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Abstract� Two piecewise Hermite bicubic orthogonal spline collocation schemes are considered for
the approximate solution of elliptic� self�adjoint� nonhomogeneous Dirichlet boundary value problems
on rectangles� In the �rst scheme� the nonhomogeneous Dirichlet boundary condition is approximated
by means of the piecewise Hermite cubic interpolant� while the piecewise cubic interpolant at the
boundary Gauss points is used for the same purpose in the second scheme� The piecewise Hermite
bicubic interpolant of the exact solution of the boundary value problem is used as a comparison function
to show that the H��norm of the error for each scheme is O�h���
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�� Introduction� We consider two piecewise Hermite bicubic orthogonal spline

collocation schemes for the solution of the nonhomogeneous Dirichlet boundary value
problem

Lu � f�x� y�� �x� y� � � � ��� ��� ��� ���
u � g�x� y�� �x� y� � ���

���

where �� is the boundary of � and L is the elliptic� self�adjoint operator given by

Lu � � �
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In both schemes� the approximate solutions� which are continuously di
erentiable in
� and piecewise cubic in x and y� are de�ned by collocating the di
erential equation
of ��� at the Gauss points� In the �rst scheme� the approximate solution on �� is
equal to the piecewise Hermite cubic interpolant of g� while in the second scheme the

approximate solution on �� is equal to the piecewise cubic interpolant of g at the
boundary Gauss points� Taylors theorem and the Bramble�Hilbert lemma are used to
bound the truncation errors for both schemes� Then energy inequalities� derived from
the Peano representation of the remainder in the two�point Gauss�Legendre quadrature�

are used to establish the uniqueness �and hence existence� of the collocation solutions
and their rates of convergence for a su�ciently small mesh size h of the partition of
�� It is shown that the H��norm error bounds for both schemes are O�h��� provided
that the exact solution u of ��� belongs to H���� in the case of the �rst scheme� and

H���� � C���� in the case of the second scheme�
For the homogeneous Dirichlet boundary value problem ���� with g � ��� the L�

and H� norm error analyses of piecewise Hermite bicubic orthogonal spline collocation
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were given in ��� and ���� However� in ���� assumptions on the existence of the collocation

solution and boundedness of partial derivatives of certain divided di
erence quotients
were imposed� In ���� these assumptions were removed and the error analysis was
carried out under the assumption that h be su�ciently small� However� the analysis of
���� which makes use of the �nite element Galerkin solution as a comparison function�

appears to be applicable only to homogeneous Dirichlet boundary value problems ���
with the additional constraint that a � b�

In this paper� we use the piecewise Hermite bicubic interpolant uH of the exact
solution u as a comparison function� The success of our approach depends essentially

on the rather surprising property of uH� namely that� for u su�ciently smooth�

max
��G

������
��u� uH�

�x��i�yi
���

����� � O�h��� i � �� 	�

where G is the set of Gauss points in �� In comparison� it should be noted that

max
�x�y���

������
��u� uH�

�x��i�yi
�x� y�

����� � O�h��� i � �� 	�

where the exponent 	 on h is known to be optimal ����
An outline of the paper is as follows� Preliminaries are given in Section 	� The

piecewise Hermite bicubic orthogonal spline collocation schemes are de�ned in Section

�� The error analyses of the �rst and second schemes are given in Sections � and ��
respectively� In Section �� we consider a class of boundary value problems for which
the existence and uniqueness of collocation solutions as well as derivations of the cor�
responding error bounds require no restrictions on the size of h�

�� Preliminaries� Let fxkgNx

k�	 and fylgNy

l�	 be two partitions of ��� �� such that

x	 � � � x� � � � � � xNx�� � xNx � �� y	 � � � y� � � � � � yNy�� � yNy � ��

Let Ixk � �xk��� xk�� I
y
l � �yl��� yl�� hxk � xk � xk��� h

y
l � yl � yl��� and let

hx � min
k

hxk� hx � max
k

hxk� hy � min
l
hyl � hy � max

l
hyl �

h � max�hx� hy��

As in ���� it will be assumed that the collection of partitions of � generated by fxkgNx

k�	

and fylgNy

l�	 is regular� that is� there exist positive constants ��� ��� and �� such that

��hx � hx� ��hy � hy� �� � hx

hy
� ���

Throughout the paper� C denotes a generic positive constant which may depend on ���
��� and ���

�



Let Mx and My be spaces of piecewise Hermite cubics de�ned by

Mx � fv � C���� �� � vjIx
k
� P�g� My � fv � C���� �� � vjIy

l
� P�g�

where P� denotes the set of polynomials of degree � �� and let

M	
x � fv � Mx � v��� � v��� � �g� M	

y � fv � My � v��� � v��� � �g�

M �Mx �My� M	 �M	
x �M	

y�

In the following� Hm��� denotes the Sobolev space equipped with the norm

jjvjjHm��� �

�
� X
	�i
j�m

�����
����� �

i
jv

�xi�yj

�����
�����
�

L����

�
A
���

�

where jj � jjL���� is the standard L��norm� Also� Cm��� denotes the set of all functions
v�x� y� such that �i
jv��xi�yj are continuous in � for all � � i � j � m� Similarly�
Cm�n��� represents the set of all functions v�x� y� such that �i
jv��xi�yj are continuous
in � for all � � i � m and � � j � n� If v � Cm���� then jjvjjCm��� is de�ned by

jjvjjCm��� � max
	�i
j�m

max
�x�y���

����� �
i
jv

�xi�yj
�x� y�

����� �
For u � C������� let its piecewise Hermite bicubic interpolant uH � M be de�ned

by

�i
j�uH � u�

�xi�yj
�xk� yl� � �� � � k � Nx� � � l � Ny� � � i� j � ��

It is well known that each u � C������ has a unique Hermite interpolant uH� Moreover�
the following approximation result was proved in ��� �see also �	���

Lemma ���� If u � H����� then

jju� uHjjH���� � Ch�jjujjH��������

Let Gx � f�xk�igNx��
k�i��� Gy � f�yl�jgNy��

l�j�� be the sets of Gauss points

�xk�i � xk�� � hxk�i� �yl�i � yl�� � hyl �i�

where

�� � �� �
p
����� �� � �� �

p
��������

and let

G � f��x� �y� � �x � Gx� �
y � Gyg�

�



For u and v de�ned on G� let hu� viG and jjujjG be given by

hu� viG � �

�

NxX
k��

NyX
l��

hxkh
y
l

�X
i��

�X
j��

�uv���xk�i� �
y
l�j��

and

jjujjG � hu� ui���
G

�

The formula de�ning h�� �iG is obtained by applying to
R R

��uv��x� y� dxdy the composite
two�point Gauss�Legendre quadratures with respect to x and y� Clearly�

hu� viG �
NyX
l��

hyl
	

�X
j��

hu��� �yl�j�� v��� �yl�j�ix �
NxX
k��

hxk
	

�X
i��

hu��xk�i� ��� v��xk�i� ��iy����

where� for u and v de�ned on Gx and Gy�

hu� vix �
NxX
k��

hxk
	

�X
i��

�uv���xk�i�� hu� viy �
NyX
l��

hyl
	

�X
j��

�uv���yl�j��

Corollary ��� of ��� implies that each v � M	 is uniquely de�ned by its values at all

Gauss points � � G� Therefore� if hv� viG � � and v � M	� then v � �� Hence� M	 can
be regarded as a Hilbert space with h�� �iG as an inner product�

Let �h be the operator from M	 into M	 de�ned by

��hv���� � �v���� � � G�
where � is the Laplacian� The following lemma gives the most important properties of
the operator ��h�

Lemma ���� ��h is a self�adjoint operator from M	 into M	� Moreover�

Cjjvjj�H���� � h��hv� viG� v � M	����

Cjjvjj�
G
� h��hv� viG� v � M	����

Proof� The �rst part of the lemma follows from Lemma ��� in ���� The inequalities
��� and ��� are easily established using �	�����	��� of ���� and the Poincar�e inequality
jjvjjH���� � CjjrvjjL���� for all v � H���� that vanish on ��� �

�� The piecewise Hermite bicubic orthogonal spline collocation schemes�

We consider two piecewise Hermite bicubic orthogonal spline collocation schemes for
the boundary value problem ���� The schemes di
er in the way the nonhomogeneous

Dirichlet boundary condition is approximated� In the �rst scheme� the collocation
solution uI

h � M is de�ned by requiring that

LuI

h��� � f���� � � G����
	



and

�i�uI

h � g�

�xi
�xk� �� � �� � � �� �� � � k � Nx� i � �� �����

�i�uI

h � g�

�yi
��� yl� � �� � � �� �� � � l � Ny� i � �� ������

In the second scheme� the collocation solution uII

h � M is de�ned by requiring that

LuII

h ��� � f���� � � G�����

and

�uII

h � g���x� �� � �� � � �� �� �x � Gx���	�

�uII

h � g���� �y� � �� � � �� �� �y � Gy�����

�uII

h � g���� �� � �� �� � � �� ������

Clearly� uI

h and u
II

h on �� are the piecewise Hermite cubic interpolant of u and piecewise

cubic interpolant of u at the boundary Gauss points� respectively� From a practical
point of view� the second collocation scheme is preferable since it does not require the
knowledge or evaluation of the �rst partial derivatives of g� Obviously� if g � �� then
both schemes coincide� However� if g �� �� then� in general� uI

h �� uII

h � If u
I

h is expanded in

terms of Hermite basis functions� then the coe�cients in such expansion corresponding
to the values of uI

h on �� can be determined independently of all other coe�cients�
Therefore� after moving these coe�cients to the right�hand side in ���� the scheme ����
���� with g �� � can be reduced� from the computational point of view� to that with

g � �� Similar remarks apply also to the scheme ���������� since the coe�cients in the
Hermite basis expansion of uII

h corresponding to the values of uII

h on �� can be �rst
obtained by solving linear systems that typically arise in one�dimensional orthogonal

spline collocation�

�� Convergence analysis of the �rst collocation scheme� First we show that
if u is su�ciently smooth and uH is its piecewise Hermite bicubic interpolant� then
the truncation error max

��G jL�u � uH����j is O�h��� Then we derive certain energy
inequalities for the orthogonal spline collocation operator corresponding to L� Using

these two results we are able to obtain an error bound on jju� uI

hjjH�����

���� Truncation error� The following lemmas are essential in the estimation of
the truncation error�

Lemma ���� Let v�x� y� � xmyn� where m�n are nonnegative integers such that

m�n � �� Let �v be the Hermite bicubic interpolant of v on �� that is� v � P��P� and

�i
j��v � v�

�xi�yj
��� �� � �� �� � � �� �� � � i� j � ������

�



Then

����v � v�

�x��i�yi
��p� �q� � �� p� q � �� 	� i � �� 	�����

where �� and �� are given by ����

Proof� We verify ���� for i � � only� since the proof for i � 	 is similar� Set
f�x� � xm and g�y� � yn so that v�x� y� � f�x�g�y�� Clearly� �v�x� y� � �f�x��g�y�� where
�f and �g are the Hermite cubic interpolants of f and g on ��� ��� respectively� that is�
�f� �g � P�� and

�f �i���� � f �i����� �g�i���� � g�i����� � � �� �� i � �� ��

Therefore�

���v

�x�
��p� �q� � �f ����p��g��q� �

��v

�x�
��p� �q��

since �f ����p� � f ����p� by �	��� of ��� and since �g � g for n � �� and ���v��x� � ��v��x� �
� if n � �� �

Lemma ���� Assume that u � H����� and let uH be its piecewise Hermite bicubic
interpolant� Then�����

������
i
j�u� uH�

�xi�yj

�����
�����
G

� Ch��i�jjjujjH����� � � i� j � ������

Moreover� if u � H����� then�����
������

��u� uH�

�x��i�yi

�����
�����
G

� Ch�jjujjH����� i � �� 	�����

Proof� First we verify ����� Let li�jp�q� p� q � �� 	� � � i � j � �� be the linear

functional on H���� such that

li�jp�qv �
�i
j�v � �v�

�xi�yj
��p� �q��

where �v is the Hermite bicubic interpolant of v de�ned by ����� and ��� �� are given
by ���� By the Sobolev embedding theorem �see� for example� �	��� li�jp�q is a well de�ned
bounded functional on H����� Moreover� li�jp�qv � � for all polynomials v of degree
� �� since then v � �v� Therefore� it follows from the Bramble�Hilbert lemma �see� for

example� �	�� that

jli�jp�qvj � Cjvj���� v � H���������

where

jvj���� �
Z Z

�

�X
m�	

����� ��v

�x��m�ym
�x� y�

�����
�

dxdy�

�



Assume now that u � H����� and let uH be its piecewise Hermite bicubic interpolant�

Let

�i�j
k�l �

��
�h

x
kh

y
l

�

�X
p��

�X
q��

	
�i
j�u� uH�

�xi�yj
��xk�p� �

y
l�q�


���


���

�

�k�l � juj��Ix
k
�I

y

l
�

and let v � H���� be de�ned by v�x� y� � u�xk�� � xhxk� yl�� � yhyl �� Clearly�

�i
j�u� uH�

�xi�yj
��xk�p� �

y
l�q� � �hxk�

�i�hyl �
�jli�jp�qv�

and hence ���� and a simple change of variables give

�i�j
k�l � Ch��i�j�k�l�

Therefore� ���� follows� since

�����
������

i
j�u� uH�

�xi�yj

�����
�����
�

G

�
NxX
k��

NyX
l��

��i�j
k�l�

��

and

NxX
k��

NyX
l��

��
k�l � juj���� � jjujj�H�����

The proof of ���� is similar� since by Lemma ���� in place of ����� we have

jli�jp�qvj � Cjvj���� v � H����� �

The following theorem gives a bound on the truncation error in the �rst collocation
scheme�

Theorem ���� Let L be given by ���� where a � C��	���� b � C	������ c � C����
Assume that u � H����� and let uH be its piecewise Hermite bicubic interpolant� Then

jjL�u� uH�jjG � Ch�jjujjH������	��

Proof� Inequality �	�� follows easily from the triangle inequality for jj � jjG� �����
and ����� �





���� Energy inequalities� Let Lh be the operator from M	 into M	 de�ned by

�Lhv���� � Lv���� � � G��	��

where L is given by �	�� The next result shows that Lh can be bounded from below�

with respect to the inner product h�� �iG� by the operator ��h�
Theorem ���� Assume that a � C��	���� b � C	������ c � C���� and that

a�x� y�� b�x� y�	 �� c�x� y� � �� �x� y� � ��

Then

�c� � Cc�h�h��hv� viG � hLhv� viG� v � M	��		�

where the positive constants c�� c� are given by

c� � min
�x�y���

�a�x� y�� b�x� y�� � c� � max
��l��

max
�x�y���

	������
la

�xl
�x� y�

����� �
������

lb

�yl
�x� y�

�����


�

Proof� We prove the theorem by adapting the approach of Cooper and Prenter �see
proof of Theorem ��� in ����� Assume that �y � Gy� The Peano representation of the

remainder in the two�point Gauss�Legendre quadrature �see� for example� Section ��	
in ���� and Leibnitz formula give

h� �

�x

�
a
�v

�x

�
��� �y�� v��� �y�ix � I��a� v� �

y� � I��a� v� �
y���	��

where

I��a� v� �
y� �

Z �

	

�
�a
�
�v

�x

��
�
� �x� �y� dx

��
NxX
k��

�hxk�
�
Z
Ix
k

�
�a
�
��v

�x�

��
�
� �x� �y�K

�
x� xk��

hxk

�
dx�

I��a� v� �
y� �

�X
l��

X
i
j���l
	�i�j��

�
�l�
i�j

NxX
k��

�hxk�
�
Z
Ix
k

	
�la

�xl
�iv

�xi
�jv

�xj



�x� �y�K

�
x� xk��

hxk

�
dx�

the constants �
�l�
i�j are independent of h� and

� � K�t� �
�

	�

n
�� � t�� � 	���� � t��
 � ��� � t��
�

o
� C� t � ��� ����	��

Since I���� v� �y� � �� we �nd that

cx�h�
��v

��x
��� �y�� v��� �y�ix � I��a� v� �

y���	��

�



where

cx� � min
�x�y���

a�x� y��

On the other hand� �	�� and the Cauchy Schwarz inequality in L��Ixk � give

jI��a� v� �y�j � Ccx�

�X
l��

X
i
j���l
	�i�j��

NxX
k��

�hxk�
�

�����
������

iv

�xi
��� �y�

�����
�����
L��Ix

k
�

�����
������

jv

�xj
��� �y�

�����
�����
L��Ix

k
�

�

where

cx� � max
��l��

max
�x�y���

������
la

�xl
�x� y�

����� �
Hence� using the inverse inequality �cf�� for example� �	��

jju�i�jjL��Ix
k
� � C�hxk�

l�ijju�l�jjL��Ix
k
�� � � l � i � �� u � P���	��

with l � �� 	 � i � �� the Cauchy Schwarz inequality in RNx � and the Poincar�e
inequality jjujjL��	��� � Cjju�jjL��	��� for u � M	

x� we get

jI��a� v� �y�j � Ccx�hx

�����
������v�x��� �y�

�����
�����
�

L��	���

�

Further� Lemma ��� of ��� implies that

jI��a� v� �y�j � Ccx�hxh�
��v

��x
��� �y�� v��� �y�ix��	��

Therefore� �	��� �	��� �	��� and ��� yield

�cx� � Ccx�hx�h�
��v

��x
� viG � h� �

�x

�
a
�v

�x

�
� viG��	��

Hence� �		� follows from �	�� and the similar inequality for h���b�v��y���y� viG� �

Corollary ���� Let the functions a� b� and c satisfy the assumptions of Theorem

���� If h is su�ciently small� then Lh is an invertible operator from M	 onto M	�
Proof� It is enough to show that if Lhv � � and v � M	� then v � �� But this

follows easily from �		� and ���� since c� � Cc�h 	 � for h su�ciently small� �

���� Error bound� Using results established in previous sections we prove the
following theorem�

Theorem ���� Let the functions a� b� and c satisfy the assumptions of Theorem

���� Then� for h su�ciently small� there exists a unique collocation solution uI

h � M
satisfying ���	�
��� Moreover� if u � H���� is a solution of the boundary value problem
�
�� then

jju� uI

hjjH���� � Ch�jjujjH������	��

�



Proof� The existence and uniqueness of uI

h for su�ciently small h follow from
Corollary ���� To show �	��� we set v � uI

h � uH� where uH is the piecewise Hermite
bicubic interpolant of u� Equations ���� ��� and inequality �	�� give

jjLvjjG � jjL�u� uH�jjG � Ch�jjujjH���������

Since v � M	� �		�� the Cauchy Schwarz inequality for h�� �iG� �	��� and ���� imply

Ch��hv� viG � hLhv� viG � Ch�jjujjH����jjvjjG�

Consequently� by ��� and ����

CjjvjjH���� � h��hv� vi���G
� Ch�jjujjH�����

and hence �	�� follows from the triangle inequality and ���� �

�� Convergence analysis of the second collocation scheme� Since� in gen�
eral� uII

h � uH �� M	� the piecewise Hermite bicubic interpolant uH cannot be used

directly as a comparison function in the error analysis of the second collocation scheme
of Section �� Therefore� we �rst introduce the piecewise bicubic Gauss�Hermite inter�
polant uGH of u �so that uII

h � uGH � M	� and prove some approximation results for

u� uGH� Then using an analysis similar to that of Section �� we establish a bound on
jju� uII

h jjH�����

���� Piecewise cubic Gauss and piecewise bicubic Gauss�Hermite inter�

polants� For u � C��� ��� let its piecewise cubic Gauss interpolant uG � Mx be de�ned
by

�uG � u���x� � �� �x � Gx� �uG � u���� � �� � � �� ��

The existence and uniqueness of the Gauss interpolant uG for each u � C��� �� are proved
in Lemma 	�� of ���� Moreover� we have the following approximation result�

Lemma ���� If u � C���� ��� then

jj�u� uG�
�j�jjC�	�� � C�hx�

��j jjujjC��	��� j � �� ������

Proof� Let uH be the piecewise Hermite cubic interpolant of u� Then it follows from
�	���� in ��� �see also �	�� that

jj�u� uH�
�j�jjC�	�� � C�hx�

��jjjujjC��	��� j � �� ����	�

Corollary ��� and Lemma ��� of ��� imply that any v � M	
x can be written in the form

v �
NxX
k��

�X
i��

v��xk�i�

x
k�i�

�




where the basis functions 
xk�i satisfy

jj
xk�ijjC�Ixl � � C��jk�lj� i � �� 	� � � k� l � Nx�

Therefore� for any x � ��� ���

j�uG � uH��x�j �
�����
NxX
k��

�X
i��

�u� uH���
x
k�i�


x
k�i�x�

����� � Cjju� uHjjC�	�������

Hence ���� follows from the triangle inequality� ��	�� ����� and the inverse inequality

jjv�jjC�	�� � C�hx�
��jjvjjC�	��� v � Mx�

applied to v � uG � uH� �

For u � C������� let its piecewise bicubic Gauss�Hermite interpolant uGH � M be

de�ned by

�i
j�uGH � u�

�xi�yj
�xk� yl� � �� � � k � Nx � �� � � l � Ny � �� � � i� j � ��

��
i�uGH � u�

�xi�y
�xk� �� � �� � � �� �� � � k � Nx � �� i � �� ��

��
j�uGH � u�

�x�yj
��� yl� � �� � � �� �� � � l � Ny � �� j � �� ��

�uGH � u���� �� � ��
���uGH � u�

�x�y
��� �� � �� �� � � �� ��

�uGH � u���x� �� � �� �x � Gx� �uGH � u���� �y�� �y � Gy� � � �� ��

Clearly� on any side of �� uGH is equal to the piecewise cubic Gauss interpolant of u
with respect to x or y� Also� uGH � uH on all interior cells of the partition of � �a cell
Ixk � Iyl is interior if its boundary does not have common points with ���� However�

in general� uGH �� uH on boundary cells of the partition of � �a cell Ixk � Iyl is a
boundary cell if its boundary has common points with ���� It is easy to show that
each u � C������ has a unique Gauss�Hermite interpolant uGH� In addition� we have
the following approximation result�

Lemma ���� If u � C����� then

�����
������

i
j�u� uGH�

�xi�j

�����
�����
C���

� Ch��i�jjjujjC����� � � i� j � ������

��



Proof� Let uH be the piecewise Hermite bicubic interpolant of u� Then for �x� y� �
Ix� � Iy� �

�uH � uGH��x� y� �
��u� uGH�

�x
�x	� y	��

x
	�x��

y
	�y� �

��u� uGH�

�y
�x	� y	��

x
	�x��

y
	�y�

��u� uGH��x	� y���
x
	�x��

y
��y� �

��u� uGH�

�y
�x	� y���

x
	�x��

y
��y�

��u� uGH��x�� y	��
x
��x��

y
	�y� �

��u� uGH�

�x
�x�� y	��

x
��x��

y
	�y��

����

where �xk� �
x
k � �

y
l � and �y

l are de�ned on ��� �� �see� for example� Section ��� in ���� by

�xk�x� �

������
�����

�

�
x� xk
hxk

�
� x � xk�

�

�
x� xk
hxk
�

�
� x � xk�

�x
k�x� �

������
�����

hxk�

�
x� xk
hxk

�
� x � xk�

hxk
��

�
x� xk
hxk
�

�
� x � xk�

����

�yl �y� �

������
�����

�

�
y � yl
hyl

�
� y � yl�

�

�
y � yl
hyl
�

�
� y � yl�

�y
l �l� �

������
�����

hyl �

�
y � yl
hyl

�
� y � yl�

hyl
��

�
y � yl
hyl
�

�
� y � yl�

����

��t� �

�
�� � 	jtj���� jtj��� jtj � ��

�� jtj 	 ��
��t� �

�
t��� jtj��� jtj � ��

�� jtj 	 ��
����

It follows from Lemma ��� that

j�u� uGH��x	� y��j� j�u� uGH��x�� y	�j � Ch�jjujjC�����

j��u� uGH�

�x
�x	� y	�j� j��u� uGH�

�y
�x	� y	�j � Ch�jjujjC�����

j��u� uGH�

�y
�x	� y��j� j��u� uGH�

�x
�x�� y	�j � Ch�jjujjC�����

����

Using ���������� we also �nd that

j�x	�x�j� j�x��x�j � C� j��x	���x�j� j��x����x�j � Ch��� x � Ix� �

j�x
	�x�j� j�x

��x�j � Ch� j��x
	 �
��x�j� j��x

� �
��x�j � C� x � Ix� �

����

The functions �y	� �
y
� and �y

	� �
y
� satisfy similar inequalities on Iy� � Therefore� ����� �����

and ���� yield�����
������

i
j�uH � uGH�

�xi�j

�����
�����
C�Ix

�
�Iy

�
�

� Ch��i�jjjujjC����� � � i� j � ��

Since similar inequalities also hold for all remaining boundary cells and since uGH � uH
on all interior cells� ���� follows from the triangle inequality and the error bound �see�
for example� ��� or �	�������

������
i
j�u� uH�

�xi�yj

�����
�����
C�Ix

k
�Iy

l
�

� Ch��i�jjjujjC��Ix
k
�Iy

l
�� � � i� j � 	�����

for all � � k � Nx� � � l � Ny� �

��



���� Truncation error� Let Gb be the subset of G consisting of all those Gauss
points in � which are located in the boundary cells of the partition of �� The following
results are counterparts of Lemma ��	 and Theorem ����

Lemma ���� Assume that u � C����� and let uGH be its piecewise bicubic Gauss�
Hermite interpolant� Then

max
��Gb

������
��u� uGH�

�x��i�yi
���

����� � Ch�jjujjC����� i � �� 	���	�

Proof� We prove ��	� for i � � only since the proof for i � 	 is similar� Consider
� � ��x���� �

y
����� It follows from ���� and ��������� that

���uH � uGH�

�x�
��� � A��	

	�	h
��
�

��u� uGH�

�x
�x	� y	� �A	��

	�	h
��
� h�

��u� uGH�

�y
�x	� y	�

�A	�	
	��h

��
� �u� uGH��x	� y�� �A	��

	��h
��
� h�

��u� uGH�

�y
�x	� y��

�A	�	
��	h

��
� �u� uGH��x�� y	� �A��	

��	h
��
�

��u� uGH�

�x
�x�� y	��

where h� � hx�� h� � hy�� and the coe�cients Ap�q
r�s are independent of h� Therefore� by

�����

������
��uH � uGH�

�x�
���

����� � Ch�jjujjC�����

Similar inequalities are satis�ed for the other three Gauss points in Ix� � Iy� and all

remaining Gauss points in boundary cells� Hence ��	� for i � � follows from ���� and
the triangle inequality� �

Theorem ���� Let L be given by ���� where a � C��	���� b � C	������ and c �
C���� Assume that u � C����� and let uGH be its piecewise Gauss�Hermite interpolant�

Then

max
��Gb

jL�u� uGH����j � Ch�jjujjC���������

Proof� Inequality ���� follows easily from ���� and ��	�� �

���� Error bound� To bound jju� uII

h jjH����� we rewrite u� uII

h in the form

u� uII

h � u� uGH � uGH � uII

h �����

Clearly� ���� provides a bound on jju� uGHjjH����� To bound jjuGH � uII

h jjH����� assume
that Lh� given by �	��� is an invertible operator from M	 onto M	 �cf� Corollary �����
and consider � b � M	 de�ned as follows

�Lh���� �

�
�� � � Gb�

L�u� uGH����� � � G n Gb�
����

��



�Lh
b���� �

�
L�u� uGH����� � � Gb�

�� � � G n Gb�
����

Since uII

h � uGH � M	� and since by ���� ����� ����� and �����

�Lh�u
II

h � uGH����� � L�u� uGH���� � �Lh� � b������ � � G�
it follows that

uII

h � uGH �  � b�����

Therefore� in order to �nd a bound on jjuGH�uII

h jjH���� it is su�cient to bound jjjjH����

and jjbjjH�����

Lemma ���� Assume that a � C��	���� b � C	������ c � C����

a�x� y�� b�x� y�	 �� c�x� y� � �� �x� y� � ��

Then� for h su�ciently small� there exists a unique  � M	 satisfying ����� Moreover�
if u � H���� is a solution of the boundary value problem �
�� then

jjjjH���� � Ch�jjujjH���������

Proof� For h su�ciently small� Corollary ��� implies the existence and uniqueness of
� Since uGH � uH on the interior cells of the partition of �� it follows from ���� and
�	�� that

jjLhjjG � Ch�jjujjH�����

Hence ���� is easily obtained by repeating the proof of Theorem ��� with  in place of
v� �

When applied to b� the approach used in the proof of Lemma ��� yields only
jjbjjH���� � Ch���jjujjC����� However� negative energy inequalities� which were used

for �nite di
erences in ���� can also be applied in the context of orthogonal spline
collocation� In order to prove Lemma ���� which shows that jjbjjH���� � Ch�jjujjC�����
we need two additional results�

Lemma ���� Assume that v � M	 and w � M are such that

v��� �
�w

�x
���� � � G�����

Then

h���h�
��v� viG � C

NyX
l��

hyl
	

�X
j��

jjw��� �yl�j�jj�L��	��������

Proof� Setting z � ���h�
��v� and using ���� and ���� we get

h���h�
��v� viG � hz� viG � hz� �w

�x
iG �

NyX
l��

hyl
	

�X
j��

hz��� �yl�j��
�w

�x
��� �yl�j�ix�����

�	



With �y � �yl�j� the Peano representation of the remainder in the two�point Gauss�

Legendre quadrature gives �cf� �	���

hz��� �y�� �w
�x

��� �y�ix �
Z �

	

�
z
�w

�x

�
�x� �y� dx

�
NxX
k��

�hxk�
�
Z
Ix
k

��

�x�

�
z
�w

�x

�
�x� �y�K

�
x� xk��

hxk

�
dx�

��	�

where K is given by �	��� Interchanging of z and w in ��	�� we also have

h�z
�x

��� �y�� w��� �y�ix �
Z �

	

�
w
�z

�x

�
�x� �y� dx

�
NxX
k��

�hxk�
�
Z
Ix
k

��

�x�

�
w
�z

�x

�
�x� �y�K

�
x� xk��

hxk

�
dx�

����

Since z��� �y� � M	
x and w � Mx� equations ��	�� ����� and Leibnitz formula give

hz��� �y�� �w
�x

��� �y�ix � �h�z
�x

��� �y�� w��� �y�ix � I�����

where

I � ��
NxX
k��

�hxk�
�
Z
Ix
k

�
��z

�x�
��w

�x�
�
��w

�x�
��z

�x�

�
�x� �y�K

�
x� xk��

hxk

�
dx�

Using the Cauchy�Schwarz inequality for h�� �ix� and Lemma ��	 and ����� of ���� we
obtain �����h�z�x��� �y�� w��� �y�ix

����� � C

�����
������z�x��� �y�

�����
�����
L��	���

jjw��� �y�jjL��	��������

Similarly� using �	��� the Cauchy�Schwarz inequality in L��Ixk �� the inverse inequality
�	��� and then the Cauchy�Schwarz inequality in RNx� we get

jIj � C

�����
������z�x��� �y�

�����
�����
L��	���

jjw��� �y�jjL��	��������

Therefore� it follows from ��������� and ���	� of ��� that

hz��� �y�� �w
�x

��� �y�ix � Ch���z

�x�
��� �y�� z��� �y�i���x jjw��� �y�jjL��	��������

Finally� ����� ����� and the Cauchy�Schwarz inequality in R�Ny yield

h���h�
��v� viG � Ch���z

�x�
� zi���

G

�
�NyX
l��

hyl
	

�X
j��

jjw��� �yl�j�jj�L��	���

�
�
���

�

and hence ���� follows� since h���z��x�� ziG � h��hz� ziG � h���h���v� viG� �

��



Lemma ���� Let v � M	
x be such that v��xk�i� � �� 	 � k � Nx� i � �� �� and let

w � Mx be given by

w � ��x
	 � �

NxX
k��

�xk�

where the functions �x
	 � �

x
k are dened in ����� and

� �
p
��v��x����� v��x������ � �

hx�
	
�v��x���� � v��x������

Then w���x� � v��x�� �x � Gx� and

jjwjjL��	��� � Chmax
i����

jv��x��i�j�

Proof� The �rst part of the lemma follows by a simple veri�cation� since

��x
	 �
���x��i� �

�

	
p
�

�
�� i � ��

��� i � 	�
��xk�

���xj�i� �
�

hxk

���
��

�� k � j� i � �� 	�

��� k � j � �� i � �� 	�
�� otherwise�

To prove the second part of the lemma� observe that

jjwjj�L��	��� � ��
Z �

	
��x

	 �
� dx � 	��

Z �

	
�x
	�

x
� dx� ��

NxX
k��

k
�X
l�k��

l��	�Nx
�

Z �

	
�xk�

x
l dx�

Therefore� the desired inequality is obtained using ���� and ����� �

We are now in a position to prove the following result�
Lemma ���� Let the functions a� b� and c satisfy the assumptions of Lemma ����

Then� for h su�ciently small� there exists a unique b � M	 satisfying ����� Moreover�
if u � C���� is a solution of the boundary value problem �
�� then

jjbjjH���� � Ch�jjujjC���������

Proof� Corollary ��� implies the existence and uniqueness of b for h su�ciently small�
Let Gb

i � � � i � �� be subsets of Gb such that

Gb
� � f��x� �y� � Gb � �x � Ix�g� Gb

� � f��x� �y� � Gb � �x � IxNx
g�

Gb
� � f��x� �y� � Gb � x� � �x � xNx��� �

y � Iy�g�

Gb
� � f��x� �y� � Gb � x� � �x � xNx��� �

y � IyNy
g�

and let vi � M	 be de�ned by

vi��� �

�
L�u� uGH����� � � Gb

i �

�� � � G n Gb
i �

��



It follows from ���� that

max
��Gb

i

jvi���j � Ch�jjujjC����� � � i � ������

Let i � M	 be a solution of Lhi � vi� � � i � �� Clearly b �
P�

i�� i� and hence it

is enough to show that

jjijjH���� � Ch�jjujjC����� � � i � ������

Here� we verify ���� for i � � only since all other cases can be treated similarly� Using
the Cauchy�Schwarz inequality for h�� �iG� we get

hLh�� �iG � h���h�
����v�� ���h�

����iG � h���h�
��v�� v�i���G

h��h�� �i���G
�

and hence �cf� proof of Theorem ����

jj�jjH���� � Ch���h�
��v�� v�i���G

�����

Let �x
	 � �

x
k� � � k � Nx be de�ned by ����� ����� and let 
yl�j� � � l � Ny� j � �� 	� be

basis functions for M	
y �cf� Corollary ��� of ���� such that


yl�j��
y
k�i� � �l�k�j�i� � � k � Ny� i � �� 	���	�

If w � M is de�ned by

w�x� y� �
NyX
l��

�X
j��

�
�l�j�

x
	�x� � �l�j

NxX
k��

�xk�x�

�

yl�j�y��

where

�l�j �
p
��v���

x
���� �

y
l�j�� v���

x
���� �

y
l�j��� �l�j �

hx�
	
�v���

x
���� �

y
l�j� � v���

x
���� �

y
l�j���

then it follows from ��	�� Lemma ���� and ���� that

v���� �
�w

�x
���� � � G� jjw��� �y�jjL��	��� � Ch�jjujjC����� �y � Gy�����

Therefore� ����� ���� and Lemma ��� imply ���� for i � �� �

The following result is a counterpart of Theorem ����
Theorem ���� Let the functions a� b� and c satisfy the assumptions of Lemma

���� Then� for h su�ciently small� there exists a unique collocation solution uII

h � M
satisfying �

�	�
��� Moreover� if u � H���� � C���� is a solution of the boundary
value problem �
�� then

jju� uII

h jjH���� � Ch��jjujjH���� � jjujjC������

Proof� For h su�ciently small� the existence and uniqueness of uII

h follow from Corollary

���� The desired error bound is easily obtained from the triangle inequality using �����
����� ����� ����� and ����� �

�



�� Hermite orthogonal spline collocation for separable boundary value

problems� In this section we apply Hermite orthogonal spline collocation to a class of
boundary value problems for which the existence and uniqueness of collocation solutions
as well as derivations of the corresponding error bounds do not require any conditions
on the size of h�

Consider the boundary value problem

�Lu � �f �x� y�� �x� y� � � � ��� ��� ��� ���

u � g�x� y�� �x� y� � ���
����

where

�Lu � �a��x�a��y��
�u

�x�
� b��x�b��y�

��u

�y�
� �c�x� y�u�

Let uI

h � M be the collocation solution of ���� such that

�LuI

h��� �
�f���� � � G�����

and such that ��� and ���� are satis�ed� Similarly� the collocation solution uII

h � M is
required to satisfy

�LuII

h ��� � �f ���� � � G�����

and ��	�������
Theorem ���� Assume that ai� bi � C��� ��� i � �� 	� �c � C���� and that

ai�t�� bi�t� 	 �� t � ��� ��� i � �� 	� �c�x� y� � �� �x� y� � ��

Then� for arbitrary h� there exist unique collocation solutions uI

h� u
II

h � M satisfying
����� ���� �
��� and ����� �
��	�
��� respectively� Moreover� if u � H���� is a solution
of the boundary value problem ����� then

jju� uI

hjjH���� � Ch�jjujjH�����

Similarly� if u � H���� � C����� then

jju� uII

h jjH���� � Ch��jjujjH���� � jjujjC������

Proof� Let L and f be de�ned by

Lu � � �

�x

�
a��y�

b��y�

�u

�x

�
� �

�y

�
b��x�

a��x�

�u

�y

�
�

�c�x� y�

a��x�b��y�
� f�x� y� �

�f

a��x�b��y�
�

Clearly� ���� and ���� are equivalent to ��� and ����� respectively� Hence� the required

error bounds follow easily from the results of Sections � and � on Hermite orthogonal
spline collocation schemes �������� and ���������� In particular� the constant c� in �		�

��



is equal to �� which implies the existence and uniqueness of uI

h and uII

h for arbitrary

value of h� �
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