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Y'(t) = f(t, Y (1)),
where Y (¢) 1s an unknown function that i1s being sought.

For example, given a function g, Y'(t) =g(t) == Y ()= fg(.c;)d.c; +c

with ¢ an arbitrary integration constant. The constant ¢, and thus a particular solution,
can be obtained by using the initial condition Y (t,) = Y;.

Y'(t) = sin(t
Example { (_) )
4 i — 9)
! (3) o
The general solution of the equation is Y () = — cos(t) + c.

If we specify the condition }G) =2, then itiseasy to find c = 2.5.



Example Using the
Y'(t) =AY (t) + g(t)

with ) a given constant. Multiplying the linear equation by the integrating
factor .—*t, we can reformulate the equationas < , ;. _

‘ q = (7MY (1) = e Mg 0).
Integrating both sides from 7 to £, we obtain

t
e MY (t) = c‘r—l—/ e~ g(s) ds,

to

where
c=e MY (tg).

So the general solution

t t
Y(t) = et [r:' —I—/ e~ g(s) {'Z.‘-';] — ceM + f E)‘(t_s)g(s) ds.
to t

0



General Solvability Theory

" 1.The solution exists,
A problem 4 2.The solution is unique,

3.The solution is not sensitive to
~ perturbations of the(data) { « initial condition

o coefficients

For a the can guarantee the well-posedness.



Theorem Let D be an open connected set in R?, let f(t.y) be a continuous
function of t and y for all (t.y) in D, and let (to.Yo) be an interior point of D.
Assume that f(t,y) satisfies the |[Lipschitz condition|

ftoyr) — f(ty2) < K

for some K > 0. Then there is|a unique function|Y (t) defined on an interval
[[to — a, to + o | for some o > 0, satisfving

g1 — 3}'2‘ all (fg yl).. (T -yg) in D

Y(t)= f(t.Y (1)), to—a<t<ty+a.

Y (to) = Yo.

For example, we can use K — max
(t,y)eD

of(t. y)‘
dy

Mean value theorem

provided this is finite.



Example Consider the mitial value problem
Y'(t) =2t ), Y(0)=1.

Here _
of (t.y)
dy

f(t,y) = 2ty?, = 4ty

and both of these functions are [continuous] for all (¢, ). Thus, by the theorem there
1s a unique solution to this initial value problem for ¢ 1n a neighborhood of 75 = 0.
This solution 1s

Y(t) = — [ t#+1.]

This example illustrates that the continuity of f(¢.y) and Jf (¢, y)/0y for all (¢.y)
| does not imply| the existence of a solution Y’ () for all . N




Stability of the Initial Value Problem

Make a small change in the initial value for the initial value problem,
YIt)=f(t.Ye(t))., to<t<b,  Ycto)=Yo+e.
Y'(t) = £(t,Y (1)), Y (to) = Yo.
If for some ¢ > 0 that is independent of ¢,

|Ye -Y| .= nax, Y(t) = Y(t)] < ce

then small changes in the initial value Y, will lead to small changes in the solution Y (t)
of the initial value problem.

{ |Ye =Y. = € : well-conditioned

|Ye =Y. > € :ill-conditioned



Example The problem
Yt)=AY(t)—1], 0<t<bh,  Y(0)=1

has the solution

The perturbed problem
Y (t) = A[Ye(t)—1],  0<t<b, Y (0)=1+c¢€

€

has the solution
Yo(t)=14ee™,  0<t<b.

For the error. we obtain
Y(t) = Y(t) = —ee,

‘E ‘ ; A <0, — well-conditioned

Imax
0<t<b

Y(t) =Ye(t)| = {

‘E‘ Ekbv A > 0. — ill-conditioned



Why Numerical Methods?

« Many differential equations are too complicated to have solution formulas.
« Numerical methods provide a powerful alternative tool for solving the
differential equation

Denote Y (t) the true solution of the initial value problem with the initial value Y,
{ Y'(t) = f(t.Y (), to<t<b,
Y(to) = Yo.
We aim to find an approximate solution y(t) at a discrete set of nodes,
t, =to+nh, n=20.1.....N.

to ln tn <b

The following notations are all used for the approximate solution at the node points:
Y(tn) =yn(tn) =vyn. n=0,1,...,N.



1.3 The Forward EULER’S Method

A Y'(t) = 7

Applying this to the initial value problem at t = ¢,,,

we obtain

| —[Y(t+h) =Y (1)].

Y'(t,) = f(tn.

(Y (tng1) = Y ()] % f(tn, Y (tn),

Y (tni1) 2 Y (tn) + Bf (tn.

Euler’s method 1s defined by taking this to be exact:

Jﬂ_’_hf(n J’ﬂ)

0<n<N-—-1.

Y(tn)),

Y (tn)).

11



>N

Tangent line Z=Y(1)
|
|
=Yt L) : Yt )rha L Y()
| |
IRV
n n+1

Figure: An 1illustration of Forward Euler’s Method

The tangent line at t,, has slope Y'(t,) = f(tn. Y (tn)).

12



Example Solve

whose true solution 1s

Y(t) =t +2t+2—2(t+1)log(t + 1).

Euler’s method for this differential equation 1s

h(vy, +1t2 —2
(Y n— 2) S0

Yn = UYn T . ~
Un+1 =Y P

with yo = 2 and #,, = nh.

13



Matlab program for Forward Euler’s Method  Yn+1 = Yn + B f(tn, yYn)

function = euler_for(t0,y0,t_end,h/fcn)
% Solve the initial value problem
%y’ =1f(t,y), t0 <=t <= Db, y(t0)=y0

A\ 4

.

The routine returns two

vectors

n = fix((t_end-t0)/h)+1;
t = linspace(t0, tO+(n-1)*h, n)’;

The right—-side function
of the differential

equation.

The node points
t(j)=t0+(j-1)*h, j=1,2,...,N

Approximated solution vector

y = zeros(n, 1);
y(1) = yO; "
fori=2:n .
y(i) = y(i-1)+h*feval(fcn, t(i-1), y(i-1));
end
=1 =2

t end =N

t0+(n-1)*h

14



yn(t)  Error Relative
Error

0.2

1.0
2.0
3.0
4.0
5.0
6.0

2.1592 6.82e — 2 0.0306
3.1697 2.3%9%e —1 0.0701
5.4332 4.76e —1 0.0805
9.1411 7.65e —1 0.129
14.406  1.09 0.0703

21.303 l 1.45' 0.0637

0.1

1.0
2.0
3.0
4.0
5.0
6.0

2.1912 3.63e — 2 0.0163
3.2841 1.24e — 1 0.0364
5.6636 2.46e — 1 0.0416
9.5125 3.93e — 1 0.0665
14.939 5.60e — 1 0.0361

22.013 l?.44e —1 IU.UBQT

0.05

1.0
2.0
3.0
4.0
5.0
6.0

2.2087 1.87e —2 0.00840
3.3449 6.34e — 2 0.0186
5.7845 1.25e —1 0.0212
9.7061 1.99e —1 0.0337
15.214 2.84e — 1 0.0183

92.381 0.0165

251

Solution of Forward Euler’s Method
when h = 0.2.

15



1.4 Error Analysis of Euler’s Method

 Assume that the initial value problem has a unique solutionY(t) ont, <t <b
« Assume that the solution has a bounded second derivative Y''(t) over this interval

Y(tns1) =Y (tn) +hY (t) + LR2Y" (&)
for some ¢, < &, < tp+1. Using the fact that Y (¢) satisfies the differential equation,
Yi(t) = f(£.Y (1)),
our Taylor approximation becomes
Y(tny1) =Y (tn) + hf(tn, Y (tn)) + 5R%Y" (&)

The term

El—l—l — %hz}/”{gﬂ )

1s called the[ truncation ermr]for Euler’s method. and it 1s the error in the approximation

Y (tnst) & Y(tn) + hf(tn,Y (tn)).

16



To analyze the error in Euler’s method, subtract v,,.1 = vy, + hf(t,, yn)
from Y (t, 1) = Y(t,) + hf(tn, Y(tn)) + 202V (&,)
wehave Y (tni1) —Unt1 =Y (tn) —yn + A f(tn. Y (tn)) — f(tn.yn)]
+2h2Y " (&)

The error in y,,, 4 (1) the truncation error T,,,.1, newly introduced at step t,,+1;
consists of two parts: {

(2) the propagated error Y (¢,,) — vy, + }{[ Ftn,Y(ty)) — f(t.m-yﬂ)]].

4

fltn,Y(tn)) — f(tn,yn) = 5f[g?y Gn) Y (tn) — yn] k Mean value thegrem

for some (;, between Y (7,,) and y,,. Lete, = Y (t;) —yp. k = 0,

O (tn. cﬂ.J]

€nil = [1 4+ h o lh‘EY” (En)- (%)

17



Of (tn, Cn)] .
_ _ e = (14 h ' e, + Lh2Y" .
Let us first consider a special case that el [ Ay nT 3 (&n)

the error in Euler’s method. Consider using Euler’s method to solve the problem

Y'(t)y=2t. Y (0)=0.

whose true solution is Y (#) = #2. Then, from the error formula | (x) , we have

€nil = €n + h?. eg = 0,
where we are assuming the initial value yy = Y (0). This leads, by induction, to‘

e, = nh?. n > 0.

[ Since nh = tﬂ]

en = hi,,.

lFm“ each fixed tnl, the error at ¢,, 1s proportional to /. The truncation error isﬁ
but the| cumulative effect bf these errors is a total error proportional to .

18



Yn11

fg tn IL-ﬂ,—l—l

What if at some point t,,,; we discover that Y (t,,.1) — Yn+1 IS t00 large?

Decreasing h fromt, tot,,.1? No!

Decreasing h from t,,_; to t,,,1? No! We should decrease h from ¢, to ¢, 4!

The error Y(t,,+1) — yn+1 1S called the or total errorat t,,, .
We next define the by introducing the following
initial value problem: u! (t) = f(t, ), t >t

“-n(tn) — Un-
Assuming the solution y,, at t,, Is the exact solution.

Relation with
truncation error?

LEni1 = Un(tnt1) — Ynsgi1-

19




l 0 "r'n-

Global initial value problem: from ¢, to ¢,

Y'(t) = f(1,Y (1)),
Y(to) = Yo.

Ynt1

tﬂ-l—l

Un(tn) = Yn Yn+1

tﬂ t?l—l— 1

Local initial value problem: from ¢, to t,, ;1

'H.:g.(f') — f(f ”-r'z.(t)) )
u .n,(f-ﬂ-) = Yn.-

Initial value: given value Y,

Initial value: the numerical solution Yn,

Numerical method to obtain ¥, .1 : Euler

Yn+1 = Yn T hf(EL” yﬂ)

Numerical method to obtain ¥,+1: Euler

Yn+1 = Yn T hf(tn- Uﬂ)

Y(thrl) — Yn+1

”-n{fn—}-l} — UYn+1




For the initial value problem  Y/(t) = f(t.Y (1)), to <t <b, (%)
Y (to) = Yo.

If there exists K > Osuchthat |f(f,y1)— f(t.y2) < K
for —o0 < y1.y2 < oo and tg < t < b.

Y1 — ya| (x*%)

Theorem Let f(t,y) be a continuous function forty <t < band —oc < y < o,
and further assume that f(t,y) satisfies the Lipschitz condition (***) . dssume that
the solution Y (t) of (%) has a continuous second derivative on [to,b]. Then the
solution {yp(t,) | to < t,, < b} obtained by Euler’s method satisfies

[e(btg}h’ _ 1]

ax [V(tn) = yn(ta)] < eP10) K Jeg | +

7(h).
K (),

where

r(h) = 5h[Y"|l = §h max [Y"(0)

> to<t<b

and ey = Yo — yn(to).

21



If, in addition, we have

| + Initial error ¢

ﬂ}"h — yﬂt@ﬂﬁ cth  ash— 0

for some ¢ > 0 (e.g., if Yo = yo for all h, then ¢ = 0), then there is a constant
B > 0 for which

max [Y(tn) - yh(fn]\]ﬂ [Bh]

to itn i:b

* Final error e,

In general, if we have |Y (t.) — yn(tn)| < ch?,  to<t, <b

for some constant p = 0, then we say that the numerical method is
convergent with order p.

22



Proof:
Lete, =Y (tn) — y(tn), n > 0. Let N = N(h) be the integer for which

ity < b, tN.|.1 > b.

Define
Ty = %h}’”(‘fn), 0<n<N(h)-1,

a < h — 1 I
then ocmax || < 7(h) = 3R |V

From (Y (tn41) = yns1) =[¥ (tn) — g Jt BLF (b, Y (tn)) = F(tn,yn)
-|-%[h2Y”(§n).]

we Obtain En4+1 = €En T+ h [f(tﬂ-j Yn) _ f(tn: yn)] T+ hTﬂ*

23



Taking bounds using |f(¢,v1) — f(t,y2)| < K |y1 — y2|, we obtain

En+1

En+1

E |En| + hﬁlyn — yn| T h’lTn|n

< (14 hK) |e,| + h7(h),

Apply this recursively to obtain

0<n<N(h) -1

len] < (14 hK)"|eo| + [L+ (1 + hK) + -+ (1 + hK)" '] h7(h).

Using the formula for the sum of a finite geometric series,

we obtain

l+r+r+4--- 471

r*t —1

- r# 1,

r—1"7

len| E[(l +hfi’)?ﬂ|ﬁn| + [

(1+hK)"|—1

K

] 7(h).

< E{b—tn)H

24



Lemma = For anyrealt,
1+t <et,

and for anyt > —1,anym > 0,

0<(14+8)™ <e™.

Proof. Using Taylor’s theorem yields
e! =1+ t+ 3t%e* with £ between 0 and .

Using this lemma, we have
(1+hK)" < "MK = eltn—t0)K £ p(b—t0)K

Substitute back to the formula, we obtain

. < (b—tn) K
W2 [V ) ()l < T ol +

=

25



E(b—tn]f{ -1

max |Y(tn) — yn(tn)| < e~ Jeo| + [ K

to Etﬂ. Eb

| b

If, in addition, |Yo — yn(to)| < c1h , there is a constant

E[b—tn)f( -1

2

1
B =it 4 3 [ v

Such that

max_|Y(tn) — ya(tn)| < Bh.

to<tn<b

26



The procedure of the proof

. Subtract the “Taylor expansion of the exact solution Y (t,,) at t,,”
with the “numerical scheme of y,, . 1”.

. Apply the Lipschitz condition to obtain the inequality between
|en+1| and |en| -

. Apply the inequality recursively from n to 0.
Use some summation formulas to simplify the expression.
Use the Lemma to allow having t,, — t, = nh.



1.5 Numerical Stability

Define a numerical solution {z,,}
i1 = 2n +hf(tn,z,), n=01,....N(h)—1

with zp = Yo + €. We now compare the two numerical solutions {z,,} and {y, } as h — 0.

Lete, = 2z, — yn, n = 0. Then ey = €, and subtracting y,,.1 = ¥, + hf(t,. Yn)

we obtain ent1 = €n + N [f(tn, 2n) — [(tn,yn)]. Lipschitz

condition

A 4

Taking bounds using [\f(t. y1) — f(toye)| < K|y — yg‘\, we have

enat] < len| +hK |z —ynl or  lenst1] < (1 4+ hK)

.
E-:-'1|

Apply this recursively to obtain

en| < (1+ hEK)" |eo]



Lemma For any real t,
1+t <e,

and for anyt > —1, any m > (),

0 g (1 _|_t)’m ﬂ E’mt_

Using this lemma, we obtain

(1 4 h‘.I{)n < EnhK _ e(tn—fe)f{ < E(b_tﬂ}K,

substitute to || < (1 4+ hK)"|eo| , and note that ¢ = €. the following holds

max |z, — yn| < et ¢

0<n<N(h)

Consequently, there is a constant ¢ > 0, [independent of h,J such that

max |z, — yn| < Clel.
0<n<N (h)

Euler’s method 1s a stable numerical method for the initial value problem if hK = —1.
29



)| < Bh.

max_[Y (tn) — yn(tn
e The forward Euler’s method is a[ ]_|+ toStn <5

when the step size h is smaller, the method Is more accurate.
« Avery small h decreases the efficiency of the numerical method.
* The forward Euler’s method may not be stable when h is large.

Y'=AY. t >0,
Y (0) = 1.

A < 0or Ais complex and with Real(\) < 0.
The true solution of the problem is

Y(t) = e,

Example

which decays exponentially in ¢ since the parameter A has a negative real part.

30



We would like the numerical solution satisfies

yn(t,) — 0 as t, —
The Euler method on the model problem
Una1 = Yn + hAyp = (1 4+ hA) yn, n>0, yo=1.

By an inductive argument, 1t 1s not difficult to find
Un = (L +AN)",  n=>0.

Note that for a fixed node point#,, = nh =1, as n — oo, we obtain

)\? T _
Yn = (1 + ) — E'H.

n

We can see that y» — 0as n — oo 1f and only 1f
| >

1+hA <1 or [2<hA<0)




Example Consider the model problem with A = —100.

Y'=AY, t>0,
Y(0) = 1.
The true solution Y (1) = ¢~ 109 att = 0.2 s

The forwgrg(E]uférlr%tghod will perform well only when [h < 2% 1(_}0—1] = 0.02.

h R (0.2) ,
0.1 81
0.05 256
0.02 1
0.01 0

0.001  7.06e — 10




The Backward Euler Method
. a numerical method is stable for step size h.

L s
e, yp(t,) —0 as t, —oc for {} =AY, >0,

Y(0) = 1.
The has this property.
Forward difference approximation The forward Euler’s method
., 1 ) Uni1 = Yn + hf(Tn. yn),
Y (f)xﬂ[}’(f—kh}—}’(f)] SN { i v
Yo = Yo.

Backward difference approximation The backward Euler method
1

Yi(t) ~ —
)~

Y (t) =Y (t —h)] = Yn+1 :, Yn T h f([fn—l—l- '._Uﬂ.+1])-
Yo = Yo.

Like the Euler method, the backward Euler method is of first-order accuracy.

33



The for the model
problem is absolutely stable:

{r:xyt>a
()

Applying the backward Euler’s method,

Yn+1 — UYn + hA Yn+1-

Yn+1 = (1 — h')\)_lyn*

Using this together with yg = 1, we obtain

g = (1 — hA\)™"

For any stepsize i > 0, we have |1 — hA| > 1 andso y,, — 0asn — oo. 0.0l

The forward Euler method

h yn(0.2)
0.1 81
0.05 256
0.02 1
0.01 0

0.001 7.06e — 10

The backward Euler method

h yn(0.2)

0.1 8.26e — 3
0.05 7.72e — 4
0.02 1.69e — 5
9.54de — 7
0.001 5.27e -9

34



The backward Euler’s method 1s an . Yn+1 Must be found by solving a root
finding problem (usually, by solving a nonlinear algebraic equation).

Yt = Y+ h f(tus1 Gz

Lipschitz continuity assumption on f(t,y)
h 1s small enough

. L. 0 . 1 2
Given an 1nitial guess yfl}rl A UYn+1. define y;lp y,f]_ll , etc., by

} The equation has a unique solution

'yffr-ll} = Yn + h f(tnt1, yfjrl)i 7=0,1,2,....

(4)

Y n—+1 Yn+1
: . 0+ ) o N ()
By subtraction, yn+1 — ¥yi1 = h[f(tnet: Yns1) — f(tnt1.¥ptq)]:| Mean value theorem
T ) - &
+1 Jf (tnt1, Yn+1 j -
Yn+1 — .9;34_1 ) ~ h [ i ()U n }[L‘rﬂ—l—l _ yfj—a—l] hi1s Sma”

35



Of(tnat. Ypst
- A —I.—l.y +1) -1
Dy

If } the errors will converge to zero

(0)
Un—l—l — Un+1

The usual choice of the initial guess is based on the forward Euler method.

The C Ypg1 = Y+ f (tns Yn),
Yn+1 = Yn T h f(fﬂ-l-lf yn—l—l)'

Or in combined form: Un+1 = Yn + 0 [(tns1s Un + 0 f(tn, Un))

» The scheme predicts the root of the implicit method.
» The scheme is usually sufficient to do the iteration once.
e The scheme is still of first-order accuracy. Vi _

. . =AY, t>0,2<0
» The scheme is no longer absolutely stable. 1.e., try Y (0) =

36



function [t,y] = euler_back(t0,y0,t_end,h,fcn,tol)
% Initialize

n = fix((t_end-t0)/h)+1;

t = linspace(t0,t0+(n-1)*h,n)’;

y = zeros(n,1);

y(1) =

i =2;

% advancing
while i<=n

____________

Yoy = Y+ Bt yn)

k
— Yo+ h f(tng1, 40

% forward Euler estimate
ytl = y(i-1)+h*feval(fcn,t(i-1),y(i-1));

% one-point iteration
count=0; diff=1;
while diff > tol & count < 10
yt2 = y(i-1) + h*feval(fcn,t(i),yt1);
diff = abs(yt2-yt1);
ytl =yt2;
count = count +1;
End

if count >=10
disp(’Not converging after 10 steps att=")
fprintf(’%5.2f\n’, t(i))

end

y(i) = yt2;

37



The Trapezoidal Method

Drawback of both the forward Euler method and the backward Euler method:
only first-order accuracy

Has a higher convergence order
The

Has the stability property for any step size h

To derive the Trapezoidal Method, we start from the
for numerical integration

b
/ g(s)ds = L (b—a)[g(a) + g(b)] — & (b —a)’ ¢"(€)

We integrate the differential equation Y'(¢) = f(¢,Y(t)) from¢,, to t,1:

Y (tns1) = Y(tn) + 1 " (s, Y () ds.

38



Use the trapezoidal rule to approximate the integral:

}f(tn—kl) — };(fﬂ,) ‘|‘ éh’ [f(tn*};(tﬂ)) _|_ f(tT1+1T };(T‘ﬂ—l—l))]
—%;13}”(3)(@}]

By dropping the final error term and then
equating both sides,

’tn E fn E tn—i—l

{ Yn+1 = UYUn + %h [f(tn yn) + f(tn—l—L f_ijn_|_1)] . n = 0.

Yo = Yo.
The trapezoidal method

to

{ Is of second-order accuracy

Is absolutely stable 1.e., try

max |Y (t,) — yn(tn)| <

<tn<b

V= \ };T
Y(0) = 1.

t >0 A<0

> Truncation Error

l{?h2 I

39



The trapezoidal method is an

h _ o
uﬁjﬁ}—un+§[f(f n) + [t 09D 5=0,1,2,....

h fjf(tn—i—lf y?l—l"l)
2 dy )

| { " } the iteration will converge
(0)

EJFn—l—l — UYn+1

The usual choice of the initial guess is based on the forward Euler method.
O = o+ hf (s yn)

and if we accept yfﬂl as the value of y.+1 , then the resulting new scheme is called

h

Yn+1 = Yn + 5 [f( Uﬂ) T f( n+1sYn T+ h f[ n; }ﬂ)}]

Fe

« The Heun method is of second-order accuracy.

« The Heun method it is no longer absolutely stable. 1.e., try i"— AY, >0,
(0) = 1.

40



Forward Euler Method

Backward Euler Method Trapezoidal method
Backward Euler Method with Trapezoidal Method with
Forward Euler as Predictor Forward Euler as Predictor

(Heun’s method)




Matlab program for Trapezoidal Method

function [t,y] = trapezoidal (t0,y0,t_end,h,fcn,tol)
% Initialize

n = fix((t_end-t0)/h)+1;

t = linspace(t0,t0+(n-1)*h,n)’;

y = zeros(n,1);

y(1) = y0;

i=2;

% advancing
while i<=n

___________

_____

% forward Euler estimate
ytl = y(i-1)+h*feval(fcn,t(i-1),y(i-1));

% one-point iteration
count=0; diff=1;
while diff > tol & count < 10
yt2 = y(i-1) +h*(feval(fcn,t(i-1),y(i-1))+
feval(fcn,t(i),yt1))/2;
diff = abs(yt2-yt1);
ytl = yt2;
count = count +1;
End

if count >=10
disp(’Not converging after 10 steps att=")
fprintf('%5.2f\n’, t(i))

end

y(i) = yt2;
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Example

Consider the problem

Y'(t) =AY (1) + (1 — XN)cos(t) — (1 + A)sin(t). Y (0) = 1.

whose true solution 1s Y () = sin(t) + cos(t).

Forward Euler’s method

Parameters:

h

A

vs Backward Euler’s method vs Trapezoidal method

A larger h is better,

: 0.1, 0.01

= -1, -10,

more efficient

> Stiff Differential Equation
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Error Ermror Error
h=0.5 h=0.1 h = 0.01 Forward Euler’s method

1 —246e —1 —4.32% —2 —4.2% — 3
5 _orme_ 1 _déde_9 _asse_ g ¢ Theactual global error depends
3 —266e—2 —6.78 —3 —T7.22% — 4 strongly on A
4  227e—1 39le—2 3.78 —3
5 2721 [49le—2 48le—3] . Ynstable and rapid growth happen
~10 1 (398 —1)-6.99¢ — 3 |-6.99% — 4 when |A|h is outside the stability
2 6.90e -0 [—2.90e — 3 —3.08¢ — 4 region ‘1 + h__)\‘ <1
3 | 1.1le+2| 3.86e —3 | 3.64e —4
4| Lite+3 | 7.07e =3 | 70de—4  » The forward Euler scheme is of
5 283 e+4 | 3.78¢ —3 3.97e —4 first-order accuracy
50 1 | 3.26e +0 |(1.06e +3) —1.39% — 4
2 | 1.88e +3 ||1.1le + 9| —5.16e — 5
3 | 1.08e+6 |[l.17Te + 15| 8.25¢ — 5
4 | 6.24e +8 [[1.23e +21| 1.4le—4
5 (3.59 + 11 )28 +27)  7.00e — 5

o




Backward Euler’s method A~ =0.5

t Error Error Error
A= —1 A= —10 A= —50

No stability problems!

Trapezoidal method ~ =05

2 208 —1 1.97e —2 ( 3.60e — 3

4 —1.63e —1 —3.35e — 2 |—6.94e — 3

6 —7.0de —2 819 —3| 2.18¢ —3

8 22%—1 267e—2| 513e—3 ;

10 —1.14e —1 —3.0de —2 \=6.45¢ — 3

Error Error Error
A= —1 A= —10 A= —50

2
i]:
The backward Euler method and the ’
trapezoidal method are therefore more )
desirable! 1(‘}

1.13e—2 —278 —3 (=7.9le —4 )
_143e —2 —89le—5|—89le —5
2020 —2 27Te—3| 472 —4
_2.86e —3 —2.22% —3|-5.1le —4
—1.79e — 2 —9.23e —4 \~1.56e — 4 )




Higher Order Methods:
Taylor and Runger—Kutta Methods

Linear Taylor polynomial
approximation

Yi(t) = - [Y(t+h) =Y (1)) — Y (tny1) = Y(tn) +hY (1),

!

Forward Euler’s method

How about using higher-order Taylor approximations to improve
the accuracy (or speed)?

[
Taylor methods

* Need higher-order derivatives
« Usually tedious and time-consuming

A

|
Runge—Kutta methods

« Use compositions of the right-side
function to approximate the derivative
« Among the most popular methods in

solving IVP



Example For the problem

Y'(t)|= =Y (t)+2cos(t), Y(0)=1.

.
<«

whose true solution 1s Y (#) = si

+ cos(t).

We use the quadratic Taylor approximation

Y (tpa1) = Y (tn) + By
Its truncation error 1s

'Tn_|_1(};) — 1}13}/””(&71)? SOIMC tn E £n E tn—l—l-

Differentiat

6

Y'(t) = =Y (t) + 2 cos(t)

Y"(t) ==Y (t) —2sin(t) = Y (t) — 2 cos(t) — 2sin(t).

Substitute into the Taylor expansion, we have

Y (tapr) % Y (ta) + (=Y (1) + 2 co5(t,)]
+ %}12 Y (t,,) — 2cos(ty,) — 2sin(ty)].
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By forcing equality, ¥n+1 = Yn + h[—yn + 2cos(t,,)]

+ %"12 Yn — 2cos(t,) — 2sin(t,,)]. n >0 withyy = 1.

Results of the second-order Taylor method

h t yn(t) Error Euler Error

0.1 2.0 0.492225829 9.25e —4 —4.64de — 2
4.0 —1.411659477 1.2le—3 3.9le — 2

6.0 0.682420081 —1.67e —3  1.39e — 2

8.0  0.843648978 |2.09e¢ — 4 [|-5.07e — 2

10.0 —1.384583757  1.50e —3  2.83e — 2

0.05 2.0 0.492919943 2.31le —4 —2.30e — 2
4.0 —1.410737402 2.9le —4  1.92e — 2

6.0 0.681162413 —4.08e —4 6.97e — 3

8.0  0.843801368 |5.68e — 5 |=2.50e — 2

10.0 —1.383454154  3.62e —4  1.39e — 2




In general, for the initial value problem
Y'(t)= f(t.Y (1)), to<t<b, Y(tg)=Yo
selects a Taylor approximation of order p

| WP
Y (tus1) = Y (tn) + hY () + -+ =Y P (1),
p!

hp-|—1

With the truncation error 7, (y) = TESH
p+ 1)

YT (€),  tn <& <ty

Find Y (?).....Y®)(t) py differentiating the differential equation successively, obtaining
formulas that implicitly involve only t,, and Y (¢t,,).

Yﬁ(ﬂ — ff. + fyf
YOt) = fir + 2 fyf + Fyuf? + fu(fe + [o ).
where
O? f

ft_% fy:ﬁ fty:

= 3¢ oy’ For higher derivatives, too complicate!!!
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V'@ =('©®) =(f&n) =fi +fiye = fe+ ff

Yrrr(t) — (Y”(t))
= (fe + 1)’

_I_
_I_
= +
_I_

Assume that f;,, = f,, substitute into the above formula, we can get the derivation
on Slide 49 of Charpter 1.

Note that f, f¢, f, are also functions that depend on (t,y), and y depends on ¢, so
we need to use chain rule for their derivatives w.r.t t.

Y'"'(t) is already very complicate, so the Taylor method is not a good choice
compared to the Runge-Kutta Method.



Substitute these derivatives into the Taylor approximation and force it to be an
equality, we have h2 P

l
Un+1 = Yn T+ }JU:} + 75)':: + -+ p—lijg})

where v, = f(tn-yn) . yn = (f + [uf) (tn.yn) , etc.
If the solution Y (t) and the derivative function f(t, z) are sufficiently differentiable, the
method satisfies

max |Y(t,) — yp(t,)| < chP .- max ‘}’T(Hl) t ‘
t0£t11£b| ( n) Jh( nj| o to<t<b ( )

The Taylor approximation of order p leads to a convergent numerical method with order
of convergence p.

[ |
Taylor methods Runge—Kutta methods

* Need higher-order derivatives « Evaluate f(t,y) at more points
» Usually tedious and time-consuming  « Retain the accuracy of the Taylor
approximation
« Fairly easy to program



Runge—-Kutta Methods

Yn+1 = Yn T / ?"'Lp(tn » Un s / ?)] n

For methods of order 2,

> 0, Yo = Y.

\—»

some kind of “average
slope” of the solution

F(t,y;h) =bif(t,y) + bof(t +ah, y+ Bhf(t,y))

We determine the constants {c, 3, 01,02} so that the truncation error will satisfy

Tt (Y) =Y (thgr) — [Y(tn) + hE(t,.Y (t,): h)]=|O(h?)

®

@

Truncation error for a 2-or method

To find the equations for the constants, we use Taylor expansions to compute the

truncation error 1,,+1(Y) .
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To find the equations for the constants, we use Taylor expansions to compute the
truncation error 715, . 1(Y). For the term f(t + ah,y + Bhf(t,y)), we first expand
with respect to the second argument around 7. Note that we need a remainder O(h?):

ft +ah,y+Bhf(t,y)) = f(t+ah,y)+ f,(t+ah,y)Bhf(t.y) + Oh?).

We then expand the terms with respect to the 7 variable to obtain

f(t+ah,y+ Bhf(t.,y)) = f+ friah+ f,Bhf +[C’)(h-2),_]
\

A lot of things can be put here
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(1) Fortheterm Y (t,41)

Y(t+h)=

9 Y

h : 1
=Y hf 4 it fuf) 4 O Y () = fot o f

(2) Fortheterm f(t+ ah,y+ Bhf(t.y))

We first expand f(t + ah,y + Bhf(t,y)) with respect to the second argument around v.

ft+ah,y+ Bhf(t,y)) = f(t+ah,y)+ f,(t+ah,y)Bhf(t,y) + O(h?).

We then expand the terms with respect to the t variable to obtain

f(t+ah,y+ Bhf(t,y)) = f+ fiah + f,Bhf + O(h?),
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Then Toi1(Y)=Y(t+h)—[Y(t)+hF(tY(t):h)
=Y +hf+ 50%(fi + fyf)
— [Y + hby f + bah (f + ahfi + Bhfy,f)] + O(h?)
= h(1— by —by) f + 1h2[(1 — 2bs0) f;
+ (1 —2b23) f, f] + O(h?).

The coefficients must satisfy the system

(1 —by — by =0.
Underdetermined system ¢ 1 — 2byax = 0,

1 —2by3 =0.

\

By solving this system, we have

52#0, b1:1—b2, (1:__{3:‘—.
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Thus there 1s a family of Runge—Kutta methods of order 2, depending on the choice

1 3

of bp. The three favorite choices are by = 5. 7, and 1.

With by = i we obtain the numerical method .
272 Forward Euler solution at £, 1

h
S (tnoyn) + (4 Bofyn + B (tnyn))], 120,

51
2
\\

F(fn, Yn: h) — %[f(fn-. 'yn) + f(tn + h‘? Yn + h’f(f'-’l* yn))]

Yn+1 — UYUn +

Heun’s method

\ 4

is an “average” slope of the solution on the interval [frn.fn+1).

Another choice 1s to use by = 1, resulting in the numerical method

Yn4+1 = Yn T h-f(fn -+ %h Yn + %hf(tﬂf? yﬂ)) .



Note: Lzisnot f(t + h,Y(t + h))

Slopeof L2=f (t + h,Y(t) + hf(t, Y(t)))

Slope of L1 = f(t,Y(t))

L
Y(6) + hf (5, Y (D)) ;
o —

— .~ aY(t Lk
- (1) :
A z=Y(t)
L -7 :
2 -7 ~ L Slope of L3(= L4) are the
| - -7 4 average F(t,Y (t); h)
3

Y(t)+h F(t,Y(t);h)

#.
ﬁ.
+

-)
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Example For the problem

Y'(t) ==Y (t) +2cos(t). Y(0)=1.

whose true solution is Y (t) = sin(t) + cos(t).

Results of the 2-or Runge—Kutta method 2-or Taylor method

h t Yn(t) Error Error Euler Error
0.1 2.0 0491215673 1.93e — 3 9.25e —4 —4.64e — 2
4.0 —1.407898629 —2.55e — 3 1.21le—3  3.91e — 2

6.0 0.680696723 5.8le —5 —1.67e —3 1.39e — 2

8.0 0.841376339  2.48e — 3 2.09¢e —4 —5.07e — 2

10.0 —1.380966579 |—2.13e — 3| 1.50e —3  2.83e — 2

0.05 2.0 0.492682499  4.68e — 4 2.3le —4 —2.30e — 2
4.0 —1.409821234 —6.25e — 4 29le—4 1.92e — 2

6.0 0.680734664  2.0le — 5 —4.08e —4  6.97e — 3

8.0  0.843254396  6.04e — 4 5.68¢ —5 —2.50e — 2

10.0 —1.382569379 [—5.23e — 4] 3.62e —4  1.39e — 2
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A General Framework for Explicit Runge-Kutta Methods

An explicit Runge—Kutta formula with s stages has the following form:

O

0
[ )77
=
L}
s —

Zg =  UYn + h [as,lf(tﬂﬁ?ljﬁs\zm <9

+ T (Iﬁ,s—lf(tﬂ + 'r-"S—lh'? 25—1)] ’

Yn+1l = Yn T h [blf(fn, 21) + bgf(tn + CQ}I-. ZQJ
T T bs—lf(f'n + 'r—_-'s—lh'- 25—1) + bsf(tn + Csh;? 25)] .
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More succinctly

Yn+1

Un + h.z a; jf(tn +cjh, zj).

5
Un +h Y bif(tn +cjh. ;).

1=1...... S,

The coefficients are often displayed in a table called a

0= 1
o 121
C3 3 1 (3 2
Cg g 1 G'S..'z ﬂ-‘g_.lg_]_
151 b? bs—l bs

The coefficients {c;} and {a; ;}

are usually assumed to satisfy
the conditions

]
N
Al

i—1

E (L.,-_.'_? j = C; . 3

j=1
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Example

Heun’s method

0
h 1| 1
Yntl = Yn + = [f(f Yn) + f(tn +hyn +hf(tn.yn))]
/2 1/2
Fourth-order RK method
21 = Yn.
29 = Yn + 5h [ (tn,21), 0
23 =Yp+ shf(tn+ 1h,2), 1/2 | 1/2
/21 0  1/2
=+ S (1 ) oz
Yni1 = Yn + 2h [ [ (tn, 21) + 2f (tn + 3D, 22) /6 1/3 1/3 1/6

+2f (tn + 5h. 23) + f (tn + D, 24)] .



Convergence of the Runge-Kutta Method

We want to examine the convergence of the Runge-Kutta method
Un+1 zyn+hF(tnnyn;h): HEU: Yo ZYI]

We want the truncation error

Y(tn+1) _ Y(tﬁ)

(YY) = ;

— F(tn, Y (tn),h; f) — 0
we require that
F(t,Y(t),h; f) = Y'(t) = f(t,Y(t)) ash—0.

Accordingly, define

§(h) = sup |f(t,y) — F(t,y,h;f)|,

to<t<b
— o0 Y< 00 . .
consistency condition

_—
@ [5(h)—>0 as h — 0. ]

and assume
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We also need a on F

@) [IF(ty b f) = F(t,2,hs /)] < Lly - 2

foralltg <t < b, —00 < v,z < 00, and all small A > 0.

Theorem Assume that the Runge—Kutta method satisfies the
. Then, for the initial value problem, the solution {v~} satisfies

max |Y (t,) — yn| < e®70L Yy — yo| +

E(b—tn)L . 1
o Etnib

— | .

where

7(h) = max |71,(Y)|.

to f'_:tn {_:b
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If the 1s satisfied, then the numerical solution {yﬂ,}
converges to Y(t).

htn(Y) =Y (tnt1) = Y (tn) = hE(tn, Y (tn), h; f)

Taylor expansion h2

N—"

2
lra(Y)] < ha(h) + o [V

oo
1
r(h) < 8(h) + Sh (V"]

Thus 7(h) — Oas h — 0

Corollary If the Runge—Kutta method has a truncation error 7.(Y) = O(h™+1)

then the error in the convergence of {y,} o Y (t) on [tg, b] is O(h™).
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Example Consider the problem
1
'}f.f — -
1 + 22

—2Y?,

Y(0) =0

with the solution Y = 2/(1+2?). The stepsizes are h = 0.25 and 2h = 0.5.

Results of fourth-order Runge-Kutta method

Fourth-order Runge-Kutta method

yn(x) Y(z) —yn(z) Y(x)—yon(x) | Ratio
<1 = Yn, 2.0  0.39995699 43¢ —5 1.0e — 3 24
29 = Yn + %h f(tn.21) . 1.0 0.23529159 256 — 6 7.0e — 5 28
; . 6.0 0.16216179 3.7e — 7 1.2¢ — 5 39
23 = Yp T §h f (fn + 53?-: 22) s 8.0  0.12307683 0.2¢ — 8 3.4e — 6 36
0.09900087 3.le — 8 1.3¢ — 6 11

24 =Yn+hf(tn+ zh.z3), 100

Ynai1 = Yn + %h} [f (tﬂ: Z]_) + Qf (tn + %h}, }32)
+2f (tn + %h--, 23) 4+ f (tn + h, z4)] .

Not accurate enough
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Runge-Kutta—Fehlberg Methods

 Currently most popular Runge—Kutta methods (Matlab code ode45.m).
 Simultaneously computes by using two methods of different orders
« The two methods share most of the function evaluations of f at each step from ¢,, to t,, 1.

Define six intermediate slopes in [¢,,, ¢, 11| by

Up = f(f-w yn]~

i—1
V; = f Itn + i'_l'ih- Un + h E 1_7)13'1‘3 r=1.2.3.4.5
j=0
Then the fourth- and fifth-order formulas are given by
4 * N L3 w r-r
i 0 1 2 3 4 5
Ynil = Yn + h Z YiUi,
i=0 .. 25 1408 2197 1
. i 216 2565 4104 5
Jo 11 =1 {1_25,1;,, 3 16 6656 28561 9 2
Unt1=Yn —~ L 0i 135 O 1998 56430 50 55
—




Example Consider the problem
1

'}/"f —
1+ 22

—2Y%,  Y(0)=0

with the solution Y = /(1 +22). The stepsizes are h = 0.25 and 2h = 0.5.
Results of fourth-order of Fehlberg method

h t yn(t) Y(t) — yn(t)
0.25 2.0  0.493156301 —5.Tle — 6
4.0 —1.410449823 3.7le — 6

6.0  0.680752304 2.48e — 6

8.0 0.843864007 —5.79e — 6

10.0 —1.383094975 2.34e — 6

0.125 2.0 0.493150889 —2.99e — 7
4.0 —1.410446334 2.17e — 7

6.0  0.680754675 1.1de — 7

8.0 0.843858525 —3.12e — 7

10.0 —1.383092786 1.46e — 7
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The s-stage

Runge—Kutta method

i—1 0=c
-~ o o o a2 1
ét__ghl-kflzggfzhjf(tﬂ-+-¢jh,~j). e
J= '
s
Yntl = UYn + h..z bijf(tn +cjh,z;). Cs | @s1  aso (s s—1
—
: bi b beo1 b
The s-stage Runge—Kutta method

@:yn+h§:@$ﬂ%%ﬂﬂh%k
j=1

5
Yne1 =Yn+h Y _bif(tn +cjh.z;).
j=1

The equations form a simultaneous system of s nonlinear

equations for the s unknowns z1,...,2s

C1 1,1 (l1,s
cy | ady az.s | Stability!
Cs (lg,1 (s, s

by be

68



How to derive implicit methods?

Integrating the equation Y'(¢) = f(t,Y (t)) over the interval [t,, t],

_/Y"(r*)d-r—f f(r,Y(r))dr,
tn t

’ t
Y (t) :}’(t?ljJrf F(r,Y (r)) dr.
tn

* replacing Y (t,,) with y,

Approximate the equation replacing the integrand with a polynomial interpolant of it

Let p(r) be the unique polynomial of degree < s that interpolates f(r,Y (r)) at the
node points {t,; =t, +;h:i=1,...,. ston [th,tnat]: 0< 74 < - <75 < 1.

)
o
o
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The integral equation is then approximated by

.t Zf s Y (En)) 0 (7).
Y(t) =y, + / p(r)dr where
t

‘T

li(x) = H (; __? ) ., 1=0,1,....n.
' J

JFi

Forcing equality in the expression and let {,, ; | denote the approximate values to be
determined by solving the nonlinear system

tn,z’
Yni = Yn T i f(tn,j* Hn,j)/ ZJ(‘T) dr, t=1,..... 5.
i=1 i

If 7 = 1, then we define y,,+-1 = Y5 s. Otherwise, we define

5 tni1
Yn+1 = Yn T Z f(tn_.jf yn__j) / Zj(?:l dr.
in

j=1
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Two-point Collocation Methods (implicit RK)

LetO) <7y <79 <1, andrecall thatt,, ; = {,, + h7y and t,, o = t,, + h7o. Then the
interpolation polynomial 1s

p(?") — _ 1_ _ [(tn—l—l o ?1) f(tnzlf};(tnrl)) + (?‘ o tn) f(tn,Qﬁ};(tn,Q))] .
h (:2 :1)

e
8 tn,i L ¢ s
Yni = Yn T Z f(tn?jﬁ yn:j) {j (?) dr ~i = Un —|_ f(tn + th-, J?.Tj)
j=1 t j=1

§ Implicit RK formula

| (13 — [ —71]°)/ (2[r2 — 7)) —711/(2[r2 — 71])
T2 75/ (2 [r2 — 1)) ([re —m1)* = 12)/ (2[r2 — 71])

(73 —[1—7]")/2r—7]) (L-7]"—72)/(2[r2—71])
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Implicit RK method m—) Trapezoidal method

n | (13 = [e—7]%)/ (2[r2 — 7]) —7i/ (2[r2 — 71])
7 73/ (2 [r2 — 1)) ([r2 = 1]* = 71)/ (2[r2 — 71])

(3 —[1-7]*)/ @22 —71]) (L—-m7)* =7/ (2[r2 —71])

when 7y = 0and 7 =

Yn,1 = UYn,

Yn,2 = Yn T %h [f(tn: yngl) T f(tn—l—lﬁ 3)’?1,2)] :

Substituting from the first equation into the second equation and usmg y,+1 = Yn 2.
we have

Yn+l = Yn + %h [f(tﬁ*. yn) + f(f-n—l—l-. yn—l—l)] )
which 1s stmply the trapezoidal method.
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| =

Another choiceistouse 71 =3 —&V3, Tw=35+

The Butcher tableau 1s

(3—+3) /6 1/4 (3 —2v3) /12
(34+V3) /6 | (3+2V3) /12 1/4
1/2 1/2

The associated nonlinear system 1s

2

Yn,i = Un + Z a'i,jf(fﬂ + T4 h'? ynzj)t
j=1

h |
Yn+1 = Yn T B [f(tn—i—l- yn,l) + f(tn—l—l-

e

i=1.2.

'yﬂ,Q)] .

* Truncation error for this method has size O(h°)
 The convergence is O(h*)
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