant over the sensing time (i.e., constant over the
samples), which may seem contradictory in the large regime.
However, as discussed above, the sensing time (yielding very
large values of in the aforementioned examples) is required to
be well below the subframe duration, which is usually designed
to be shorter than the typical channel coherence time.
Proposition 3: For large (but finite) and , and
, the first three cumulants of are given by

(33)

(34)

(35)

with given in Definition 1.
Proof: See Appendix E.

Although only the first three cumulants are given in Propo-
sition 3, higher order cumulants can be derived by following
the same approach. However, such derivations become more te-
dious as the cumulant order increases. Nevertheless, as shown
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later in this paper, the first three cumulants are enough for an
accurate computation of the detection probability.
Plugged into (9), these cumulants yield the approximate

detection probability for a given PU-SU channel realization
, which determines in Proposition 3. In practice,

is a random communication channel, and thus the detection
probability can be seen as a random function of . It turns out,
however, that as and grow large, this function converges to
a deterministic value, which depends only on some statistical
properties of , but not on its specific distribution.
1) Deterministic Equivalents for : Note from (31)-(32)

that

(36)

for which we aim to find deterministic equivalents such that7

where the deterministic equivalent does not depend on the
PU-SU channel realization , but only on its statistical proper-
ties. To that end, we first state the following assumption.
Assumption 1: The empirical distribution of the eigenvalues

of an Hermitian matrix , denoted by8
, satisfies

(37)

as with , and commonly referred to as
the asymptotic spectrum with density denoted by .
Under the above assumption, commonly adopted in large

random matrix theory (see e.g., [37], [38]), the limiting quan-
tities are closely related to some asymptotic results which
we invoke next.
Let us first connect with the mutual information of the

PU-SU channel through

(38)

where

(39)

is the mutual information of with average SNR . The
asymptotics of this quantity have been extensively studied in in-
formation theory under different assumptions on the statistics of
(see, e.g., [38]–[42]). In view of (38), the existing asymptotic

results for (39) can be directly translated into the corresponding
limiting value9 .
Let us now turn our attention to , , which can

be related to the so-called “moments” of as shown in the
following lemma.

7 implies that converges almost surely to .
8 denotes the indicator function of an event .
9Note that the limiting value of (39) yields the limiting value of (38) due to

smoothness of the exponential function.

Lemma 1: The convergence values , , are given by

(40)

where is the th moment:

(41)

Proof: Follows straightforwardly from (36) by using the
binomial expansion.
Both the mutual information and have been broadly

studied for in the context of information theory
and large random matrix theory under different assumptions
on the statistics of . The rich body of existing results allows
for computing the limiting values for a broad number of
scenarios. Among these results, we focus on two particular
cases, especially relevant in our detection problem:
2) IID Case: the entries of are IID with zero mean and

variance. This is the case for multiple PU signals being co-lo-
cated as, e.g., when a single PU sends spatially multiplexed sig-
nals with equal transmit powers. In this case, the asymptotic
value of (39) is given by [39, Eq. (105)] (see also, e.g., [40, Eq.
(95)], [38, Eq. (1.14)]), which yields

(42)

with as , and

Furthermore, is obtained as [38, Eq. (2.102)]

(43)

which plugged into (40) yield , . We can now com-
pute the limiting , , , required for the cumulants in
Proposition 3. Thus, setting in (40) gives

(44)
(45)
(46)

3) Unequal Variances: where has IID
entries with zero mean and variance, whilst is a diag-
onal matrix with non-negative entries uniformly
bounded. This accommodates multiple signals from spatially
distributed PUs having different transmit powers. For this case
we invoke [42, Thm. 1] to obtain

(47)

with ,

(48)
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and being the unique positive solution to

(49)

For , according to [43, Thm. 4],10

(50)

where are the strictly positive integer solutions to
satisfying , and

(51)

with being the number of entries in equal to .
We can now compute , , for the unequal variances
case by plugging (50) in (40), which results in

(52)

(53)

(54)

As we will see shortly, the convergence
is quite fast, with giving an accurate approximation of
for not-so large . Thus, under either the IID or the unequal
variances assumption on , the cumulants in Proposition 3 can
be accurately approximated using , , given re-
spectively by either (42) and (44)–(46), or (47) and (52)–(54).
Plugging these cumulants in (9), we can compute the detection
probability in two typical scenarios of interest: 1) detection of a
single PU which transmits spatially multiplexed signals with
equal power, or 2) multiple spatially distributed PUs with dif-
ferent transmit powers. As an example, Fig. 4 shows the detec-
tion probability vs. the detection threshold corresponding to the
first scenario (IID case), with the same number of antennas at
the PU and the SU, i.e., . The solid curve is obtained
with the asymptotic values , while the dots are computed
via the exact for a particular channel realization . On the
one hand, we see that the correction curve provides a satisfying
match with Monte Carlo simulations. On the other hand, the
correction based on is almost indistinguishable from the one
based on for a not-so-large11 , which shows the quick
convergence of . Remarkably, even for a moderate number
of antennas and observations, the detection probability can be
computed without explicitly knowing .

10See also [44, Appx. C] for a more general result which encompasses line-
of-sight channels, i.e., with non-zero mean entries.

11Larger values of could be shown with an increased accuracy. However,
we deliberately considered a relatively low number of antennas to show the
accuracy and quick convergence of our asymptotic results.

Fig. 4. Detection probability vs. detection threshold, with , .

V. THRESHOLD DESIGN

Having derived expressions to compute the probabilities of
detection and false alarm, we now put these expressions to work
in order to design the detection threshold, which will be used at
the SUs to perform the GLR test, i.e., to determine the presence/
absence of PU signals. As previously discussed, the PU-SU
channel is typically unknown in practice, and therefore, the de-
sign usually relies on a false alarm probability requirement.
Note that the false alarm probability is independent of , and
therefore, the number of PU signals is not required to design
the threshold. Once the threshold is set, we can, under some sta-
tistical assumptions on , e.g., IID or with unequal variances,
compute the corresponding detection probability for different
PU-SU scenarios such as, e.g., a single transmitting PU with
antennas, or spatially distributed PUs. Note that the proba-
bility of detection is a performance measure computed offline
and that this quantity is not required at the SUs. Therefore, no
specific knowledge on is required at the cognitive device in
order to perform the GLR test.
From (11), the false alarm probability is approximated by

(55)

where , , , and are given by (21)–(24),
and thus the minimum threshold which can satisfy a false alarm
probability requirement of can be approximated as

(56)

This threshold can be computed numerically from (55), and then
used to obtain the corresponding detection probability

(57)
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Fig. 5. Analytic ROC curve (detection probability vs. false alarm probability)
with , and .

Fig. 6. ROC curve (detection probability vs. false alarm probability) with
, , .

with and , , given by (33)–(35).
The pair of values defines the receive oper-
ating characteristics (ROC) curve, which is plotted in Fig. 5 for
the IID scenario (a single transmitting PUwith antennas), with

, , and .We see that, with an average SNR
of , a low false alarm probability and
high detection probability can be simultaneously achieved with

antennas and observation samples. To better il-
lustrate the effect of increasing ,we nowkeep the number of PU
signals and observations fixed with , , and

. The correspondingROCcurve is shown in Fig. 6,where
we observe that for a given false alarm probability, the detection
probability increases as grows, implying that SUs with more
antennas attain a higher accuracy in detecting the PU signals.
Let us now consider a primary system where a (possibly)

large number of PU signals are simultaneously transmitted
(via spatial multiplexing) in the downlink. In contrast, consider

Fig. 7. ROC curve (detection probability vs. false alarm probability) with
, , .

mobile SUs having a limited number of antennas , rep-
resentative of low-complexity cognitive radios. In this type of
scenarios, we aim at understanding the implications of having a
growing number of signals . This is illustrated in Fig. 7, which
shows the ROC curve for different values of with ,

, . We observe that, for a given false alarm
probability, the detection probability decreases as the number
of PU signals grows. In fact, it can be seen from the defini-
tions of and in Section II-A that, in the limit ,
the presence of “infinitely” many transmitted signals would be
indistinguishable from noise.
The above design and ROC analysis is based on accurate

representations of and , which have been nu-
merically validated earlier in this paper. However, the design
threshold needs to be computed by numerical search. In order
to simplify the threshold design, we focus on our asymptotic re-
sults next.
For large and , Theorem 2 suggests that the false alarm

probability can be approximated as

(58)

and thus the minimum threshold which can satisfy a false alarm
probability requirement of can be approximated as

(59)

A natural question then is whether this approximation is accu-
rate enough for practical numbers of antennas and observations.
To investigate this, we plot the ROC curve in Figs. 8 and 9 for

and respectively. The ‘ROC curve’ is plotted
using Monte Carlo simulations. The threshold computed via the
Gaussian approximation in (59) for a target false alarm proba-
bility of is shown. For comparison, the threshold
computedwith the c.d.f. approximation function (through higher
order cumulants) in (56) is also shown. We observe that the ap-
proximate threshold (59) yields a false alarm probability slightly
above the requirement , whilst this requirement is
successfully met with the threshold in (56). As expected, this
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Fig. 8. ROC curve (detection probability vs. false alarm probability) with
, and . The vertical dotted line at a false alarm

probability of 0.01 is shown for convenience.

Fig. 9. ROC curve (detection probability vs. false alarm probability) with
, and . The vertical dotted line at a false alarm

probability of 0.01 is shown for convenience.

loss in accuracy diminishes as (and consequently ) increases,
which is in agreement with Theorem 2. Further, for satisfactory
detection probabilities above 80%, the threshold in (56) results
in a false alarm probability that tightly meets the requirement

.Moreover,weobserve inFigs. 8 and9 that decreasing
for the same results in a higher detection probability, as more

observations are utilized for detection.

VI. CONCLUSION
Multiple-antenna signal detection has been addressed in cog-

nitive radio networks with multiple primary user signals. By
virtue of new closed-form expressions for the moments of the
GLRT statistic, we have derived easy-to-compute and accurate
expressions for the false alarm and detection probabilities. We
have also proved that the GLRT statistic under hypothesis
converges to a Gaussian random variable when the number of
antennas and observations grow large simultaneously. Further,

the detection probability has been analyzed for a large number
of primary user signals being no less than the number of receive
antennas at the secondary user. Using results from large random
matrix theory, we have shown that the (instantaneous) detec-
tion probability can be accurately approximated without explicit
knowledge of the channel for a practical number of antennas.
Leveraging our analytical results, simple design rules have been
proposed to approximate the minimum detection threshold in
order to achieve a desired false alarm probability.

APPENDIX

A. Proof of Theorem 1
Let us first derive an expression for the moments of

(60)

where is a Hermitian positive definite matrix. De-
note as the ordered eigen-
values of , which have a joint distribution12 [45]

(61)

where are the eigenvalues of . Denoting
, we have

(62)

where the second equality follows by noting that
and interchanging the integral and the

derivative by virtue of Leibniz integral rule [33, Eq. (3.3.7)]
Substituting (61) into (62),

(63)

and the integral , defined on the set
, can be evaluated as [46, Eq. (51)]

(64)

12 is the determinant of an matrix with th entry
.



MORALES-JIMENEZ et al.: ANALYSIS AND DESIGN OF MULTIPLE-ANTENNA COGNITIVE RADIOS WITH MULTIPLE PRIMARY USER SIGNALS 4935

From [34, Eq. (8.310)], we rewrite (64) as

(65)

Substituting (65) into (63), followed by some algebraic ma-
nipulations, we obtain

(66)

with

(67)

Applying Leibniz rule for differentiation [34] gives

(68)

Substituting into (68), and the resultant expression into
(66) followed by some algebraic manipulation, we obtain

(69)

which yields (8) for by setting , in which
case, consequently, . For the
moments of , (69) simplifies to (7) after substituting

.

B. Proof of Proposition 1
We start by rewriting (7) as

(70)
where is the Barnes- function, which admits the fol-
lowing asymptotic expansion for large [47]:

(71)

where is the Glaisher-Kinkelin constant [47] and is the
Bernoulli number [33, pp. 803].
Taking the logarithm of (70) and noting that ,

(72)

It is also convenient to note that, for large ,

(73)

and, therefore,

(74)

where are the Harmonic numbers. Using the expansions
(74) and (71) in (72), and after further algebra, we arrive at

(75)

Rearranging terms in (75) yields

(76)

with coefficients as given in Proposition 1. From (76),
we have that

(77)

where the second equality is obtained after expanding
around with an arbitrary positive integer. Finally, re-
arranging terms in (77) yields the series in Proposition 1.

C. The Case : Asymptotic Moments and Cumulants
The derivation steps are similar to those given in Appendix B.

For (equivalently ), (70) specializes to

(78)
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Taking logarithms at both sides of the equality,

(79)

where, for large, the summation can be expanded as in (74)
and the terms can be expanded using (71), with one ex-
ception: here, the term does not admit the expan-
sion (71) for , only valid for large , and therefore
we rely on the Taylor series expansion around ,

(80)

where is the Euler-Gamma constant and is the Riemann-
Zeta function.
After substitution of the corresponding expansions and te-

dious algebra, we arrive at

(81)

Rearranging terms in (81) results in the following corollary.
Corollary 1: With , the logarithm of admits

(82)

where

(83)

(84)

(85)

If and odd,

(86)

whereas, for even,

(87)

Further, from (82), we have that

(88)

where the second equality is obtained after expanding
around with an arbitrary positive integer. Rearranging
terms in (88) yields

(89)

where and, for ,

(90)

with given by (83) –(87).
From (89) and the recursive relation between cumulants and

moments (10), we obtain the series expansion for the th cumu-
lant,

(91)

where and the rest of coefficients ( ) obtained
recursively as

(92)

with given by (90).
Leveraging the above expressions, the leading-order term of

the th cumulant is found to be

(93)
(94)
(95)

D. Proof of Theorem 2

Through the invariance and homogeneity property of cu-
mulants, the th cumulant of , for , can be
written as . From (18), we thus observe that for ,

, and thus follows
a Gaussian distribution, with zero mean and variance given by

which is obtained from given by (22).
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E. Proof of Proposition 3
We start by expressing the moments of in terms of those

of , which can be expanded from Proposition 1.
From (8) and (7), we can write for ,

(96)

Leveraging Proposition 1 yields

(97)

which gives (33) after taking the leading-order term and substi-
tuting with (15).
For , we have

(98)

where the second equality follows from algebraic manipulations
by noting that

(99)

Using the expansion

(100)

with and Proposition 1 we arrive at

(101)

Now, the variance is obtained using
(97) and (101) as

(102)

which yields (34) upon substituting , , and
with their respective values given in Proposition 1.

For the third cumulant, we first compute the third moment
from (8). For we have

(103)

Noting that

(104)

and

(105)

we can rewrite (103) as

(106)

Then, using (100) together with the expansion for given
in Proposition 1, we arrive at

(107)

Finally, the third cumulant,

(108)
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is obtained using (97), (101), and (107), resulting in

(109)

which finally yields (35) upon substituting with the ex-
pressions given by Proposition 1, and further simplifications.

REFERENCES
[1] J. Mitola and G. Q. Maguire, Jr., “Cognitive radio: Making software

radios more personal,” IEEE Pers. Commun., vol. 6, no. 4, pp. 13–18,
1999.

[2] S. Haykin, “Cognitive radio: Brain-empowered wireless communica-
tions,” IEEE J. Sel. Areas Commun., vol. 23, no. 2, pp. 201–220, 2005.

[3] I. F. Akyildiz, W.-Y. Lee, M. C. Vuran, and S. Mohanty, “A survey on
spectrum management in cognitive radio networks,” IEEE Commun.
Mag., vol. 46, no. 4, pp. 40–48, 2008.

[4] D. Cabric, “Addressing feasibility of cognitive radios,” IEEE Signal
Process. Mag., vol. 25, no. 6, pp. 85–93, 2008.

[5] J. M. Peha, “Sharing spectrum through spectrum policy reform and
cognitive radio,” Proc. IEEE, vol. 97, no. 4, pp. 708–719, 2009.

[6] C. Cordeiro, K. Challapali, and N. S. Shankar, “IEEE 802.22: The first
worldwide wireless standard based on cognitive radios,” in Proc. IEEE
Int. Symp. New Frontiers Dynam. Spectrum Access Netw. (DySPAN),
Baltimore, USA, Nov. 2005, pp. 328–337.

[7] J. W. Mauchly, “Significance test for sphericity of a normal n-variate
distribution,” Ann. Math. Statist., vol. 11, no. 2, pp. 204–209, 1940.

[8] K. Pillai, “On the distribution of the sphericity test criterion in clas-
sical and complex normal populations having unknown covarianceMa-
trices,” Ann. Math. Statist., vol. 42, no. 2, pp. 764–767, 1971.

[9] M. Wax and T. Kailath, “Detection of signals by information theoretic
criteria,” IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 2,
pp. 387–392, 1985.

[10] D. Cochran, H. Gish, and D. Sinno, “A geometric approach to multiple-
channel signal detection,” IEEE Trans. Signal Process., vol. 43, no. 9,
pp. 2049–2057, 1995.

[11] S. Sirianunpiboon, S. Howard, and D. Cochran, “Multiple-channel de-
tection of signals having known rank,” in IEEE Int. Conf. Acoust.,
Speech, Signal Process. (ICASSP), May 2013, pp. 6536–6540.

[12] O. Besson, S. Kraut, and L. L. Scharf, “Detection of an unknown
rank-one component in white noise,” IEEE Trans. Signal Process.,
vol. 54, no. 7, pp. 2835–2839, 2006.

[13] Y. Zeng, Y.-C. Liang, and R. Zhang, “Blindly combined energy de-
tection for spectrum sensing in cognitive radio,” IEEE Signal Process.
Lett., vol. 15, pp. 649–652, 2008.

[14] Y. Zeng and Y.-C. Liang, “Eigenvalue-based spectrum sensing algo-
rithms for cognitive radio,” IEEE Trans. Commun., vol. 57, no. 6, pp.
1784–1793, 2009.

[15] A. Taherpour, M. Nasiri-Kenari, and S. Gazor, “Multiple antenna spec-
trum sensing in cognitive radios,” IEEE Trans. Wireless Commun., vol.
9, no. 2, pp. 814–823, 2010.

[16] P.Wang, J. Fang, andN. Han, “Multiantenna-assisted spectrum sensing
for cognitive radio,” IEEE Trans. Veh. Commun., vol. 59, no. 4, pp.
1791–1800, 2010.

[17] Y. Fujikoshi, V. V. Ulyanov, and R. Shimizu, Multivariate Statistics:
High-Dimensional and Large-Sample Approximations. Hoboken,
NJ, USA: Wiley, 2010.

[18] D. Ramírez, G. Vazquez-Vilar, R. López-Valcarce, J. Vía, and I. San-
tamaría, “Detection of rank-P signals in cognitive radio networks with
uncalibrated multiple antennas,” IEEE Trans. Signal Process., vol. 59,
no. 8, pp. 3764–3774, 2011.

[19] L. Wei and O. Tirkkonen, “Spectrum sensing in the presence of
multiple primary users,” IEEE Trans. Commun., vol. 60, no. 5, pp.
1268–1277, 2012.

[20] S. Sedighi, A. Taherpour, and S.Monfared, “Bayesian generalised like-
lihood ratio test-based multiple antenna spectrum sensing for cognitive
radios,” IET Commun., vol. 7, no. 18, pp. 2151–2165, 2013.

[21] P. Bianchi, M. Debbah, M. Maida, and J. Najim, “Performance of sta-
tistical tests for single-source detection using random matrix theory,”
IEEE Trans. Inf. Theory, vol. 57, no. 4, pp. 2400–2419, 2011.

[22] H. Li, J. Hajipour, A. Attar, and V. Leung, “Efficient HetNet implemen-
tation using broadband wireless access with fiber-connected massively
distributed antennas architecture,” IEEE Wireless Commun. Mag., vol.
18, no. 3, pp. 72–78, 2011.

[23] 3GPP, LTE Release 11, 3GPP Standardd TS 36.213.
[24] L.-U. Choi and R.Murch, “A transmit preprocessing technique formul-

tiuser MIMO systems using a decomposition approach,” IEEE Trans.
Wireless Commun., vol. 3, no. 1, pp. 20–24, 2004.

[25] L. Huang, S. Wu, and X. Li, “Reduced-rank MDL method for source
enumeration in high-resolution array processing,” IEEE Trans. Signal
Process., vol. 55, no. 12, pp. 5658–5667, 2007.

[26] ETSI, Digital Video Broadcasting (DVB); Frame Structure Channel
Coding and Modulation for a Second Generation Digital Terrestrial
Television Broadcasting System (DVB-T2), , ETSI Std.

[27] IEEE, Wireless LAN Medium Access Control (MAC) and Physical
Layer (PHY) Specifications. Amendment 5: Enhancements for Higher
Throughput, IEEE Standard 802.11n Std.

[28] IEEE Standard 802.16. Part 16: Air Interface for Broadband Wireless
Access Systems, IEEE Standard 802.16-2012.

[29] K. V. Mardia, J. T. Kent, and J. M. Bibby, Multivariate Analysis.
New York, NY, USA: Academic, 1979.

[30] R. H. Y. Louie, M. R. McKay, and Y. Chen, “Multiple-antenna signal
detection in cognitive radio networks with multiple primary user sig-
nals,” presented at the IEEE Int. Conf. Commun. (ICC), Sydney, Aus-
tralia, Jun. 2014.

[31] S. Blinnikov and R. Moessner, “Expansions for nearly Gaussian dis-
tributions,” Astron. Astrophys. Suppl. Ser, vol. 130, pp. 193–205, May
1998.

[32] S. Li, M. R. McKay, and Y. Chen, “On the distribution of MIMO mu-
tual information: An in-depth Painlevé-based characterization,” IEEE
Trans. Inf. Theory, vol. 59, no. 9, pp. 5271–5296, Sep. 2013.

[33] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Func-
tions with Formulas, Graphs, and Mathematical Tables, 9th ed. New
York, NY, USA: Dover, 1970.

[34] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Prod-
ucts, 4th ed. San Diego, CA, USA: Academic, 2007.

[35] IEEE Std. 802.22.1 Base Standard (Sponsor Ballot Draft v2.0), IEEE
Std. 802.22.1.

[36] B. Furht and S. A. Ahson, Long Term Evolution: 3GPP LTE Radio and
Cellular Technology. Boca Raton, FL, USA: CRC Press, 2009.

[37] O. Ledoit andM.Wolf, “Spectrum estimation: A unified framework for
covariance matrix estimation and PCA in large dimensionism” 2013
[Online]. Available: http://ssrn.com/abstract=2198287

[38] A. Tulino and S. Verdú, Random Matrix Theory and Wireless Commu-
nications, ser. Foundations and Trends in Communications and Infor-
mation Theory. Hanover, MA, USA: NOW Publishers, 2004, .

[39] A. Moustakas, S. Simon, and A. Sengupta, “MIMO capacity through
correlated channels in the presence of correlated interferers and noise:
A (not so) large n analysis,” IEEE Trans. Inf. Theory, vol. 49, no. 10,
pp. 2545–2561, 2003.

[40] Y. Chen and M. McKay, “Coulumb fluid, Painlevé transcendents, and
the information theory of MIMO systems,” IEEE Trans. Inf. Theory,
vol. 58, no. 7, pp. 4594–4634, 2012.

[41] P. Kazakopoulos, P. Mertikopoulos, A. Moustakas, and G. Caire,
“Living at the edge: A large deviations approach to the outage MIMO
capacity,” IEEETrans. Inf. Theory, vol. 57, no. 4, pp. 1984–2007, 2011.

[42] W. Hachem, O. Khorunzhiy, P. Loubaton, J. Najim, and L. Pastur, “A
new approach for mutual information analysis of large dimensional
multi-antenna channels,” IEEE Trans. Inf. Theory, vol. 54, no. 9, pp.
3987–4004, 2008.

[43] L. Li, A. Tulino, and S. Verdú, “Design of reduced-rank MMSE
multiuser detectors using random matrix methods,” IEEE Trans. Inf.
Theory, vol. 50, no. 6, pp. 986–1008, 2004.

[44] D. Morales-Jimenez, R. Couillet, and M. R. McKay, “Large dimen-
sional analysis of robust M-estimators of covariance with outliers,”
ArXiv, 2015, arXiv:1503.01245 [Online]. Available: http://arxiv.org/
abs/1503.01245

[45] A. T. James, “Distributions of matrix variates and latent roots derived
from normal samples,” Ann. Math. Statist., pp. 475–501, 1964.

[46] M. Chiani, M. Z. Win, and A. Zanella, “On the capacity of spatially
correlatedMIMORayleigh-fading channels,” IEEE Trans. Inf. Theory,
vol. 49, no. 10, pp. 2363–2371, 2003.

[47] A. Voros, “Spectral functions, special functions and the Selberg Zeta
function,” Commun. Math. Phys., pp. 439–465, 1987.



MORALES-JIMENEZ et al.: ANALYSIS AND DESIGN OF MULTIPLE-ANTENNA COGNITIVE RADIOS WITH MULTIPLE PRIMARY USER SIGNALS 4939

David Morales-Jimenez received the Telecommu-
nication Engineering degree from the University of
Malaga (Spain) in 2006, and the M.Sc. and Ph.D.
degrees in Telecommunication Technologies from
the same University in 2008 and 2011, respectively.
Between 2011 and 2013 he worked in the Wire-
less Communications Research Group, headed by
Prof. Angel Lozano at Universitat Pompeu Fabra,
Barcelona (Spain), where he was a post-doctoral
fellow and a lecturer. In January 2014, he joined the
group of Prof. Matthew McKay at the Department of

Electronic and Computer Engineering, Hong Kong University of Science and
Technology (HKUST), where he holds a Visiting Scholar position.
David is a recipient of the Best Ph.D. Thesis Award in Electrical Engineering

by the University of Malaga (2009–2012). His research activity lies between
the communication theory and signal processing areas, with a focus on wire-
less communications. He has conducted research on constituent models (fading
channels and interference modeling), and on diverse topics including: coordi-
nated transmission schemes, link adaptation, spectrum sharing, and massive
MIMO systems. Furthermore, he is currently interested in randommatrix theory
and in the area of robust statistics, particularly in the robust estimation of co-
variance (or scatter) matrices in large-dimensional settings such as those arising
in big data analysis.

Raymond H. Y. Louie (S’06–M’10) received the
combined B.E. degree in electrical engineering and
B.Sc. degree in computer science from the Univer-
sity of New South Wales, Sydney, Australia, in 2006
and the Ph.D. degree in electrical engineering from
the University of Sydney, Australia, in 2010. He
was then an ARC Australian Postdoctoral Fellow
at the University of Sydney, prior to joining the
Hong Kong University of Science and Technology
in 2013, where he is currently a Research Assistant
Professor. He was a Visiting Scholar at the Institute

for Medical Engineering and Science at MIT in 2014.
His research interests include computational immunology, biomedical engi-

neering, big data analysis, cognitive radio, ad hoc networks, MIMO systems, co-
operative communications, network coding, and multivariate statistical theory.
Dr. Louie was awarded a Best Paper Award at IEEE Globecom 2010.

Matthew R. McKay (S’03–M’08–SM’13) received
his Ph.D. from the University of Sydney, Australia,
prior to joining the Hong Kong University of Science
and Technology (HKUST), where he is currently
the Hari Harilela Associate Professor of Electronic
and Computer Engineering. His research interests
include communications, signal processing, random
matrix theory, and associated applications. Most
recently, he has developed a keen interest in the in-
terdisciplinary areas of computational immunology
and financial engineering.

Matthew and his coauthors have received best paper awards at IEEE ICASSP
2006, IEEE VTC 2006, ACM IWCMC 2010, IEEE Globecom 2010, and IEEE
ICC 2011. They also received a 2010 Young Author Best Paper Award by the
IEEE Signal Processing Society, and the 2011 Stephen O. Rice Prize in the
Field of Communication Theory by the IEEE Communication Society. In 2011,
Matthew received the Young Investigator Research Excellence Award by the
School of Engineering at HKUST, and in 2013 the Asia-Pacific Best Young
Researcher Award by the IEEE Communication Society. Matthew is currently
serving on the editorial board for the mathematics journal, Random Matrices:
Theory and Applications, and he served on the editorial board of the IEEE
TRANSACTIONS ON WIRELESS COMMUNICATIONS from 2012 to 2014.

Yang Chen graduated with B.Sc. (Physics) from the
National University of Singapore, M.Sc. (Physics)
from the ILLinois Institute of Technology working
on exact solutions of axial symmetric gravitational
field, and Ph.D. (Physics) from the University of
Massachusetts. Chen joined the Department of
Mathematics, University of Macau, as Professor
of Mathematics, in August 2012. Before the cur-
rent post, he was Lecturer, Reader and Professor
of Mathematical Physics, 1992–2012 at Imperial
College London. His research involves Random

Matrix Theory, and some of its applications: information theory of wireless
communications, multivariate statistics, and Painleve equations. He is also
interested in orthogonal polynomials, the and kinds.
Chen is the Founding Editor of Random Matrices: Theory and Applications,

published by World Scientific.


