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Abstract. Total variation denoising (TVD) is an e ective technique fo  r im-
age denoising, in particular, for recovering blocky, disco ntinuous images from
noisy background. The problem is formulated as an optimizat ion problem in
the space of bounded variation functions, and the solution i s obtained by solv-
ing the associated Euler{Lagrange equation de ned on the do main occupied
by the entire image. The method o ers high quality results, b ut is computa-
tionally expensive for large images, especially for three- dimensional problems.
In this paper, we introduce a highly parallel version of the a Igorithm which

formulates the problem as multiple overlapping, but indepe ndent, optimiza-
tion problems, and each is de ned on a portion of the image dom ain. This
approach is similar to the overlapping Schwarz type domain d ecomposition
method, but is non-iterative, for solving partial di erent ial equations, and is
highly scalable, without using any coarse grids, for parall el computers with a
large number of processors. We show by a theory and also by som e two- and
three-dimensional numerical experiments that the new appr oach has similar
numerical accuracy as the classical TVD approach, but is muc h more e cient

on parallel computers.

1. Introduction.  Denoising is usually the rst step when processing a digital im-
age since the noise often impact the quality of later phases of the pcess. Consider
a noisy image de ned onx 2 RY (d=2;3):

z(x) = u(x) + "(x);
where u(x) is the ideal image to be restored,z(x) is the observed image,"(x)
represents the noise to be removed. One of the most successind popular methods
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is the Rudin-Osher-Fatemi (ROF) total variation based image denasing method
[33]. ROF model can be described as: Findi 2 BV (), such that
z

; . 1 2 .
Q) uzg]\}r}) jr ujd + éku zkiz(y
where jr uj is the Radon measure, is a positive parameter, andBV () is the
space of functions of bounded variation on . The solution of the minimization
problem (1) is usually obtained by solving the associated Euler{Lagrange equabn
which is obtained by the Fechet di erentiation of ( 1):

ru . )
(2) u z r jr—UJ =0 in

with the homogeneous Neumann boundary conditiongu: 0. To avoid the singu-

larity at jr uj = 0, a small positive parameter is usually introduced to the TV
functional, and the Euler-Lagrange problem is modi ed accordingly B3].

There are many techniques available for image denoising, such as thi@aussian
smoothing method H], empirical Wiener lters [ 10], wavelet thresholding methods
[19], nonlocal means methodsf], variation based methods P], and so on. Because
of the capability of preserving sharp edges and boundaries with a hig quality
recovery, the variation based methods have been widely used withrgat successi,
33]. In addition to denoising, the TV method has been successfully applie to other
image processing problems, including image debluring, inpainting, segemtation
and cartoon-texture decompositions p, 9, 11, 30, 38]. In this paper, we focus on
the image denoising problem.

Most existing algorithms such as these in11, 26, 31, 33, 39 for solving (1) tar-
get sequential computers. With the recent development of photgraphic technology,
the image resolution is signi cantly higher. For the denoising of high resolution and
large scale images, such as color images, three-dimensional imagtds memory
requirement and the computing time increase drastically, as a resultparallel com-
puting becomes necessary. There are some recent works for pel image processing
using GPU, multi-core and many-core architectures; see, for exaple [1, 20, 32, 35].
Single and multilevel domain decomposition (DD) methods were appliedd TV min-
imization problems, and both overlapping and nonoverlapping DD metlods were
considered. In P3|, some non-overlapping DD methods were introduced for the TV
model and in [22], some overlapping methods were considered for the same class of
problems. A two-level overlapping DD method for the primal total variation min-
imization was studied in [40], and later they extended the method to the nonlocal
TV model in [13]. In [12], a DD method for its dual counterpart was considered
and a convergence analysis was provided. I/2§], some nonoverlapping DD methods
coupled with semi-smooth Newton were studied for the pre-dual TVproblem and a
convergence analysis was also provided. More recently, a dual deoposition based
primal nonoverlapping DD method was introduced in [29] for the TV model. These
DD based approaches are more suitable for CPU-based parallelizatis, but only
limited parallel experiments were reported. In the PhD thesis P7] the author inves-
tigated some optimal control and convex programming based nongrlapping DD
methods for smoothed TV and the methods are scalable with up to 14 processor
cores. All the above mentioned methods are iterative and requireesveral linear and
nonlinear iterations to converge. In this paper, we propose a noiterative parallel
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DD based algorithm applied directly to the optimization problem to solve the large
scale image denoising problem on a supercomputer.

To motivate our new algorithm, we make an obvious, but often ignorel, obser-
vation about a major di erence between image denoising problems ah problems
arising from, for example, solving elliptic partial di erential equation s (PDE). The
di erence is about data dependency, which is very important for the purpose of
parallelization on large scale parallel computers. Elliptic problems, andnany other
PDE problems, are globally dependent, in the sense that one can nonhd the so-
lution on part of the computational domain without knowing the solut ion on the
rest of the domain. On the other hand, image denoising is a local prdbm, i.e., the
noise in part of the domain has nothing to do with the noise on other di erent parts
of the image. The advantage of the noise locality property is not talen into account
by the classical ROF approach. In other words, once the optimizabn problem (1)
is formed, the noise becomes a globally connected eld. Additional eorts (decom-
position by domain and several iterations) will be needed to break upthe global
eld in order to introduce parallelism.

For the purpose for better parallelization, we take advantage of he fact that the
noise in dierent part of the image domain is independent, and form lo@l opti-
mization problems on subdomains, one for each processor of the agdlel computer.
We note that the algorithm does need a small amount of information fom nearby
subdomains, therefore, we allow the subdomains to overlap each lm¢r. An error
analysis is provided in the paper to show that the solution obtained fom the new
method is essentially the same as the solution of the classical iteratés approach
based on the global optimization problem, and more importantly, the new method
is much faster on parallel computers because there is no communigan between
processor cores. The algorithm proposed in the paper is aimed to e minimiza-
tion problems in the BV space, and the numerical simulations presergd in the
paper show that the algorithm performs quite well when the obseration is in the
BV space. However, we need the assumption that the observatiom 2 W1() for
the theory to work.

The rest of the paper is organized as follows. In Sectio, the new method is
introduced and the existence, uniqueness and error analysis of ghmethod are given
in Section 3. Some numerical experiments are shown in SectioA to demonstrate
the e ciency and robustness of the algorithm, and to compare themethod with the
classical ROF approach for two- and three-dimensional problemsSome conclusions
and discussions are given in Sectiob.

2. A non-iterative overlapping Schwarz method. In this section, we propose
a non-iterative overlapping Schwarz method (NiOS) for solving the inage denoising
problem. The method to be introduced here is di erent from (1) which is based
on an optimization problem de ned on the whole domain, but we will show ex-
perimentally and theoretically that the di erence is small, in terms of t he quality
of the restored image. The advantage of the new method is that it nmimizes the
communication cost and is scalable on parallel computers without regiring any
coarse grids.

The NiOS method begins with a partition of the image domain into N gonover—
lapping .Fubdomams denoted as § (k =1; 2, ; N), that satisfy = k=1 K
and |} Y = ;; i 6 j. In other words, each pixel belongs to one and only
one subdomain. Then we extend each subdomain into a larger subdain K
(k=1; 2, ; N)byincluding layers of pixels ( is a positive integer) from the
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Figure 1. An example of the domain partition. Here dots are im-
age pixels and the image domain is partitioned into 16 subdomains.
The domain with solid red lines is an example of a nonoverlapping
subdomain § and the corresponding overlapping subdomain ¥
is marked with dashed black lines. The overlapping size is the

distance between the boundaries of § and .

neighboring subdomains; see, for example, Fig. On each subdomain ¥, we de ne
a ROF problem as follows:
z L )

; ook k ko k2 .
®) o druid T gkat 2K g
where zX = zj « is the sub-image with noise on the subdomain . The Euler{
Lagrange equation corresponding to §) takes the form

!

8
k
3 Uk ko pirui = 0; in K
4) Jroukpz+
3 @t

— . k.
@ 0; on @ “;
where is a small positive parameter added to the dominator to avoid the posible
singularity when jr ukj is 0. There are many discretization techniques available for
solving (4), such as nite di erence method or nite element method. After s olving
the problem on the overlapping subdomain, we throw away part of tke solution
and only keep the solution components on the nonoverlapping subdoains & and
the denoised imageuy (the discretized solution) is obtained by combining those
solutions as follows:

(5) un = E§RU;

k=1
where R is a restriction operator from the overlapping subdomain ¥ to the
nonoverlapping subdomain §, that is, for a vector uf de ned on ¥, REuK takes
components belonging only to §. E¥ is an extension operator from the nonoverlap-
ping subdomain K to the whole domain which is de ned as follows. Let m be the
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total number of pixels in and mk the total number of pixels in . Then the ex-

tension operatorEf isam m* matrix, whose elements E),,., are 1if1 15 m

and1l I, m* correspond to a pixel in & or 0 otherwise. In other words, we ex-
tend the local vector uf to a global vector by adding zeros (0 ;0; R§uk;0; ;0).

Fig. 2 gives an example for theN =4 case. The framework of the NiOS algorithm
is given in Algorithm 1.

Algorithm 1 : NiOS

Step 1. Partition the original image into N nonoverlapping sub-images § (k =
1, 2; ; N) and then extend each sub-image to include layers of pixels
surrounding the sub-image ¥ to form overlapping subdomains.

Step 2. De ne the ROF model (3) on the overlapping subdomains ¥ (k =

1, 2; ; N), derive the Euler{Lagrange equation (4), and solve equation
(4) in parallel to obtain uf.
Step 3. Combine the sub-problem solutionsuf (k = 1;2; ;N) into a global

solution uy, using (5).

We remark that Algorithm 1 is similar to the overlapping domain decompaosition
method that decomposes the computational domain into overlappig subdomains
and then restricts the original partial di erential equation to eac h of the subdo-
mains, except here we apply the overlapping decomposition idea dirdg to the
optimization problem. The other dierence is that DD usually requires several
iterations to obtain the solution. However, numerical experimentsin this paper
indicate that the NiOS algorithm can obtain a su ciently accurate solu tion with-
out any iteration. To understand this, an error analysis is provided in the next
section to investigate the di erence between the solutions obtaind by NiOS and
the classical ROF method based on solving the global optimization prblem. Note
also that traditional DD requires coarse grids in order to be scalablebut NiOS is
scalable without any coarse grids. It is important to note that the increase of the
overlapping size is helpful to reduce the di erence between NiOS andhe classical
ROF but it does not improve much of the quality of the image measuredby the peak
signal-to-noise ratio. To balance the accuracy and e ciency of theNiOS algorithm,
a relatively small overlapping size should be chosen according to ouxperimental
studies.

3. Existence, uniqueness, and error analysis. In this section, we rst prove
the existence and uniqueness of the solution for the Euler{Lagrage equation. Then
an auxiliary one-dimensional problem is studied. Finally we provide an eror analy-
sis which shows that the solution obtained by NiOS is close to the solutip obtained
by the method based on the global optimization approach.

We rst consider the existence and uniqueness of the solution of ta Euler{

Lagrange equation '

(6) u z r p% =0 in
jrouj?+

with a homogeneous Neumann boundary condition

@u_ .
@-0.
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Figure 2. Procedure of NiOS.Step 1: Overlapping domain de-
composition (A); Step 2 : Distribute overlapping subdomain prob-
lems to 4 processors and solve these four overlapping sub-problem
(B); Step 3: Combine images from non-overlapping subdomains
(C). Here the points with di erent colors are the image pixels dis-
tributed to di erent processor cores.

We are mainly interested in the case that is a bounded domain with Lipschitz
boundary. By denoting the vector function : RY! RY as
X
(x)= P
xje+
we can rewrite (6) as a capillarity type equation:
(7) O (Ou(x))="(x;u) in

When the boundary condition takes the form ( Ou) n = cos , the problem was
carefully studied in [24, 36, 37]. In these papers,' (x;V) is a given function and
assumed to have Helder continuous partial derivatives with respet to (x;v) 2 R
and satisfy
it @&V

x2 w2R @V
where represents the closure of . Ural'tseva [ 37] shows that (7) has a C?()
solution if = constant 2 (0; ) and is a convex domain of class C% . Using a
di erent method, Spruck [36] obtains a similar result in 2 R? with C* smooth
boundary without the restriction of convexity. Moreover, the angle is allowed
to be non-constant, and the cases = 0; are also discussed. Similar results are
reported in [24].

In this paper, we aim to estimate the error of NiOS on a bounded doma with
Lipschitz boundary. Note that the noisy image z is usually considered as a function
in L2() and in such a situation ' (x;v) may not have Helder continuous partial
derivatives with respect to x 2 . In such situation, the strong regularity results
of [24, 36, 37] do not hold for the Euler{Lagrange equation, we therefore switth
to a weak form of the problem. We rst prove that the Euler{Lagra nge equation
has a unique weak solution inW%%() \ L2?(). The weak form of ( 7) is: Find

0;
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u 2 WL1() such that
Z Z

(u z)d + O (Oud=0;

holds for any 2 W11().
Lemma 3.1. The following inequality holds for allx; y 2 RY with d=1; 2 or 3,
(x) (y) (x y) O

Proof.
(x) (y) (x )
L N ) Xy Xy
T N
o X2y o IXiiyi o IXilyi
M — M — M — M —
JXj? + Jyiz+ Jxjz + Jyjz+
=(xj iy e .J.ZJ P .J.yzj 0:
JX)e N
The last inequality holds due to the monotonicity of the function j j. O
Theorem 3.1. Let be a bounded domain with Lipschitz boundary. Suppose2
WZEL() \ L?() . ; are two positive constants. Then the Euler{Lagrange equa-
tion has a unique wea'g solutioru 2 WEL() \ L?() satisfying kuk_z() Kk zKp 2,
and kOuky 1(y C+ 1+ KkOzk_:(y , whereC is a positive constant independent
of and

Proof. According to the variation theory, the solution of the Euler{Lagra nge equa-
tion is also the solution of the following minimization problem

(8) L(u)= Vgnvirg) L(V);

where the function L (v) is de ned as L (V) := R ( +irvi)=2d + Jkv zkZ,
and the spaceV()isdenedas V()= fv2W¥()jrv n=0on @g. ltis
easy to check thatL (v) kr vk 1y and L(v) is convex. Thus, similar to [21]
(Theorem 2, page 448), we obtain that there exists at least one sation u 2 V()

suchthat L (u) = rzn\|/r(1) L (v) by replacing the Dirichlet boundary condition with the
\%

homogeneous Neumann boundary condition, which means that the Her{Lagrange
equation exists at least one solution inV ().

Since the function L (u) is strictly convex, the minimization problem exists only
one solution, which implies the uniqueness of the weak solution of the #er{
Lagrange equation.

Multiplying the Euler{Lagrange equation with u and taking the integral, we

obtain
Z Z

u?d + Ou (Ou)d = uzd %(kukfz() + kzkf2() ):

Since the second term in the left-hand side is nonnegative, this implieBuk, 2 ()
kzk 2() . Becausez 2 W1(), there is a positive constant C such that kOzk 1y
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C. Let be a subdomairzl of denedas = . X2 jOuj 1 . Then we have
191?k0uk“(7 ) Ou ( Ou)d™ Oz ( Ou)d kOzk 1(y ;

which shows that kOuk,_l(7 : 1+ kOzki:y . Subsequently, we conclude that

kOuk_.:y C+ " 1+ kOzk.i(y , whereC is a constant independent of and
The proof is complete. O

In the rest of this section, we assume < 1 and is a given positive constant.
We introduce an auxiliary one-dimensional problem as follows, and late we will
consider two- and three-dimensional problems as tensor produstof one-dimensional
problems

(
©) viy) DO v(y)=0 y2(ab);
Dv y=a = L Dv y=b= 2'
Here D represents the derivative and the scalar function : R! R is de ned as
(V)= pZ—.

y2+
Lemma 3.2. Assume 3 , = 0. The auxiliary problem (9) has a unique solution
that satis es
08GopV(y) C 7%
(10) yan[g;)é] Vo) cC +
ibv(y)j C in[a;b];
iDv(y)j C ¥ in[la C Ylog;b+ C ¥log I:
Here C is a positive constant independent of and . oscrefers to the oscillation
de ned as 0SG 2 [ap)V(Y) = SUPy2 [apV(Y)  INfy2[anV(Y).
Prooa The uniqueness of the solution is easily obtained from Theoren3.1. Let
= —=,y=y,andv=v= '¥?) Then, vis a solution of a capillarity type

1=4).

equation as follows

D, Py __
(Dyv)2+1

By using Theorem 3.3 in B6], we havev 2 C3[a;b and v 2 C3[a;b. Next, we

prove jDvj C with C independent of and . LetY = fy 2 [a;b] jDv(y)j =
rzr1[a>é]jDv(z)jg and yp = mzlg y. If yo 2 (a;b), we obtain D?v(yo) = 0. According to
z2[a; y

% =0 in(a;b):

(9), we havev(yo) = % =0. If Dv(yo) > 0, it follows D?v(y) > 0

and v(y) < 0 fory 2 (yo ";yo) with small enough ", which contradicts with

2
- D°v(yo) . Simi
v(Yo) Poos Similarly, for Dv(yo) < 0, we have D'¥(y) < 0 and

v(y) > Ofory 2 (yo ";Yo) with small enough", which also contradicts with v(yp) =
2
( %)3' Thus, we haveyp = aoryo = bandjDvj maxfj 1j;j 2jg C,
where C is a constant independent of and
If 1= »=0,then the solution of (9) is v = 0 and satis es (10), which completes
the proof in this situation. Next, we consider the case with ; =0 and , > 0.
The proof of the other case is similar. Let us assume that the minimumvalue
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V(¥o) = yrg%gb]v(y) < 0. Dueto 1 =0, 2> 0 and the minimum condition, we

get D2v(yo) 0 and Dv(yo) = 0. However, D2v(yo) = v(yp) @YD’ I o ¢
which shows the assumption is not true. Thusv(y) 0 and D?v(y) 0 hold for all
y 2 [a; 1], which implies Dv(y) is monotonically increasing in [a; . Due to 1 =0,
we have Dv(y) 0 and v(y) is a monotonically increasing function in [a; . If
2 1=4 it is clear that 0sCyp[apjv(y) C ™ and jDv(y)j C 4 hold for all
Zb
y 2 [a;b. Since vdy= ( 32), we obtain

a

v(b)= max v(y) C( + =,

which implies that the estimates (10) hold.
Next, we assume , > . Sincev(y) is monotonically increasing in [a; b, we
have v(a) = rg{nb] v(y) 0. Let ;in[a;l suchthat Dv( 1) = *72. Then we have
y2[a;

Z: Zs 2 3=2 Z:
1%2= D?vdy= ©Ov=+ ™ vdy 232

a a a
which implies (1 a)v(:) C andv(i) C .

We only consider the case with , > 76, The other cases are similar. Since
Dv(y) is monotonically increasing in [a; b], we can choose a sequenceg such that
Dv(p)= =r,forn=1;2;, . Here 1=1=6and ,=1=6+ , 1=3. ltis clear
1=4 = nIllgn n, n 14, andn!ilm n= o with Dv( o)= ' Since ; > ; and
v( )= C, we have
(11)

1=2y( 1) dy:

Zb
> Y¥=Dv(b Dv(i)= D?vdy=

Zb

VAl [(DV)Z + ]3:2 1:2V

vdy dy;

1 1 1

which impliesb 1 C 2 . Similarly, we get

4 Z 2 3=2
1 n no1l= no1 D2de: no1 Mvdy
(12) n n
Zl(zn+ )32 41 1n,
not ——vdy dy:
Together with (11) and (12), we have
X 2 1=2y,
D dy:
i=2
Since ylog (3  Y) holds for any small positivey, we get
2 l:2V
Clog 2 ' (1 n)log dy:

n
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Then we obtainb | C 2log .Letn!1l ,wehaveb o C log ,
which shows the fourth inequality of (120) is true. SinceDv(y) 0, we have
b

0SG2apV(Y) =  Dv(y)dy C %
a Z i
which implies the rst inequality of ( 10) holds. Dueto ~ vdy= ( ), it follows

a
that T?Xb] vy) C(v(a)+ ) cC( + %), which completes the proof. O
y2l[a;

Now let us consider the error estimates for the two- and three-dirensional prob-
lems based on the above Lemmas and Theorem. Assume is the solution of
(6) on domain and uX is the solution of the sub-problem on k. Here k =
((x3;x3) (x3;xg)\ . From Theorem 3.1, we get the uniqueness of the two
solutions. For a xed Kk, it is clear that u satis es

u z O (Ou=0 in X

with boundary condition ( Ou) n = (x)for x on @ ¥. Itis clear that j (x)j] 1
and (x) = 0 for x on @. The following theorem provides an estimate of the
distance betweenu and uk in L2( X).

Theorem 3.2. Let be a bounded domain with Lipschitz boundary and K =

(x$;x4) (x5:x4) \ . Supposez 2 WEi() \ L?() . Assumeu is the
solution of (6) on  and uk is the solution of (4) on k. Then we have
ku Ukl C( o+ Y

Here C is a constant which is dependent ork u ky1:1¢y but independent of and

Proof. We obtain the uniquenesses afi and u® from Theorem3.1. Fori =1;2; ;d,
let w? and w;' be the solutions of the following equations

13) (WiS(Xi) D (D wi(xi)) =0 in(x7;x');
Dw} (i) xi=xs = 1, Dw](x) N =0;
and (
(14) w'(xi) D (D w'(xi)) =0 in(x7;x');
Dw;' (xi) o= xs =0; Dw(xi) — 1:
Case A. X =(x5;x¥) (x$:x4) . In this case, ¥ is a rectangular or
hexahedral sybdomain of . With the de nition of ~u; uk; w; wd, we haveu UK
4w L bwl satises
xd xd
%u u’ Swy w0 (Ou+ O (0u)
i=1 i=1
E xd xd o
> f @ (@w) + V@ (@w') =0 in %
i=1 i=1
where ¥ = P I+ )(Ou(x®) n,and + = P @+ )( Ou(x")) n. Here
XS =(X1; X 4 XPiXiers  sXa)and XU = (X1 X X[ Xier; jXq) are
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two points on @ ¥. By multiplying the above equation by u  u* and taking the
integral, we get

(15) 7
ku ukkfz( o k (Ou) (0Ou*) Ou u*d “

x Z x Z
= S (@w)@ (u uyd K+ S (@wH@ (u u)d X
1 . i=1 .
Z ¥d Z
+ Swi(uo uf)d F+ ~wi(u u)d K
Kz “im

The rst two terms in the right-hand side of ( 15) satisfy

@ Z xd 2
S (@w)@ (u u)d k+ +(@w)@ u ud “

i=1 « i=1 ‘

d Z
= @ u ud X

i=1 z N Z xY

“‘,u . @i ( @i W|u) dxi 75 @i ( @i Wis)dxi

o Z z,. Z
= @ u u)d kK whdx P wedxi

=1 " xP xi

Thanks to Theorem 3.1 and Lemma 3.2, we obtain
x £ xa £
S (@w)@ (u u)d *+ +(@w)@ (u ud
i=1 “ i=1 “
c( + ¥
The last two terms in the right-hand side of (15) satisfy
Z xd Z
Swi(uo u)d K+ ~wd(u uk)d K
iz iz
C( + ™Hku ufk o «y:
Since the second term in the left-hand side of {5) is nonnegative, we have
ku ukZ ok, C( o+ T

which completes the proof in this situation.

Case B. Kk ( (x5;xY) (x5:xY). In this case, @\ @ 6 ?. For a point
x2 K letusdene ;(x)= x§+ & (:L)(X);s)xi_),wherexs = (X1 5Xi 1 X X1
i Xq) and xY = (Xg; PXi 1 X Xie :Xq) are two points on @ X. We can

choose the two pointsx® and xY such that the line between them belongs to ¥
and ' > x?.

Inverse Problems and Imaging Volume 13, No. 6 (2019), 1259{1282
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P P
Then, we haveu  uX 4 Swe( ) 4 ~wi( ) satis es
k R ~SwS R Uyyu k
u- u _liWi(i) Cowi() O (Ouy+ O (0OuY)
i=
d

p . i=1 Pd . K
i1 7@ (@wW(i) + u V@ (@w'(i) =0 in ¥

where = P @+ )( Ou(*®)) nand~ = P @+ )( Ou(x")) n, respectively.
Here w? are w{' are given in (13) and (14), respectively. It is important to note
that ~ and ~° are both equal to zero whilex" and x* are on@. For x" or x° on
@ ¥ n@, we have that ~ Y or ~° is a function independent ofx;. Similar to the case
,(Al,er)nultiplying the above equation by u  u* and taking the integral give that
z
ku UKo+ (Ou) (Ouk) O(u ukd k
k

+

A
- fl s T @u ) (ew( ) @@ ud ¢
x Z n 0
+ W)W (u u)d *:
The rsti:slummation in the right-hand side of ( 16) satis es
Uy 2N 0
ile g L Tlew ()t (@w() @u ud ¢
x Z Z
@ uyd K @ (@w'() di
i=1 XiZXg
s @ (@w()d;
i Z z,. Z
= @ (u uyd * owi(d i wi( i)d
i=1 X; Xi

Thanks to Theorem 3.1 and Lemma 3.2, we obtain

I R b o 0 ©
B RO S(@W()+~"(@w' () @(u u)d X
c( + ¥

The second part in the right-hand side of (L6) satis es
yd Z n )
SwiC)+H~wi() (U uf)d K
i=1
C( + ™Hku ufk o «y:

Since the second term in the left-hand side of {6) is nonnegative, we have

ku ukkfz( o C( + %
which completes the proof in Case B and nishes the proof of the therem. O
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Theorem 3.3. Let be a bounded domain with Lipschitz boundary. Suppose2
WZEL() \ L2() . Assumeu is the solution of (6) on and t is the solution obtained
by (4) and (5). Then we have

(17) ku &ki,, C( + )

Here C is a constant which is dependent ork u ky1:1(y but independent of and

i PN CkpKk
Proof. Sinceu= |, _; EFR{U", we have

X X
ku kfz, = ku E'SR'gukkfz( ‘) ku ukkfz( o C( + 1=4y.
k=1 k=1
which completes the proof. O
4. Numerical experiments. In this section, some numerical experiments using

the proposed algorithm are presented, and we also compare with thresults obtained
by the classical ROF approach. We focus on the e ciency, scalabilityand robustness
of the algorithm. In the experiments, the noisy images are obtainedy adding some
Gaussian white noise generated by the Matlab functionimnoise(l,"gaussian’, M,

2). A standard second-order nite di erence method (5-point stencil for 2D and
7-point stencil for 3D) is used to discretize @) or (6) with a mesh size equals to
distance between the two nearest pixels. To measure the quality ofhe restored
images, the peak signal-to-noise ratio (PSNR) is used.

Q.
- i=1 .

(18) PSNR = 101lo0g,, j(uj;r ™
where (U u;) represents the di erence of the pixel values between the rested
and original images, andN; is the number of pixels in the ith spatial coordinate
direction. Higher values of PSNR means better restoration quality. Typical values
of PSNR in lossy image and video compression are between 30dB to 3®dand
acceptable values for wireless transmission quality loss are usually esidered to be
about 20dB to 25dB.

Our algorithm is implemented on top of the open source package PETS [3]
developed at Argonne National Laboratory. All computations are carried out
on the Tianhe 2 supercomputer at the China National Supercompugr Center in
Guangzhou. The compute node has a dual six-core Intel Xeon XBED@2.76GHz
processor and 24GB of memory.

To compare with the classical ROF model, we implement a parallel solvefor
(6) using the Newton-Krylov-Schwarz method (NKS) [8] described in Algorithm 2
below, where an inexact Newton method is used as the nonlinear solvand a Krylov
subspace method (GMRES) B4] is used to solve the Jacobian system preconditioned
by an overlapping domain decomposition method 7]. In Algorithm 2, F(u) = 0
represents the nonlinear system arising from the nite di erence dscretization of
(6) on a rectangular or hexahedral meshJi is the full Jacobian of F (u) at point
Uk, M 1is an additive Schwarz preconditioner. The inexactness means thathe
accuracy of the Jacobian solver is determined by a parameter 2 [0; 1) in the sense
of

(19) F(u)+ Iudsddi  IiF (Uil
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Algorithm 2 : Newton-Krylov-Schwarz (NKS)

Use the observed image as the initial guessg
For k =0;1;::: until convergence, do
1. Construct the Jacobian matrix Ji
2. Solve the following right-preconditioned Jacobian system inexady by a
Krylov subspace method

JM, Mysc = F(uy)

3. Do a cubic line search to nd a step length |
4. Setugs+1 = Uk + KSk
End

The number of subdomains equals to the number of processors artle subdomain
solver for the Schwarz method is an incomplete LU factorization (ILU). The relative
residual stopping conditions are used for the linear and nonlinear deers, which are
10 4 and 10 ©, respectively. The overlap in the Schwarz preconditioner is set to 1
The NKS method is a very powerful parallel solver for nonlinear prollems and it
has been well studied for lots of problems, for example, problems inuid dynamics
[15, 28] and optimization problems [14, 1§].

Note that the subdomain problems @) in NiOS are also solved with the sequential
version of the NKS method on a single processor, where ILU is empled as the
subdomain solver. In the rest of the paper, unless otherwise statl, we denote by
\Newton" as the total number of Newton iterations for NKS and it a Iso used as the
average number of local Newton iterations over all processors fiNiOS, \GMRES"
as the average number of GMRES iterations per Newton iteration, \Time" as the
total compute time in second, andn, as the number of processors.

4.1. Two-dimensional image denoising. For two-dimensional problems, we test
three benchmark gray scale images, boat-10241024, cameraman-2048 2048, and
cameraman-4096 4096, respectively. The original images have a dynamic range
[0,1], and some Gaussian white noises with variance® = 0:04 are added to them.
For the purpose of comparison, we set the parameters as = 10 * and = 0:18.
The computed results are shown in Fig.3-4. A comparison of the results obtained
by the NiOS method and the NKS method is shown in Fig.4, clearly the restored
images of the two methods are very similar. Furthermore, the PSNR for the two
images are almost the same (PSNRios = 28:536962 and PSNRks = 28:536417).
The compute time comparison is in Table1, which shows that NiOS is much faster
than NKS, especially when the number of processors is large, for erple, when
np = 1024, for the cameraman-4096 4096 case, NiOS is 4.5 times faster than NKS.
To further compare the two methods, we plot the di erence (or we refer to as
the error of the NiOS method) of the two solutions in Fig.5, and the larger error
appears mainly near the inner boundary of the subdomains. Table shows how
the error depends on the parameters and . We observe that the error decreases
with the decrease of and increases when decreases. The possible reason that
the error increases when decreases is that Theorem 3.1 gives us an upper bound
of kuky1:1(y , but the relationship between kuky 11y and is still unknown.
Thus the constant C in the error estimate (17) may increase as decreases which
leads to the increase of the error. According to the estimate 17), the error is
proportional to  + 1% which matches with the numerical results in Table 2. To
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Figure 3. The boat-1024 1024 image denoising results. From
left to right: the original image, the noise image with 2 = 0:04,
and the restored image by NiOS. Here = 0:18, =10 *, and
the PSNR of the restored image is 255444,

Table 1. The comparison of NiOS and NKS. Here =1:0 10 4,
= 0:18, the overlapping size for NiOS is 4. \Sp" refers to the

compute time speedup of the NiOS method compared with the

NKS method, which is de ned as the time of NKS divides the time

of NiOS.
cameraman-2048 2048 cameraman-4096 4096

Np NKS NiOS NKS NiOS

Newton Time | Newton Time Sp Newton Time | Newton Time Sp
32 24 9.8 22 50 | 2.0 30 50.0 26 234 | 21
64 27 6.2 21 28 | 22 37 35.6 23 126 | 2.8
128 25 3.0 20 1.2 | 25 38 17.9 23 6.5 | 2.8
256 25 1.7 19 0.6 | 28 33 8.7 21 29 | 3.0
512 24 0.9 19 04 |23 38 5.3 20 14 | 38
1024 23 1.2 19 0.3 | 4.0 38 3.6 20 0.8 | 45

check the convergence rate, we reduce the parameters progionally, that is if  is
reduced by % then should be reduced by é)“. Table 3 shows the convergence
rate of the algorithm, which matches the estimate from the theory As mentioned
before, is an arti cial parameter used to prevent the singularity at jOuj = O,
therefore the value should be chosen as small as possible. As refsal in Table 2,
the number of nonlinear iterations increases sensibly as decreases, but the image
quality is improved slowly at the same time. So in this paper, we use = 0:18
and =1:0 10 * unless mentioned otherwise. With these values of and ,
the di erence of solutions obtained using NiOS and NKS in relative sens is about
1.0 10 3, which is small enough to indicate that these two images are essentlg
the same.

The parallel performance of NiOS for the 2D cameraman image case @ven
in Table 4 and Fig.6. Table 4 shows that the numbers of Newton and GMRES
iterations decrease with the increase of the number of processofwhich equals to
the number of subdomains). The possible reason is that the subdoain problem
becomes smaller when the number of subdomains increases, and thizakes the
subdomain problem easier to solve. Fig6 shows that the parallel performance of
the NiOS method is almost ideal (the ideal speedup is de ned as: thedtal compute
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Figure 4. A comparison of the results obtained by NiOS and
NKS. The rst row: the clean image (left), the noisy image with

2 = 0:04 (right); second row: the local zoom-in of the gures in
the rst row; third row: the restored images obtained by NiOS
(left) and NKS (right); fourth row: the local zoom-in of the gure s
in the third row. The PSNR of the restored image with NiOS and
NKS are 28536962 and 2836417, respectively.
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Figure 5. The surface plot of the error between NiOS and NKS:
Unks  Unios - Here the image size is 1024 1024, =0:18, =
1:0 10 *. The overlapping size is 4 and the number of processors
is 4.

time is halved as the number of processors is doubled). This is becauthe algorithm
is communication-free and the only factor that in uences the pardlel e ciency is
the unbalance of the subdomain problems, since di erent subdomaimproblems have
di erent smoothness properties, so the number of Newton, GMRES iterations, and
the total compute time are di erent as shown in Table 5. The compute time for
the fastest subdomain is almost half of that for the slowest subdorain. In all test
cases, we consider the time spent by the slowest subdomain as thetal compute
time. In some of our tests, the total compute time is not exactly hdved when the
number of processors doubles because the computations on dient processors are
not always balanced.

4.2. Three-dimensional magnetic resonance image denoising. In medical
diagnosis, the three-dimensional magnetic resonance (MR) playsramportant role,
however, random noise is di cult to avoid in the imaging process and the noise
may lead to numerous systematic errors in subsequent applications For three-
dimensional image processing, the computation is more expensive dause of the
large size. In this section, the performance of the NiOS method is irestigated.
The three-dimensional images used for this experiment are from th BrainWeb
databasé [16]. We focus on the restoration of two images: T1-weighted (T1-w)
image and T2-weighted (T2-w) image, both of which contain 181 217 181 voxels.
9% Rician noise is added to the images using the white Gaussian noise as[itv].
Suppose that the pixel values of the images lie in the interval [0, 1]. 99%Racian noise
means that the Gaussian noise used is equivalent tqg— , Where is the brightest

tissue in the image 22 for T1-w and 322 for T2-w). In the experiments, the PSNR

Lhttp://www.bic.mni.mcgill.ca/brainweb/
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Table 2. The error of the NiOS method with respect to the pa-
rameters and . Here ERROR is the relative error jjuyios
Unks Jj250j Ugue Jj 25 Unios » Unks » @nd Uy, are the solution of NiOS,
NKS, and the clean image, respectively.

boat-1024 1024 cameraman-2048 2048

Newton GMRES ERROR PSNR Newton GMRES ERROR PSNR
10 T 0.01 2 1 21 10 7 151 2 1 44 109 154
101 0.05 3 1 L4 10 ° 174 3 1 29 10 7 176
101 o1 3 2 63 10 ° 195 3 2 71 10 ® 197
101 015 4 2 13 10 4 211 4 2 16 10 ° 21.2
101 02 4 2 20 104 223 4 2 36 105 224
101 025 6 2 27 10 4 232 12 3 61 10 ° 232
10 2 0.01 2 1 93 10 7 156 2 1 75 10 7 156
10 2 0.05 4 2 57 10 5 188 4 2 37 10 6 19.0
10 2 01 5 2 23 10 4 223 5 2 45 10 5 224
10 2 015 6 2 43 10 4 245 6 2 14 10 4 246
10 2 0.2 8 3 63 10 4 257 7 3 26 10 4 258
10 2 0.25 10 3 g1 10 4 264 8 3 38 10 4 26.6
10 ¥ 0.01 3 1 22 10 % 154 3 1 1.3 10 7 157
10 3 0.05 9 2 13 10 4 193 10 2 19 10 ° 19.6
10 3 0.1 8 3 48 10 4 239 8 3 1.8 10 4 242
10 3 0.5 10 3 87 10 4 26.6 12 3 50 10 4 269
10 3 0.2 20 4 12 103 274 12 4 83 10 4 28.0
10 3 025 17 4 15 10 3 273 14 4 11 103 284
10 4 0.01 9 1 32 10 8 154 5 2 54 10 7 157
10 4 0.05 16 3 19 10 4 194 14 3 51 10 5 197
10 4 01 21 4 71 104 245 20 3 41 104 247
10 4 0.5 19 5 13 103 273 19 5 10 10 3 279
10 4 0.2 22 7 17 103 275 21 6 16 10 2 287
10 4 0.25 21 15 20 10 ' 276 24 8 21 10 3 287

Table 3. The error of the NiOS method with respect to the pa-
rameters and changed proportionally, for example, when
is reduced by %, is reduced by ¢)*. \ERROR" has the same
de nition as in Table 2.

boat-1024 1024 cameraman-2048 2048
Newton GMRES ERROR PSNR | Newton GMRES ERROR PSNR
625 10 ° 0.1 8 2 28 10 % 227 6 2 64 10 > 229
39 10 4 0.05 11 2 16 10 * 19.3 11 2 30 10 5 19.7
24 10 5 0.025 | 14 2 41 10 %5 168 12 2 68 10 ¢ 171
1.5 10 © 0.0125| 17 2 76 10 % 156 10 2 11 10 8 159
Table 4. Parallel performance of the NiOS algorithm for the 2D
cameraman image denoising.
n 2048 2048 40964096
P "Newton GMRES Time(s) Newton GMRES Time(s)
64 21 4 1.7 23 4 7.2
128 20 4 0.8 22 4 3.3
256 20 4 0.4 21 4 1.6
512 19 4 0.2 20 4 0.8
1024 18 4 0.1 20 4 0.4
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Figure 6. The speedup of the NiOS algorithm for the 2D cam-
eraman image denoising problem.

Table 5. The detail of the sub-problem solving in NiOS with 24
processors. Image size is 2048048. Here \rank" is the processor

core ID.
rank Newton GMRES Time |rank Newton GMRES Time
0 11 5 7.3 12 17 5 9.1
1 11 5 7.3 13 14 5 8.4
2 17 5 9.2 14 10 5 6.4
3 19 5 9.8 15 8 5 5.2
4 12 5 7.2 16 14 5 8.0
5 12 5 7.3 17 14 5 8.3
6 12 5 7.3 18 16 5 8.8
7 12 5 7.6 19 16 5 8.8
8 16 5 8.8 20 13 5 7.6
9 17 5 9.0 21 13 5 7.5
10 11 5 6.8 22 16 5 8.5
11 12 5 7.3 23 16 5 6.6

are used as criteria for the quality of image restoration. For the s&e of clarity, the
PSNR are estimated only in the brain region obtained by removing the lackground.
Instead of removing the noise slice by slice as in most of the previousonks,
we use the full three-dimensional model, that is we solve the ROF moal (1) in
the three-dimensional domain. An example of the noisy image and its @rtition for
parallel computing are shown in Fig.7. The slices of restored images are shown in
Fig. 8 and the three-dimensional reconstructions of the images are sha in Fig. 9.
The PSNR values for the noisy T1-w and T2-w images are 26.3706 andl557, and
after denoising, the PSNR values are promoted to 30.2275 and 25.85, respectively.
Table 6 shows a comparison of NiOS and NKS. The results indicate that NiOS
saves a lot of compute time compared with NKS, especially when the nmaber of
processors is large. Tabler shows the e ect of the overlapping size in the NiOS

Inverse Problems and Imaging Volume 13, No. 6 (2019), 1259{1282
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Figure 7. A noisy image (left) and an example of the partition of
the image into 8 sub-images (right).

Table 6. Comparison of the NiOS and NKS for the 3D image
denoising. The image size is 181217 181. \Sp" refers to the
compute time speedup of the NiOS method compared with the

NKS method.
NKS NiOS S
Mo Newton GMRES Time(s) Newton GMRES Time(s) P
32 35 17 38,5 35 12 22.0 | 1.8
64 36 17 24.5 31 11 124 | 2.0
128 36 18 12.0 29 10 50 |24
256 36 18 6.6 26 9 33 |20
512 39 18 3.9 24 8 14 128
1024 35 19 2.4 22 8 0.7 |34

Table 7. The e ect of various choices of the overlapping pa-
rameter in the NiOS method for the 3D image. The number
of processors is 64 and the image size is 181217 181. The
PSNR of the NKS method is 2784 for this image denoising. Here
DIFF = jjunios Unks jj2 is the dierence of the solution of NiOS
(unios ) and NKS (unks)

Newton GMRES Time (s) PSNR DIFF

0 14 5 2.7 27.83 5.89
1 14 5 2.8 2785 1.20
2 14 5 3.1 27.84 0.36
3 14 5 3.4 27.84 0.07

method. We see that a small overlap is good enough in terms of the agpute time
and image quality. The last column of Table 7 shows that the di erence of the
solutions of NiOS and NKS decreases with the increase of the overlppg size.

To further understand the newly developed method, we combine tk NiOS method
and the NKS method by using the solution of the NiOS method as the inital guess
of the NKS method. In Table 8, the \First Stage" refers to the NiOS method and
the \Second Stage" refers to the NKS method with an initial guess dtained by
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Figure 8. Slice 100 of the 3D MR images. From left to right, the
rst row: the original T1-w image, the T1-w image with a Racian
noise at 9% and the restored image; second row: the detailed parfia
images of the rst row images; third row: the original T2-w images,
the T2-w image with a Racian noise at 9%, and the restored image.
The last row: the detailed partial images of the third row images.
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Figure 9. The 3D reconstruction of the MR image. From left to
right: Top: the clean image, the image with 9% Racian noise, and
the restored image; Bottom: the corresponding zoomined images.

Table 8. Parallel performance of the NiOS-NKS algorithm for the
3D image denosing. The image size is 21217 181.

N First Stage Second Stage
P Newton GMRES Time Newton GMRES Time

32 15 5 4.48 3 7 2.39
64 14 5 3.5 3 7 1.41
128 15 5 1.71 3 7 0.77
256 14 5 1.11 3 7 0.47
512 14 5 0.45 3 7 0.36
1024 14 5 0.26 3 8 0.42

NiOS. We see that the solution of the NiOS method provides a very god initial
guess for the NKS method because the NKS method converges nfuaster than
starting from the noisy image, as compared with the previous expement.

5. Conclusion. We developed a new parallel non-iterative domain decomposition
method for large scale image denoising. Numerical results show thathe newly
developed method works well for 2D and 3D image denoising problemsd a linear
speedup is obtained with up to 1024 processors. Traditional domaidecomposition
methods, whether overlapping or nonoverlapping, require sevetaterations to nd
the solution and need at least one coarse grid to achieve linear scaliity on parallel
computers. The new method requires neither iteration nor coarsgrid to obtain the
solution and is scalable on parallel computers. A theoretical analysiss provided
to show that the error of the method, compared with the classicalROF model, is
proportional to  + 7, and the estimate is also con rmed by numerical exper-
iments with two- and three-dimensional images. We have not testedbut would
like to mention that the method can easily be combined with other methods, such
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as the augmented Lagrangian method, the primal-dual method, tle split Bregman
iteration, etc.
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