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MULTILEVEL SPACE-TIME ADDITIVE SCHWARZ METHODS FOR
PARABOLIC EQUATIONS∗
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Abstract. In this paper, we present a multilevel space-time additive Schwarz method for solving
linear system of equations arising from the discretization of parabolic equations. With this method,
the problem is solved in parallel on both space and time dimensions. After establishing two important
properties of the space and time decomposition, i.e., a strengthened Cauchy–Schwarz-type inequal-
ity and a stable multilevel decomposition under a space-time energy norm, we develop an optimal
convergence theory in R2 and R3 and show how the convergence rate depends on the mesh sizes, the
number of subdomains, the window size, and the number of levels. Numerical experiments carried
out on a parallel computer with thousands of processors for two- and three-dimensional problems
confirm the theory in terms of the number of iterations, as well as the strong and weak scalabilities.
Furthermore, a detailed comparison shows that the space-time method outperforms the traditional
time stepping method, parallelized only in space, when the number of processors is large.
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tions, finite element discretization, parallel processing, strong/weak scalability
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1. Introduction. Domain decomposition (DD) techniques are efficient parallel
methods for solving time-dependent partial differential equations (PDEs) [4, 5, 6, 7,
12]. However, traditional DD methods for solving time-dependent PDEs restrict the
parallelism within each time step, and are purely sequential between time steps. To
solve large scale time-dependent problems more quickly and use the supercomputer
more effectively, a new generation of algorithms is being developed that are parallel in
both space and time, such as the waveform relaxation methods [17, 19, 23, 31], space-
time multigrid methods [18, 21, 22, 32], parareal algorithms [1, 16, 20, 25, 27], and
other space-time methods [8, 15, 26, 34]. In [9], some implicit space-time DD methods
were introduced for solving deterministic and stochastic parabolic equations. In these
methods, equations for s (window size) time steps are grouped into a single system,
which is then solved by using one- and two-level overlapping Schwarz preconditioned
recycling GMRES methods. The numerical results obtained on a parallel computer
show that the method works very well. The optimal convergence theory for the
two-level space-time additive Schwarz method was established in [24]. Under certain
conditions, the convergence rate of the two-level method is bounded independently
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of the number of subdomains, the fine mesh size, and the window size. This method
has also been used to solve flow control problems [33] and the inverse source problems
[10, 11].

The aim of this paper is to establish a convergence theory in R2 and R3 for the
multilevel space-time additive Schwarz method and study the numerical behavior of
the method in terms of the arithmetic optimality and parallel scalability. For solving
large problems, two-level algorithms may be inadequate since the coarse mesh problem
may be too large to be solved without using a preconditioner of two or more levels.
The main contribution of this paper is to extend the two-level method in [24] to
multilevels theoretically and numerically. In the optimality analysis, we establish two
important properties of the space-time decomposition, i.e., a strengthened Cauchy–
Schwarz-type inequality and a stable multilevel decomposition. Then we develop an
optimality theory using these two properties. The theory is complete in the sense that
it shows that the convergence rate is bounded independently of the fine mesh size,
the number of subdomains, the window size, and the number of levels. To confirm
the theoretical estimates and demonstrate the parallel performance of the proposed
method, we show some numerical experiments obtained on a supercomputer with
thousands of processors.

The rest of the paper is organized as follows. In section 2, we introduce a model
parabolic boundary value problem and present the multilevel space-time additive
Schwarz algorithm. In section 3, we develop a convergence analysis of this algo-
rithm by proving the strengthened Cauchy–Schwarz-type inequality and the stability
of multilevel space-time decomposition. Some numerical experiments are reported to
illustrate the performance of this algorithm in section 4. Finally, some concluding
remarks are given in section 5.

2. Multilevel space-time additive Schwarz algorithm. We consider the
following parabolic problem defined on Ω × [0, T ],

(2.1)

⎧⎪⎨⎪⎩
∂u

∂t
−∇ · (a(x)∇u) + b(x) · ∇u+ c(x)u = f in Ω× (0, T ],

u(x, t) = 0 on ∂Ω× (0, T ],
u(x, 0) = u0(x) in Ω,

where Ω ⊂ Rd (d = 2 or 3) is a bounded, open polygonal (or polyhedral) domain,
a(x) ∈ C1(Ω, Rd×d), b(x) ∈ C1(Ω)d, c(x) ∈ C1(Ω), and f(x, t) ∈ L2(Ω × [0, T ]).
Assume that a(x) = (aij(x))d×d is a symmetric and uniformly positive definite matrix
in Ω, i.e., there exists a positive constant m0 such that ξTa(x)ξ ≥ m0|ξ|2 for all
ξ ∈ Rd and x ∈ Ω. For brevity, we omit the variable x in the following discussion.
We discretize (2.1) using finite differences in time and finite elements in space. Let
0 = t0 < t1 < · · · < tn = T and τ ≡ �tk = tk − tk−1. Suppose uk is the solution
at time tk. By using the backward Euler scheme for the time discretization, the
variational form of (2.1) at time tk is to find uk ∈ H1

0 (Ω), k ≥ 1, such that

(2.2) Dτ

(
uk, v

)
≡
(
uk, v

)
+ τB

(
uk, v

)
−
(
uk−1, v

)
= τ(f, v) ∀v ∈ H1

0 (Ω),

where the bilinear form is

B(u, v) =

∫
Ω

(a∇u · ∇v + b · ∇uv + cuv)dx, u, v ∈ H1
0 (Ω).

We assume that the G̊arding inequality holds [3], i.e., there exists a constant m1 > 0
such that

(2.3) B(v, v) ≥ m0

2
‖v‖21 −m1‖v‖2 ∀v ∈ H1

0 (Ω)
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and there exists a constant C > 0 such that

(2.4) B(u, v) ≤ C‖u‖1‖v‖1 ∀u, v ∈ H1
0 (Ω),

where ‖ ·‖, ‖ ·‖1 denote the L2 and H1 norms in Sobolev space, respectively. We split
B(u, v) into a second-order term and a lower-order term

(2.5) A(u, v) =

∫
Ω

a∇u · ∇vdx and S(u, v) =

∫
Ω

(b · ∇uv + cuv)dx.

Obviously, B(u, v) = A(u, v) + S(u, v) and A(u, v) is self-adjoint. The following
estimates come directly from the assumptions on the coefficients of (2.1):

(2.6) |S(u, v)| ≤ C‖u‖1‖v‖ and |S(u, v)| ≤ C‖u‖‖v‖1 ∀u, v ∈ H1
0 (Ω).

The idea of the space-time method is to solve the following coupled system by an
additive Schwarz preconditioned Krylov subspace method in parallel:

(2.7)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(u1, v1) + τB(u1, v1)− (u0, v1) = τ(f1, v1),
(u2, v2) + τB(u2, v2)− (u1, v2) = τ(f2, v2),

...
(us, vs) + τB(us, vs)− (us−1, vs) = τ(f s, vs),

where s ≤ n is often called the window size. The equivalent variational form of (2.7)
is to find

u = (u1, u2, . . . , us) ∈ (H1
0 (Ω))

s ≡ H1
0 (Ω)×H1

0 (Ω)× · · · ×H1
0 (Ω)︸ ︷︷ ︸

s

,

such that

(2.8) Dτ,s(u,v) ≡ Aτ,s(u,v) + Sτ,s(u,v) +Ns(u,v) = (f,v) ∀v ∈
(
H1

0 (Ω)
)s

,

where

Aτ,s(u,v) = τ

s∑
k=1

A
(
uk, vk

)
+

s∑
k=1

(
uk, vk

)
, Sτ,s(u,v) = τ

s∑
k=1

S
(
uk, vk

)
,

Ns(u,v) = −
s−1∑
k=1

(
uk, vk+1

)
, (f,v) =

(
u0, v1

)
+ τ

s∑
k=1

(
fk, vk

)
.

For any v ∈ (H1
0 (Ω))

s, we introduce the (τ, s)-norm of v,

‖v‖2τ,s = ‖v‖2 + τ |v|21,

where | · |1 denotes the H1 seminorm in Sobolev space. It is clear that the (τ, s)-norm
is equivalent to the norm defined by Aτ,s(·, ·). The following lemma provides some
basic estimates for the bilinear forms involved in Dτ,s(·, ·) [24].

Lemma 2.1. There exist C > 0 and c0 > 0 independent of h, τ , and s such that
(1) |Ns(u,u)| ≤ cos (π/(s+ 1)) ‖u‖2 ∀u ∈ (H1

0 (Ω))
s,

(2) |Sτ,s(u, v)| ≤ Cτ‖u‖1‖v‖ ∀u, v ∈ (H1
0 (Ω))

s,
(3) |Dτ,s(u, v)| ≤ C‖u‖τ,s‖v‖τ,s ∀u, v ∈ (H1

0 (Ω))
s,
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(4) |Dτ,s(u,u)| ≥ c0‖u‖2τ,s − c1‖u‖2 ∀u ∈ (H1
0 (Ω))

s,
where c0 = min{m2

0/2, 1} and c1 = cos(π/(s+ 1)) +m1τ .

We next introduce a finite element discretization and an overlapping Schwarz

preconditioner for (2.8). Let Tl = {K l
i}N

l

i=1 (l = 0, 1, . . . , L) be a shape regular family
of nested conforming meshes covering Ω. The initial mesh T0 is quasi-uniform and
Tl (l ≥ 1) is a refinement of Tl−1. Set hl = maxi diam(K l

i). We assume that there
exist positive constants c, C, and γ1 < 1, such that if an element K l+n

i of level n+ l
is contained in an element K l

i of level l, then,

cγn
1 ≤ diam(K l+n

i )

diam(K l
i)

≤ Cγn
1 .

If Tl+1 is refined uniformly from Tl through regular subdivision of each element K l
i

into kd elements, we see that γ1 = 1/k.
On each level, let {Ωli}Nl

i=1 be a set of nonoverlapping subdomains such that

Ω =

Nl⋃
i=1

Ωli.

Let Vl = Vhl
, l = 0, 1, . . . , L, be the space of continuous piecewise linear functions

associated with the partition Tl. For simplicity, we set VH = V0 with mesh size
H = h0 and Vh = VL with mesh size h = hL. Similarly, on each level l (≥ 0),
we divide I = [0, T ] = [0, tsll ] uniformly such that 0 = t0l < t1l < · · · < tsll and

τl ≡ �tkl = tkl − tk−1
l (k = 1, 2, . . . , sl). Denote γ2 = τl+1/τl. For l ≥ 1, let {Ilj}Ml

j=1

be a nonoverlapping partition of I such that I =
⋃Ml

j=1 Ilj . We denote the number of

time steps on each subdomain Ilj by ŝlj , hence,
∑Ml

j=1 ŝlj = sl, where sl is the window
size on level l.

On each level, we extend the subdomains {Ωli} and {Ilj} to larger domains {Ω′
li}

and {I ′lj} by adding several layers of fine mesh elements, respectively. The corre-
sponding overlaps are denoted by δl > 0 and δτl ≥ 0. So we have Ωli ⊂ Ω′

li ⊂ Ω

and Ilj ⊆ I ′lj ⊂ I. Here, denote the maximum diameters of the subdomains {Ω′
li}

Nl

i=1

and {I ′lj}
Ml
i=1 by Hl and Hτ

l , respectively. And we assume that the diameter of I ′lj
is the same order as τl−1 (i.e., O(τl−1)). Let slj be the number of time steps in I ′lj .
Clearly, slj ≥ ŝlj . A typical partition of the space-time domain on level l is presented
in Figure 1.

As in [35], we make the following assumption about the subdomains {Ω′
li}.

Assumption 2.1. On each level, the decomposition Ω =
⋃Nl

i=1 Ω
′
li satisfies the

following:
(a) ∂Ω′

li aligns with the boundaries of level l elements, i.e., Ω′
li is the union of

level l elements. The diameter of Ω′
li is the same order as hl−1 (i.e., O(hl−1)).

(b) The subdomains {Ω′
li}

Nl
i=1 form a finite covering of Ω, with a covering constant

Nc, i.e., we can color {Ω′
li}

Nl
i=1 using at most Nc colors in such a way that

subdomains of the same color are disjoint.
(c) There exists a partition of unity {θli}, associated with {Ω′

li}
Nl

i=1, which satisfies∑
i

θli = 1 with θli ∈ H1
0 (Ωli)∩C0(Ωli), 0 ≤ θli ≤ 1, and ‖∇θli‖∞ ≤ C/δl,

where C is a constant independent of δl and Hl.
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Fig. 1. Partition of the space-time domain on level l, the top-right figure shows the space-time
subdomains.

For l = 1, 2, . . . , L and i = 1, 2, . . . , Nl, the finite element space on Ω′
li is defined

as
V i
l = Vl ∩H1

0 (Ω
′
li).

Let

V ik
l = 0× · · · × 0×

k

V i
l × 0× · · · × 0︸ ︷︷ ︸
sl

,

where the 0’s denote the zero spaces at the other time steps and k = 1, 2, . . . , sl.
Then, we can define the finite element function space as(

V i
l

)slj
= ∪tkl ∈I′

lj
V ik
l ⊂ (Vl)

sl ,

where (Vl)
sl ⊂ (H1

0 (Ω))
sl denotes

Vl × Vl × · · · × Vl︸ ︷︷ ︸
sl

.

The finite element solution of (2.8) is to find u∗
h ∈ (Vh)

s such that

(2.9) Dτ,s(u
∗
h,vh) = (f,vh) ∀vh ∈ (Vh)

s.

The finite element space (Vh)
s = (VL)

s can be represented as (Vh)
s = (VH)s0 +⋃L

l=1(Vl)
sl = (VH)s0 +

⋃L
l=1

⋃Ml

j=1

⋃Nl

i=1(V
i
l )

slj , where s0 denotes the window size of
the coarsest time level and

(VH)s0 = VH × VH × · · · × VH︸ ︷︷ ︸
s0

.

Define the linear operators P0 : (Vh)
s �→ (VH)s0 and Pij

l : (Vh)
s �→ (V i

l )
slj such

that

Dτ,s(P0uh,vH) = Dτ,s(uh,vH) ∀uh ∈ (Vh)
s, vH ∈ (VH)s0 ,(2.10)

Dτ,s(P
ij
l uh,v

ij
l ) = Dτ,s(uh,v

ij
l ) ∀uh ∈ (Vh)

s, vij
l ∈ (V i

l )
slj .(2.11)
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We then introduce the L-level additive Schwarz (MAS) operator PMAS : (Vh)
s �→

(Vh)
s as

(2.12) PMAS = P0 +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l .

Denote b = PMASu
∗
h = P0u

∗
h +

∑L
l=1

∑Ml

j=1

∑Nl

i=1 P
ij
l u

∗
h. The additive Schwarz

algorithm for solving (2.9) can be written as

(2.13) PMASuh = b.

Now we present the multilevel space-time additive Schwarz algorithm.

Algorithm 2.1 (L-level space-time additive Schwarz algorithm). Find the so-
lution of (2.9) by solving (2.13) with a Krylov subspace method.

3. An estimate of the optimal convergence rate. In this section, we first
present a convergence theory for Algorithm 2.1 applied to problem (2.8) based on
three assumptions, and then we verify the assumptions. Following [4, 14, 28], the
convergence rate of the multilevel space-time additive Schwarz preconditioned GM-
RES method can be characterized by the two quantities

cp = inf
uh �=0

Aτ,s(PMASuh,uh)

Aτ,s(uh,uh)
and Cp = sup

uh �=0

Aτ,s(PMASuh,PMASuh)

Aτ,s(uh,uh)
,

where PMAS is defined by (2.12). Moreover, the residual at the kth iteration is
bounded as

‖rk‖τ,s ≤
(
1−

c2p
C2

p

)k
2

‖r0‖τ,s,

where rk = b−PMASu
k
h.

3.1. The convergence theorem. To provide an estimate of cp and Cp and their
dependency on H , h, τ , L, and s, we first present the following three assumptions,
and then give the main result of this paper based on these assumptions.

Assumption 3.1. There exists a constant K1 > 0 such that
(3.1)

Aτ,s(P0uh,P0uh) +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≤ K1Aτ,s(uh,uh) ∀uh ∈ (Vh)

s,

where K1 = C(‖Θ‖0+1) and C is a positive constant independent of H , h, τ , L, and s
provided that H/

√
τ is sufficiently small. ‖Θ‖0 will be introduced in Assumption 3.3.

Assumption 3.2. There exists a constant K2 > 0 such that
(3.2)

Aτ,s(P0uh,P0uh) +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≥ K2Aτ,s(uh,uh) ∀uh ∈ (Vh)

s,

where K2 = cc0(max1≤l≤L(1+hl−1/δl))
−1, c is a positive constant independent of H ,

h, τ , L, and s provided that H/
√
τ is sufficiently small. The quantity c0 is defined in

Lemma 2.1.
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Assumption 3.3. There exist constants 0 ≤ θlkjq,ip ≤ 1 (1 ≤ i ≤ Nl, 1 ≤ p ≤
Nk, 1 ≤ j ≤ Ml, 1 ≤ q ≤ Mk, 1 ≤ l, k ≤ L) independent of H , h, τ , L, and s, such
that

∣∣∣A(uij
l ,u

pq
k

)∣∣∣ ≤ θlkjq,ipA
(
uij
l ,u

ij
l

) 1
2

A (upq
k ,upq

k )
1
2 ∀uij

l ∈
(
V i
l

)slj
, upq

k ∈ (V p
k )

skq ,

(3.3)

∣∣∣(uij
l ,u

pq
k

)∣∣∣ ≤ θlkjq,ip

(
uij
l ,u

ij
l

) 1
2

(upq
k ,upq

k )
1
2 ∀uij

l ∈
(
V i
l

)slj
, upq

k ∈ (V p
k )

skq .

(3.4)

In the following discussion, we define the matrix Θ = {θlkjq,ip} and denote the l2 norm
of Θ by ‖Θ‖0.

Here, θlkjq,ip characterizes the relations between the subspaces (V i
l )

slj and (V p
k )

skq ,
i.e.,

θlkjq,ip = cos
((

V i
l

)slj
, (V p

k )
skq

)
= sup

uij
l ∈(V i

l )
slj ,upq

k ∈(V p
k )

skq

cos
(
uij
l ,u

pq
k

)
.

When θlkjq,ip = 0, it implies that the subspaces (V i
l )

slj and (V p
k )

skq are orthogonal

while θlkjq,ip = 1 is the usual Cauchy–Schwarz inequality. It follows from (3.3), (3.4),
and the Cauchy–Schwarz inequality that∣∣∣Aτ,s

(
uij
l ,u

pq
k

)∣∣∣ = ∣∣∣τA(uij
l ,u

pq
k

)
+
(
uij
l ,u

pq
k

)∣∣∣
≤ θlkjq,ipτA

(
uij
l ,u

ij
l

) 1
2

A (upq
k ,upq

k )
1
2 + θlkjq,ip

(
uij
l ,u

ij
l

) 1
2

(upq
k ,upq

k )
1
2

≤ θlkjq,ip

(
τA
(
uij
l ,u

ij
l

)
+
(
uij
l ,u

ij
l

)) 1
2

(τA (upq
k ,upq

k ) + (upq
k ,upq

k ))
1
2

= θlkjq,ipAτ,s

(
uij
l ,u

ij
l

) 1
2

Aτ,s (u
pq
k ,upq

k )
1
2 .(3.5)

We now present an important lemma [24] before presenting the convergence the-
orem.

Lemma 3.1. If H is sufficiently small, i.e., there exists a constant H0 > 0 such
that H < H0, then,

‖P0uh − uh‖ ≤ CH
√
H2 + τ ‖P0uh − uh‖τ,s, uh ∈ (Vh)

s.

Furthermore,
‖P0uh − uh‖τ,s ≤ C‖uh‖τ,s,

where C > 0 is independent of H, h, τ , and s.

Theorem 3.2. If Assumptions 3.1, 3.2, and 3.3 are satisfied and H/
√
τ is suffi-

ciently small, then
(1) there exists a constant Cp such that

Aτ,s(PMASuh,PMASuh) ≤ CpAτ,s(uh,uh) ∀uh ∈ (Vh)
s,

where Cp = C(1 + ‖Θ‖0)2 and C is a constant independent of H, h, τ , L,
and s;
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(2) there exists a constant cp > 0 such that

Aτ,s(uh,PMASuh) ≥ cpAτ,s(uh,uh) ∀uh ∈ (Vh)
s,

where cp = cc0(max1≤l≤L(1 + hl−1/δl))
−1; here c is a constant independent

of H, h, τ , L, and s.

Proof. (1) Using the mean value theorem, it follows from (3.5) and Assumption 3.1
that

Aτ,s(PMASuh,PMASuh)

= Aτ,s

⎛⎝P0uh +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh,P0uh +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh

⎞⎠
≤ 2Aτ,s(P0uh,P0uh) + 2Aτ,s

⎛⎝ L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh,

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh

⎞⎠
= 2Aτ,s(P0uh,P0uh) + 2

L∑
l,k=1

Ml∑
j,q=1

Nl∑
i,p=1

Aτ,s

(
Pij

l uh,P
pq
k uh

)

≤ 2Aτ,s(P0uh,P0uh) + 2‖Θ‖0
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≤ 2K1 (1 + ‖Θ‖0)Aτ,s(uh,uh)

≤ C (1 + ‖Θ‖0)2 Aτ,s(uh,uh).

(2) From the definition of PMAS , P0, and Pij
l , we have

(3.6) Aτ,s(uh,PMASuh) = Aτ,s(uh,P0uh)+

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
uh,P

ij
l uh

)
= J1+J2,

where

J1 = Aτ,s(uh,P0uh)

= Aτ,s(P0uh,P0uh)− Sτ,s(uh −P0uh,P0uh)−Ns(uh −P0uh,P0uh)

and

J2 =

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
uh,P

ij
l uh

)

=

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
−

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Sτ,s(uh −Pij
l uh,P

ij
l uh)

−
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Ns

(
uh −Pij

l uh,P
ij
l uh

)
.

Similarly to the proof of [24, Theorem 3.6], from Lemmas 2.1 and 3.1, we have

J1 = Aτ,s(uh,P0uh) ≥ Aτ,s(P0uh,P0uh)− CHAτ,s(uh,uh).(3.7)
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Since the support of Pij
l uh lies in a subdomain of diameter Hl, from [30, Corol-

lary A.15] and the definition of the (τ, s)-norm, we have ‖Pij
l uh‖ ≤ CHl|Pij

l uh|1 ≤
C(H/

√
τ )‖Pij

l uh‖τ,s. Using the same techniques as in the proof of [24, Theorem 3.6],
it follows from Lemma 2.1, Assumption 3.1, and (3.4) that∣∣∣∣∣∣

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Sτ,s(uh −Pij
l uh,P

ij
l uh)

∣∣∣∣∣∣
=

∣∣∣∣∣∣Sτ,s

⎛⎝uh,

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh

⎞⎠−
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Sτ,s

(
Pij

l uh,P
ij
l uh

)∣∣∣∣∣∣
≤ C (‖Θ‖0)

1
2 H‖uh‖τ,s

⎛⎝ L∑
l=1

Ml∑
j=1

Nl∑
i=1

‖Pij
l uh‖2τ,s

⎞⎠
1
2

+ CH

L∑
l=1

Ml∑
j=1

Nl∑
i=1

‖Pij
l uh‖2τ,s

≤ C
(
1 + (‖Θ‖0)

1
2

)
K1H‖uh‖2τ,s

and∣∣∣∣∣∣
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Ns(uh −Pij
l uh,P

ij
l uh)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣Ns(uh,
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh)

∣∣∣∣∣∣+
∣∣∣∣∣∣

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Ns(P
ij
l uh,P

ij
l uh)

∣∣∣∣∣∣
≤ C (‖Θ‖0)

1
2

H√
τ
‖uh‖τ,s

⎛⎝ L∑
l=1

Ml∑
j=1

Nl∑
i=1

‖Pij
l uh‖2τ,s

⎞⎠
1
2

+ C
H2

τ

L∑
l=1

Ml∑
j=1

Nl∑
i=1

‖Pij
l uh‖2τ,s

≤ C
(
1 + (‖Θ‖0)

1
2

)
K1

H√
τ
‖uh‖2τ,s.

The above two inequalities lead to

J2 ≥
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s(P
ij
l uh,P

ij
l uh)

−

∣∣∣∣∣∣
L∑

l=1

Ml∑
j=1

Nl∑
i=1

(
Sτ,s

(
uh −Pij

l uh,P
ij
l uh

)
+Ns

(
uh −Pij

l uh,P
ij
l uh

))∣∣∣∣∣∣
≥

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s(P
ij
l uh,P

ij
l uh)− C

(
1 + (‖Θ‖0)

1
2

)
K1

H√
τ
‖uh‖2τ,s.(3.8)

If H/
√
τ is sufficiently small, combining (3.6), (3.7), (3.8), and Assumption 3.2 we

arrive at

Aτ,s(uh,Puh) ≥ K2Aτ,s(uh,uh) = cc0

(
max
1≤l≤L

(
1 +

hl−1

δl

))−1

Aτ,s(uh,uh).

This completes the proof.
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3.2. Verifications of Assumptions 3.1–3.3. In this section, we focus on the
verifications of the three assumptions. First, we present the verification of Assump-
tion 3.3 and the key is to give a stronger estimate of θlkjq,ip in (3.3) and (3.4), and then
we obtain the upper bound of ‖Θ‖0.

Lemma 3.3. If l < k, there exists a positive constant C independent of h, τ , L,
and s such that

θlkjq,ip ≤ Cγ
(k−l−1)d/2
1 γ

(k−l−1)/2
2 .

Proof. For uij
l ∈ (V i

l )
slj , upq

k ∈ (V p
k )

skq , by the Cauchy–Schwarz inequality, we
have

A(uij
l ,u

pq
k )

=

∫
Ω′

li∩Ω′
kp,I

′
lj∩I′

kq

α(x)∇uij
l · ∇upq

k dx

≤
(∫

Ω′
li∩Ω′

kp,I
′
lj∩I′

kq

α(x)∇uij
l · ∇uij

l dx

) 1
2
(∫

Ω′
li∩Ω′

kp,I
′
lj∩I′

kq

α(x)∇upq
k · ∇upq

k dx

) 1
2

≤
(∫

Ω′
li∩Ω′

kp,I
′
lj∩I′

kq

α(x)∇uij
l · ∇uij

l dx

) 1
2
(∫

Ω′
kp,I

′
kq

α(x)∇upq
k · ∇upq

k dx

) 1
2

=

(∫
Ω′

li∩Ω′
kp,I

′
lj∩I′

kq

α(x)∇uij
l · ∇uij

l dx

) 1
2

A(upq
k ,upq

k )
1
2 .

Let K l ⊂ Ω′
li and τ l ⊂ I ′lj . From the definition of the linear finite element space of

Vh, we see that |∇uij
l | is a constant. Moreover, from the assumptions on the partition

of the domains Ω and I, we obtain

∫
Kl∩Ω′

kp,τ
l∩I′

kq

α(x)∇uij
l · ∇uij

l dx

≤ C|∇uij
l |

2

∫
Kl∩Ω′

kp,τ
l∩I′

kq

1dx

≤ C
meas(K l ∩ Ω′

kp)

meas(K l)

meas(τ l ∩ I ′kq)
meas(τ l)

∫
Kl,τ l

∇uij
l · ∇uij

l dx

≤ C
hd
k−1

hd
l

τk−1

τl

∫
Kl,τ l

∇uij
l · ∇uij

l dx

= Cγ
d(k−l−1)
1 γk−l−1

2

∫
Kl,τ l

∇uij
l · ∇uij

l dx.

Here meas( ) is the area (in R2) and volume (in R3) of the domain. Summing over
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K l ⊂ Ω′
li and τ l ⊂ I ′lj and combining the above inequalities, we have

A
(
uij
l ,u

pq
k

)
≤
(∫

Ω′
li∩Ω′

kp,I
′
lj∩I′

kq

α(x)∇uij
l · ∇uij

l dx

) 1
2

A (upq
k ,upq

k )
1
2

≤ Cγ
d(k−l−1)/2
1 γ

(k−l−1)/2
2 A(upq

k ,upq
k )

1
2

(∫
Ω′

li,I
′
lj

∇uij
l · ∇uij

l dx

) 1
2

= Cγ
d(k−l−1)/2
1 γ

(k−l−1)/2
2 A

(
uij
l ,u

ij
l

) 1
2

A (upq
k ,upq

k )
1
2 .

Let K l ⊂ Ω′
li have vertices y1, y2, . . . , ynl

, and let x1, x2, . . . , xnk
be all the nodal

points of Tk in Ω′
kp. It can be shown that nk ≤ C(hk−1/hk)

d [6, Lemma 3.3]. Since

uij
l is linear in K l ∩ Ω′

kp, we obtain

∫
Kl∩Ω′

kp,τ
l∩I′

kq

uij
l · uij

l dx =

∫
Kl∩Ω′

kp

ũij
l · ũij

l dx ≤ Chd
k

⎛⎝ ∑
1≤σ≤nk,xσ∈Kl

(
ũij
l (xσ)

)2⎞⎠
≤ Cnkh

d
k max
xσ∈Kl

{(
ũij
l (xσ)

)2}
≤ Cnkh

d
k

nl∑
ξ=1

(
ũij
l (yξ)

)2
≤ Cnk

hd
k

hd
l

∫
Kl

ũij
l · ũij

l dx ≤ C
hd
k−1

hd
l

∫
Kl,τ l∩I′

kq

uij
l · uij

l dx

= Cγ
d(k−l−1)/2
1

∫
Kl,τ l∩I′

kq

uij
l · uij

l dx,

where ũij
l is defined in (3.9) and (3.10). Analogously, we can also have∫

Kl,τ l∩I′
kq

uij
l · uij

l dx ≤ Cγ
(k−l−1)/2
2

∫
Kl,τ l

uij
l · uij

l dx.

Combining the above two inequalities and the Cauchy–Schwarz inequality we have

(uij
l ,u

pq
k ) =

∫
Ω′

li∩Ω′
kp,I

′
lj∩I′

kq

uij
l · upq

k dx

≤ C

(∫
Ω′

li∩Ω′
kp,I

′
lj∩I′

kq

uij
l · uij

l dx

) 1
2

(upq
k ,upq

k )
1
2

≤ Cγ
d(k−l−1)/2
1 γ

(k−l−1)/2
2

(∫
Ω′

li,I
′
lj

uij
l · uij

l dx

) 1
2

(upq
k ,upq

k )
1
2

= Cγ
d(k−l−1)/2
1 γ

(k−l−1)/2
2

(
uij
l ,u

ij
l

) 1
2

(upq
k ,upq

k )
1
2 .

This completes the proof.
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Remark 3.1. For simplicity, in the proof of Lemma 3.3, we define

A(u,v) =

∫
Ω1∩Ω2,I1∩I2

α(x)∇u · ∇vdx =

∫
Ω1∩Ω2

α(x)∇ũ · ∇ṽdx(3.9)

=

m∑
k=1

∫
Ω1∩Ω2

α(x)∇uik · ∇vikdx

and

(u,v) =

∫
Ω1∩Ω2,I1∩I2

u · vdx =

∫
Ω1∩Ω2

ũ · ṽdx =

m∑
k=1

∫
Ω1∩Ω2

uik · vikdx,(3.10)

where ũ = (ui1 , ui2 , . . . , uim), {i1, i2, . . . , im} is a subset of {1, 2, . . . , s}, andm denotes
the number of time steps contained in both the time domains I1 and I2. From
Lemma 3.3, we see that the farther apart the two levels are, the more orthogonal
are the associated subspaces.

Now we prove the upper bound of ‖Θ‖0 in Assumption 3.3. The following lemma
[29, Lemma 9] is necessary in the analysis.

Lemma 3.4. Let A ∈ Rn×n be a matrix with at most nc entries per column. Then

‖A‖0 ≤
√
nc max

i

⎛⎝∑
j

A2
ij

⎞⎠1/2

.

The matrix defined in Assumption 3.3,

(3.11) Θ = {θlkjq,ip}l,k≤L,j≤Ml,q≤Mk,i≤Nl,p≤Nk
,

can be partitioned into an L× L block matrix

Θ = {θlk}1≤l,k≤L,

where θlk = {θlkjq}1≤j≤Ml,1≤q≤Mk
is also an Ml × Mk block matrix and θlkjq =

{θlkjq,ip}1≤i≤Nl,1≤p≤Nk
is an Nl×Nk submatrix. Hence, θlk is an Ml×Nl by Mk ×Nk

matrix.

Lemma 3.5. For 1 ≤ l ≤ k ≤ L, there exists a constant C independent of h, τ ,
L, and s such that ∥∥θlk∥∥

0
≤ CNcγ

(k−l−1)/2
2 .

Proof. We consider first the case l = k. From the assumptions on the partition
of the time domain I, it is clear that I ′lj ∩ I ′lq �= ∅ only if |j − q| ≤ 1, i.e., θlljq is a zero

matrix except q = j − 1, q = j, and q = j + 1, so θll is actually a block triangular
matrix. Moreover, from Assumption 2.1, we see that {Ω′

li}
Nl
i=1 can be colored with

at most Nc colors, so the number of nonzero θlljq,ip in each row of the submatrix θlljq
is Nc. Therefore, the number of nonzero θlljq,ip in each row of the matrix θll is 3Nc.

Since θll is symmetric, we have

(3.12)
∥∥θll∥∥

0
≤
∥∥θll∥∥∞ ≤ 3Nc,

where ‖ · ‖∞ denotes the l∞ norm of the matrix.
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We consider next the case l < k. It is clear that θlkjq is a zero matrix if I ′lj∩I ′kq = ∅.
Further, from (3.9) and (3.10), we see that the number of time steps is zero if I ′kq is

completely contained in a single coarse mesh element of I ′lj . Hence, θ
lk
jq is also a zero

matrix when I ′kq ⊂ τ l ⊂ I ′lj . It implies that most submatrices θlkjq are zero matrices,

and the number of nonzero θlkjq per row (fixed j) of the matrix θlk is bounded by C̃, the

number of nonzero θlkjq per column (fixed q) is no more than 3, where the constant C̃ is

independent of the mesh sizes. Moreover, it is clear that θlkjq,ip = 0 when Ω′
li∩Ω′

kp = ∅.
From (3.9), we can obtain θlkjq,ip = 0 if Ω′

kp ⊂ K l ⊂ Ω′
li since u

ij
l ∈ (V i

l )
sj is linear and

vpq
k ∈ (V p

k )
sq vanishes on ∂K l. Unfortunately, from (3.10), we cannot obtain θlkjq,ip = 0

when Ω′
kp ⊂ K l ⊂ Ω′

li. Therefore, the number of nonzero θlkjq,ip per row (fixed i) of

the submatrix θlkjq is bounded by Ĉγ
−(k−l−1)d
1 and the number of nonzero θlkjq,ip per

column (fixed p) of θlkjq is bounded by Nc, where the constant Ĉ is only dependent

on the number of finitely many edges/faces of K l ⊂ Ω′
li. The above analysis implies

that, in the case of l < k, the number of nonzero θlkjq,ip per row of θlk is bounded by

C̃Ĉγ
−(k−l−1)d
1 and the number of nonzero θlkjq,ip per column of θlk is bounded by 3Nc.

Combining Lemmas 3.3 and 3.4 yields

∥∥θlk∥∥
0
≤ (3Nc)

1
2

(
C̃Ĉγ

−(k−l−1)d
1

(
Cγ

|k−l−1|d/2
1 γ

|k−l−1|/2
2

)2) 1
2

≤ CNcγ
(k−l−1)/2
2 .

(3.13)

The proof is completed from (3.12) and (3.13).

Lemma 3.6. For the matrix Θ defined in (3.11), we have

‖Θ‖0 ≤ CNc
1

1−√
γ2

,

where C > 0 is independent of h, τ , L, and s.

Proof. Define
Θ̃ =

{∥∥θlk∥∥
0

}
1≤l,k≤L

.

Since Θ̃ is symmetric, from [35, Lemma 3.3] and Lemma 3.5, we have

‖Θ‖0 ≤ ‖Θ̃‖0 ≤ ‖Θ̃‖∞ ≤ CNc
1

1−√
γ2

.

This completes the proof.

From Lemma 3.6, we see that the upper bound of ‖Θ‖0 is independent of h, τ ,
L, and s, which completes the proof of Assumptions 3.3. In the following, we verify
Assumptions 3.1 and 3.2.

Define the projection operators P̂l : (Vh)
s → (Vl)

sl such that

Aτ,s(P̂luh,vl) = Aτ,s(uh,vl) ∀uh ∈ (Vh)
s, vl ∈ (Vl)

sl .(3.14)

Then, we consider the decomposition of any function uh ∈ (Vh)
s as follows:

uh =

L∑
l=0

ul, u0 = P̂0uh, ul = (P̂l − P̂l−1)uh, l = 1, 2, . . . , L.(3.15)
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Further, ul is decomposed by

ul =

Ml∑
j=1

Nl∑
i=1

uij
l , uij

l ∈
(
V i
l

)slj
.

Similarly to [24, Lemma 3.4], using Nitsche’s trick, we obtain

‖P̂luh − uh‖ ≤ Chl

√
h2
l + τ ‖P̂luh − uh‖τ,s, uh ∈ (Vh)

s,

and

‖P̂luh − uh‖τ,s ≤ C‖uh‖τ,s,

where C > 0 is independent of the mesh size h, the time step size τ , and the window

size s. Since P̂l is a projection, i.e., P̂
2

l = P̂l, we have P̂l−1ul = P̂l−1P̂luh−P̂
2

l−1uh =
0. Combining this with the above two inequalities yields

(3.16) ‖ul‖ = ‖(I− P̂l−1)ul‖ ≤ Chl−1

√
h2
l−1 + τ‖ul‖τ,s.

Since P̂l−1uh ∈ (Vl−1)
sl−1 ⊂ (Vl)

sl , we have

Aτ,s(P̂luh, P̂l−1uh) = Aτ,s(uh, P̂l−1uh) = Aτ,s(P̂l−1uh, P̂l−1uh).

Hence, it follows from the above equality, (3.14), and (3.15) that

Aτ,s(ul,ul)

= Aτ,s

(
(P̂l − P̂l−1)uh, (P̂l − P̂l−1)uh

)
= Aτ,s(P̂luh, P̂luh)− 2Aτ,s(P̂luh, P̂l−1uh) +Aτ,s(P̂l−1uh, P̂l−1uh)

= Aτ,s(P̂luh, P̂luh)−Aτ,s(P̂luh, P̂l−1uh)

= Aτ,s(uh,ul).(3.17)

Now we present a bounded decomposition lemma.

Lemma 3.7. For any vh ∈ (Vh)
s, there exist v0 = vH ∈ (VH)s0 and vijl ∈ (V i

l )
slj

such that vh = v0 +
∑L

l=1

∑Ml

j=1

∑Nl

i=1 v
ij
l and

(3.18) ‖v0‖2τ,s +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

∥∥∥vijl ∥∥∥2
τ,s

≤ C max
1≤l≤L

(
1 +

hl−1

δl

)
‖vh‖2τ,s,

where C > 0 is a constant independent of h, τ , L, and s.

Proof. For each j, we define (Vl)
slj =

⋃Nl

i=1(V
i
l )

slj and let

vij
l = R̂l

ij

(
Î l
(
θliv

j
l

))
∈
(
V i
l

)slj
,

where vj
l ∈ (Vl)

slj , and θli denotes a partition of unity as in Assumption 2.1, Î l is the

linear interpolation operator onto (Vl)
slj , and R̂l

ij : (Vl)
slj → (V i

l )
slj is the restriction

operator.
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Using the techniques in [30, Lemma 3.12] and according to the definition of the
(τ, s)-norm, we have

Aτ,s

(
vij
l ,v

ij
l

)
= τ

∣∣∣Î l (θlivj
l

)∣∣∣2
1,Ω′

li

+
∥∥∥Î l (θlivj

l

)∥∥∥2
Ω′

li

≤ τ

(∥∥∥θli∇vj
l

∥∥∥2
Ω′

li

+
∥∥∥∇θliv

j
l

∥∥∥2
Ω′

li

)
+
∥∥∥θlivj

l

∥∥∥2
Ω′

li

≤ C

(
τ
∣∣∣vj

l

∣∣∣2
1,Ω′

li

+
∥∥∥vj

l

∥∥∥2
Ω′

li

)
+ τ

∥∥∥∇θliv
j
l

∥∥∥2
Ω′

li

,(3.19)

where | · |1,Ω′
li
and ‖ · ‖Ω′

li
denote the H1 seminorm and L2 norm on the subdomain

Ω′
li, respectively. We note that ∇θli is zero except in a strip Ω′

li,δl
of width δl in the

vicinity of ∂Ω′
li. From Assumption 2.1 and [13, Lemma 3.1] we have

(3.20)
∥∥∥∇θliv

j
l

∥∥∥2
Ω′

li

≤ C
1

δ2l

∥∥∥vj
l

∥∥∥2
Ω′

li,δl

≤ C

(
1 +

hl−1

δl

)∥∥∥vj
l

∥∥∥2
1,Ω′

li

+C
1

hl−1δl

∥∥∥vj
l

∥∥∥2
Ω′

li

,

where ‖ · ‖Ω′
li,δl

denotes the L2 norm in the strip Ω′
li,δl

.

Combining the finite covering property of Ω′
li, (3.19), (3.20), and summing over i

and j yields

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
vij
l ,v

ij
l

)

≤ C

Ml∑
j=1

(
τ

(
1 +

hl−1

δl

)∣∣∣vj
l

∣∣∣2
1
+
∥∥∥vj

l

∥∥∥2)+ Cτ

Ml∑
j=1

1

hl−1δl

∥∥∥vj
l

∥∥∥2
≤ C

(
τ

(
1 +

hl−1

δl

)
|vl|21 + ‖vl‖2

)
+ C

τ

hl−1δl
‖vl‖2

≤ C

(
1 +

hl−1

δl

)
Aτ,s(vl,vl).(3.21)

The second to the last inequality of (3.21) is satisfied since the time subdomain I ′lj
is extended from Ilj by adding several layers of the fine mesh elements, and the last
inequality holds because of (3.16).

From (3.15), (3.17), and (3.21), summing over l, we have

Aτ,s(v0,v0) +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
vij
l ,v

ij
l

)

≤ Aτ,s(v0,v0) + C

L∑
l=1

(
1 +

hl−1

δl

)
Aτ,s(vl,vl)

≤ C max
1≤l≤L

(
1 +

hl−1

δl

) L∑
l=0

Aτ,s(vh,vl)

= C max
1≤l≤L

(
1 +

hl−1

δl

)
Aτ,s(vh,vh),

which completes the proof.
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Lemma 3.8. If H/
√
τ is sufficiently small, then Assumptions 3.1 and 3.2 are

satisfied.

Proof. (1) Verification of Assumption 3.1. Since ‖Pij
l uh‖ ≤ C (H/

√
τ) ‖Pij

l uh‖τ,s,
it follows from Lemma 2.1 that∣∣∣Dτ,s

(
Pij

l uh,P
ij
l uh

)∣∣∣
=
∣∣∣Aτ,s

(
Pij

l uh,P
ij
l uh

)
+ Sτ,s

(
Pij

l uh,P
ij
l uh

)
+Ns

(
Pij

l uh,P
ij
l uh

)∣∣∣
≥
∣∣∣Aτ,s

(
Pij

l uh,P
ij
l uh

)
− cos

(
π

s+ 1

)∥∥∥Pij
l uh

∥∥∥2 − Cτ‖Pij
l uh‖1‖Pij

l uh‖

≥
(
1− CH − C

H2

τ

)
Aτ,s

(
Pij

l uh,P
ij
l uh

)
.

If H/
√
τ is sufficiently small, the above inequality implies that there exists a constant

Ĉ > 1 such that

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≤ Ĉ

∣∣∣Dτ,s

(
Pij

l uh,P
ij
l uh

)∣∣∣ .
Then, from (3.5) and Lemma 2.1, we have

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)

≤ Ĉ

∣∣∣∣∣∣
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Dτ,s

(
Pij

l uh,P
ij
l uh

)∣∣∣∣∣∣ = Ĉ

∣∣∣∣∣∣
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Dτ,s

(
uh,P

ij
l uh

)∣∣∣∣∣∣
≤ CAτ,s(uh,uh)

1
2Aτ,s

⎛⎝ L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh,

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Pij
l uh

⎞⎠
1
2

≤ C(‖Θ‖0)
1
2Aτ,s(uh,uh)

1
2

⎛⎝ L∑
l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)⎞⎠
1
2

.(3.22)

Obviously, (3.22) implies

(3.23)
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≤ C‖Θ‖0Aτ,s(uh,uh) ∀uh ∈ (Vh)

s.

It follows from Lemma 3.1 that

(3.24) Aτ,s(P0uh,P0uh) ≤ CAτ,s(uh,uh) ∀uh ∈ (Vh)
s.

Combining (3.23) and (3.24) yields

Aτ,s(P0uh,P0uh) +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

Aτ,s

(
Pij

l uh,P
ij
l uh

)
≤ C(‖Θ‖0 + 1)Aτ,s(uh,uh).

Therefore, Assumption 3.1 holds with K1 = C(‖Θ‖0 + 1).
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(2) Verification of Assumption 3.2. It follows from Lemmas 2.1, 3.7 and the
Cauchy–Schwarz inequality that

Dτ,s(uh,uh) = Dτ,s (uh,u0) +Dτ,s

⎛⎝uh,
L∑

l=1

Ml∑
j=1

Nl∑
i=1

uij
l

⎞⎠
= Dτ,s (P0uh,u0) +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

Dτ,s

(
Pij

l uh,u
ij
l

)

≤ C‖P0uh‖τ,s‖u0‖τ,s + C

L∑
l=1

Ml∑
j=1

Nl∑
i=1

∥∥∥Pij
l uh

∥∥∥
τ,s

∥∥∥uij
l

∥∥∥
τ,s

≤ C

⎛⎝‖P0uh‖2τ,s +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

‖Pij
l uh‖2τ,s

⎞⎠
1
2
⎛⎝‖u0‖2τ,s +

L∑
l=1

Ml∑
j=1

Nl∑
i=1

∥∥∥uij
l

∥∥∥2
τ,s

⎞⎠
1
2

≤ C max
1≤l≤L

(
1 +

hl−1

δl

) 1
2

‖uh‖τ,s

⎛⎝‖P0uh‖2τ,s +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

∥∥∥Pij
l uh

∥∥∥2
τ,s

⎞⎠
1
2

.

(3.25)

From Lemmas 2.1 and 3.1, we obtain

|Dτ,s(uh,uh)| ≥ c0‖uh‖2τ,s − c1‖uh‖2

≥ c0‖uh‖2τ,s −
(
cos

(
π

s+ 1

)
+m1τ

)
‖P0uh − uh‖2

−
(
cos

(
π

s+ 1

)
+m1τ

)
‖P0uh‖2

≥
(
c0 − CH2

)
‖uh‖2τ,s − (1 +m1τ)‖P0uh‖τ,s‖uh‖τ,s.(3.26)

Combining (3.25) and (3.26) and rearranging the terms, we have

‖P0uh‖2τ,s +
L∑

l=1

Ml∑
j=1

Nl∑
i=1

∥∥∥Pij
l uh

∥∥∥2
τ,s

≥ cc0

(
max
1≤l≤L

(
1 +

hl−1

δl

))−1

Aτ,s(uh,uh).

Hence, Assumption 3.2 holds with K2 = cc0(max1≤l≤L(1 + hl−1/δl))
−1.

4. Numerical results. In this section, we report some numerical experiments
to illustrate the optimal convergence and the parallel performance of the proposed
algorithm. The software is implemented on the top of PETSc [2]. The computational
domain Ω is initially divided into a coarse mesh of size h1. The fine meshes are
then obtained by refining the coarsest mesh uniformly. Moreover, the space-time
domain Ω × [0, ts] is divided into Np subdomains and each subdomain is assigned
to one processor. The problem is solved by a preconditioned GMRES(30) method
with stopping conditions rtol = 1.0 × 10−6 (the relative convergence tolerance) and
atol = 1.0× 10−15 (the absolute convergence tolerance). In the following, the overlap
is denoted by “ovlp”. The quantities τl and hl denote the time step size and the mesh
size on the mesh level l, respectively. For simplicity, the window size, and the time
step size on the finest mesh are denoted by s and τ , respectively.
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Table 1

The number of GMRES iterations for Example 4.1 by Algorithm 2.1 (three level) with h1 =
τ1 = 1/32, h2 = τ2 = 1/64, and h3 = τ3 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 50 45 46 56 33 30 49 44 42
32 51 34 30 56 38 34 51 39 33
64 40 35 30 46 39 33 57 43 37
96 40 37 30 44 40 33 58 42 35
128 41 38 30 41 39 32 54 45 34

Table 2

The number of GMRES iterations for Example 4.1 by Algorithm 2.1 (two level) with h1 = τ1 =
1/32 and h2 = τ2 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 46 39 43 50 61 40 55 44 54
32 53 70 36 59 56 42 54 40 45
64 44 40 33 54 73 42 64 80 45
96 45 41 34 56 57 43 53 45 49
128 45 42 36 46 47 35 56 49 49

4.1. Numerical studies of the convergence rate. In this subsection, we
study the convergence rate of Algorithm 2.1, including the dependence on the overlap
size, the number of the subdomains, the mesh sizes, the window size, and the number
of levels for several test problems. All of these properties of the algorithm are machine
independent. The machine dependent issues will be investigated in the next two
subsections.

Example 4.1. Consider a heat equation⎧⎨⎩
ut −�u = f in Ω× (0, T ],
u(x, y, t) = 0 on ∂Ω× (0, T ],
u(x, y, 0) = sin(πx) sin(πy) in Ω,

where f is chosen such that u = sin(πx) sin(πy)et is the exact solution, T is chosen as
ts since we only compute the solution for one time window consisting of s time steps.
The process can be repeated to cover a longer time interval.

In the first example we set h1 = 1/32, h2 = 1/64, h3 = 1/128, and τi = hi (i =
1, 2, 3). In the experiment, we vary the window size, the subdomain partition, and
the overlap size. All the subdomain problems are solved using LU. The numerical
results in Table 1 show that increasing the overlap reduces the number of iterations,
and the number of iterations is bounded and independent of the window size and the
number of subdomains. Some numerical results for two-level space-time algorithm
are also given. From Table 2, it is clear that the number of iterations decreases when
increasing the overlap and is bounded independently of s and Np. We see that the
three-level algorithm is more expensive than the two-level algorithm in terms of the
cost per iteration. But the number of iterations for the three-level algorithm is smaller.

In the next set of experiments, we fix the mesh size h1 = 1/16, h2 = 1/32,
h3 = 1/64, the terminal time T = 1.0, and change the time step size τi = hi/k (i =
1, 2, 3, k = 1, 2, 3, 4). In this case, the window size s increases with the decrease of
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Table 3

The number of GMRES iterations for Example 4.1 by Algorithm 2.1 (three level) with T = 1.0,
h1 = 1/16, h2 = 1/32, h3 = 1/64, τ1 = h1/k, τ2 = h2/k, and τ3 = h3/k (k = 1, 2, 3, 4).

Np = 64 Np = 128 Np = 256
s = 64 40 42 48
s = 128 34 36 36
s = 256 30 31 32
s = 512 28 29 29

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5
x 10

−3

The time interval

Th
e 

m
ax

im
um

 e
rro

r

 

 
 τ=1/64
τ=1/128
τ=1/256
τ=1/512

Fig. 2. The maximum norm of the error for Example 4.1 by Algorithm 2.1 (three level) with
T = 1.0, Np = 256, h1 = 1/16, h2 = 1/32, h3 = 1/64, τ1 = h1/k, τ2 = h2/k, and τ3 = h3/k (k =
1, 2, 3, 4).

τ since sτ = 1.0. The numerical results listed in Table 3 show that the number of
iterations decreases when increasing the window size s and is bounded independently
of the number of subdomains. From Figure 2, we see that the error in the maximum
norm of the solution goes down when the time step size τ decreases from 1/64 to
1/512.

Example 4.2. Consider a convection diffusion equation{
ut − ε�u+ b · ∇u = f in Ω× (0, T ],

u(x, y, 0) = 1
0.8εe

−(x2+y2)/(0.8ε) in Ω,

where b = (1, 1), T is chosen as ts, f = − x+y
8ε2(t+0.2)2 e

−(x2+y2)/(4ε(t+0.2)), and the

analytical solution is

u(x, y, t) =
1

4ε(t+ 0.2)
e−(x2+y2)/(4ε(t+0.2))

with consistent Dirichlet boundary conditions.

Similarly to Example 4.1, we first set h1 = 1/32, h2 = 1/64, h3 = 1/128, and
τi = hi (i = 1, 2, 3), and vary the window size, the subdomain partition, and the
overlap size. From Table 4, we observe that the number of iterations decreases when
increasing the overlap and is bounded independently of the window size and the
number of subdomains. Comparing the numerical results in Tables 4 and 5, we see
that the number of iterations for the three-level algorithm is fewer than that of the
two-level algorithm when the overlap size is zero, and it becomes almost the same
when we increase the overlap size.

Next, we fix the mesh size h1 = 1/16, h2 = 1/32, h3 = 1/64, the terminal time
T = 1.0, and vary the time step sizes. The numerical results listed in Table 6 show
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Table 4

The number of GMRES iterations for Example 4.2 by Algorithm 2.1 (three level) with h1 =
τ1 = 1/32, h2 = τ2 = 1/64, and h3 = τ3 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 36 29 26 41 29 26 41 38 32
32 34 26 23 37 29 26 37 29 27
64 29 23 21 33 26 23 36 29 26
96 28 23 21 33 26 23 32 27 24
128 28 22 21 28 24 21 31 26 24

Table 5

The number of GMRES iterations for Example 4.2 by Algorithm 2.1 (two level) with h1 = τ1 =
1/32 and h2 = τ2 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 41 28 35 45 28 26 51 36 30
32 44 26 24 47 28 27 47 27 26
64 37 23 22 43 26 24 46 28 26
96 36 23 22 43 27 24 43 26 25
128 35 23 21 37 23 22 41 26 24

Table 6

The number of GMRES iterations for Example 4.2 by Algorithm 2.1 (three level) with T = 1.0,
h1 = 1/32, h2 = 1/64, h3 = 1/128, τ1 = h1/k, τ2 = h2/k, and τ3 = h3/k (k = 1, 2, 3, 4).

Np = 64 Np = 128 Np = 256
s = 64 27 28 32
s = 128 22 23 25
s = 256 23 23 23
s = 512 23 24 24

0 0.2 0.4 0.6 0.8 1
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 τ=1/64
τ=1/128
τ=1/256
τ=1/512

Fig. 3. The maximum norm of the error for Example 4.2 by Algorithm 2.1 with T = 1.0,
Np = 256, h1 = 1/16, h2 = 1/32, h3 = 1/64, τ1 = h1/k, τ2 = h2/k, and τ3 = h3/k(k = 1, 2, 3, 4).

that the number of iterations does not change much with the number of subdomains
and is bounded independently of the window size. Moreover, from Figure 3, it is clear
that the error in the maximum norm of the solution decreases when choosing smaller
time step size.
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Table 7

The number of GMRES iterations for Example 4.3 by Algorithm 2.1 (three level) with h1 =
τ1 = 1/32, h2 = τ2 = 1/64, and h3 = τ3 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 36 27 25 36 28 25 37 32 29
32 37 25 25 36 27 26 36 28 25
64 45 25 24 37 25 25 36 27 26
96 45 24 23 37 25 24 37 26 25
128 45 24 23 45 25 24 37 25 25

Table 8

The number of GMRES iterations for Example 4.3 by Algorithm 2.1 (two level) with h1 = τ1 =
1/32 and h2 = τ2 = 1/128.

Np 64 128 256
������s

ovlp
0 1 2 0 1 2 0 1 2

16 42 25 24 43 27 25 46 31 28
32 43 26 24 43 27 24 42 27 25
64 43 26 23 43 26 24 43 27 24
96 43 26 23 43 26 24 42 26 24
128 43 26 23 43 26 23 43 26 24

Table 9

The number of GMRES iterations for Example 4.3 by Algorithm 2.1 (three level) with T = 1.0,
h1 = 1/32, h2 = 1/64, h3 = 1/128, τ1 = h1/k, τ2 = h2/k, and τ3 = h3/k(k = 1, 2, 3, 4).

Np = 64 Np = 128 Np = 256
s = 64 29 30 33
s = 128 27 27 27
s = 256 27 27 27
s = 512 27 28 28

Example 4.3. Consider an advection diffusion reaction equation⎧⎨⎩
ut −�u+ b · ∇u+ cu = 0 in Ω× (0, T ],

u(x, y, t) = 0 on ∂Ω× (0, T ],

u(x, y, 0) = e−10
√

(x−0.5)2+(y−0.5)2 in Ω,

where b = (1, 1), c = 1, and T is chosen as ts.

We test the third example which doesn’t have an analytic solution. The numer-
ical results of the three-level and two-level algorithms are given in Tables 7 and 8,
respectively. We observe that the number of iterations decreases when the overlap
size increases and is bounded independently of the window size and the number of
subdomains. Moreover, the results in Table 9 also show that the number of iterations
does not change much with the window size and the number of subdomains. This
confirms that optimal convergence of Algorithm 2.1 is as indicated by the theory.

4.2. Parallel performance of the algorithm. In this subsection, we investi-
gate the parallel performance of the algorithm in terms of the total compute time, and
the strong/weak scalability. All experiments are carried out on the Tianhe-2 super-
computer located at the National Supercomputer Center in Guangzhou. The machine
ranks #2 in the current Top500 list. Only CPUs are used in the calculations, without
the accelerators.
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Table 10

Strong scaling results of Algorithm 2.1 (three level) on Tianhe-2 for Examples 4.1–4.3 with
h1 = 1/128, h2 = 1/256, h3 = 1/512, τ1 = 1/64, τ2 = 1/128, and τ3 = 1/256.

Np Example 4.1 Example 4.2 Example 4.3
GMRES Time (s) GMRES Time (s) GMRES Time (s)

512 26 180.5 24 178.1 22 176.3
1024 25 34.0 23 34.2 22 32.8
2048 29 29.4 29 29.9 25 28.7
3072 31 14.9 29 14.5 25 14.0
4096 32 10.2 28 8.7 25 8.7

512 1024 2048 3072 4096

2

4

8

16

32

Number of processors

S
p

e
e

d
u

p

Example 4.1

 

 

Ideal

DOFs=6.8x107

DOFs=1.3x108

512 1024 2048 3072 4096

2

4

8

16

32

Number of processors

S
p

e
e

d
u

p

Example 4.2

 

 

Ideal

DOFs=6.8x107

DOFs=1.3x108

512 1024 2048 3072 4096

2

4

8

16

32

Number of processors

S
p

e
e

d
u

p

Example 4.3

 

 

Ideal

DOFs=6.8x107

DOFs=1.3x108

Fig. 4. Strong scaling results of Algorithm 2.1 (three level) on Tianhe-2 for Examples 4.1–4.3.

Table 11

Strong scaling results of Algorithm 2.1 (three level) on Tianhe-2 for Examples 4.1–4.3 with
h1 = τ1 = 1/128, h2 = τ2 = 1/256, and h3 = τ3 = 1/512.

Np Example 4.1 Example 4.2 Example 4.3
GMRES Time (s) GMRES Time (s) GMRES Time (s)

512 - - - - - -
1024 27 183.1 24 174.3 22 176.1
2048 36 91.0 28 85.9 24 83.1
3072 36 49.6 29 45.9 25 44.2
4096 36 34.6 29 32.4 25 31.2

In the strong scaling test, we first fix the terminal time T = 1.0 and set the finest
mesh size h = 1/512 and τ = 1/256 (the system has about 68 million unknowns) and
increase the number of processors from 512 to 4096. The results for Examples 4.1–4.3
are listed in Table 10. It shows that the number of iterations changes slightly with the
increase of the number of processors. And the total compute time decreases a lot when
we increase the number of processors from 512 to 1024, but the speedup is not as good
when we go from 1024 to 2048, etc. In Figure 4, “DOFs”denotes the total degrees of
freedom. It shows that the proposed algorithm has superlinear speedup up to 4096
processors when DOFs = 6.8×107. Next, we increase the problem size by setting the
finest mesh size h = 1/512 and τ = 1/512, so the DOFs is about 134 million. From
Table 11, we observe that the number of iterations for Example 4.1 increases greatly
when the number of processors changes from 1024 to 2048, but it does not change for
later cases. For Examples 4.2 and 4.3, it is clear that the number of iterations changes
only slightly with the increase of the number of processors. Moreover, Figure 4 also
shows that Algorithm 2.1 has superlinear speedup up to 4096 processors for solving
Examples 4.1–4.3.
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Table 12

Weak scaling results of Algorithm 2.1 (three level) on Tianhe-2 for Examples 4.1–4.3 with
h1 = τ1 = 1/128, h2 = τ2 = 1/256, and h3 = τ3 = 1/512.

Example 4.1 Example 4.2 Example 4.3
Np s DOFs GMRES Time (s) GMRES Time (s) GMRES Time (s)
256 32 8388608 30 28.5 31 29.0 30 28.6
512 64 16777216 26 26.9 29 27.9 25 26.6
1024 128 33554432 27 27.7 29 28.3 25 27.2
2048 256 67108864 29 29.4 29 29.6 25 28.7
4096 512 134217728 36 34.6 29 32.0 25 30.9
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Fig. 5. Weak scaling results of Algorithm 2.1 (three level) on Tianhe-2 for Examples 4.1–4.3.

For problems requiring a large number of time steps, the window size s may be
large. Hence, we consider the weak scaling of Algorithm 2.1 in term of s, i.e., we fix
the mesh size and the time step size, and vary the window size and the number of
the processors, with a fixed problem size on each processor. The results for Examples
4.1–4.3 are presented in Table 12 and Figure 5. It is clear that the number of iterations
of Example 4.1 changes a little but is bounded independently of the number of the
processors and the window size, and there is almost no change for Examples 4.2 and
4.3. Moreover, the total compute time changes only slightly with the increase of Np

and s. This indicates that the proposed algorithm has a very good weak scalability.

4.3. Comparison with a traditional parallel time stepping method in
three dimensions (3D). In this subsection, we investigate the performance of the
proposed algorithm for a three-dimensional problem and also compare the algorithm
with a traditional time stepping method parallelized only in space.

Example 4.4. This is an extension of Example 4.1 to 3D, where ε = 0.1, Ω =
[0, 1]× [0, 1]× [0, 1], T is chosen as ts, f = − sin(πx) sin(πy) sin(πz)(sin t− 3επ2 cos t),
and the analytical solution is u(x, y, t) = sin(πx) sin(πy) sin(πz) cos t.

We test this example on a 65×65×65×2048 space-time mesh. We fix h1 = 1/32,
h2 = 1/64, and τi = hi (i = 1, 2), and increase the number of processors from 8 to
8192. The space-time domain [0, 1]3 × [0, 32] is divided into Np = Px × Py × Pz × Pt

subdomains and each subdomain is assigned to one processor. All the subdomain
problems are solved using ILU except that LU is used on the coarse mesh. Because the
processor distribution impacts the ratio of computation and communication, different
arrangement of the processors may lead to different parallel performance. In the
experiment, we distribute the spatial domain evenly such that each processor holds
approximately a cube in space, i.e., Px = Py = Pz. Otherwise, we omit some cases
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Table 13

The averaged number of iterations and the total compute time for solving Example 4.4 on a
65×65×65×2048 space-time mesh using Algorithm 2.1 (corresponding to rows with s > 1) and the
traditional time stepping method parallelized only in space with a two-level additive Schwarz method
with h1 = τ1 = 1/32 and h2 = τ2 = 1/64 (corresponding to the row with s = 1).

Np 8 16 32 64 128 256 512 1024 2048 4096 8192

s = 1
GMRES 4.6 - - 4.7 - - 6.7 - - 4.7 3.7
Time(s) 340.8 - - 65.7 - - 43.3 - - 51.6 51.7

s = 2
GMRES 6.0 - - 5.5 - - 5.5 - - 5.3 4.8
Time(s) 422.5 - - 67.3 - - 42.5 - - 46.2 47.8

s = 4
GMRES 6.3 - - 6.2 - - 6.6 - - 6.5 7.2
Time(s) 457.2 - - 67.9 - - 27.6 - - 31.4 40.5

s = 8
GMRES * 6.5 6.5 6.5 6.6 6.5 6.7 7.0 7.0 6.6 6.7
Time(s) * 247.2 121.6 69.2 40.9 25.5 22.9 21.6 20.0 23.2 29.7

s = 32
GMRES * 6.8 7.0 7.2 7.3 6.8 7.2 6.9 7.2 7.3 7.3
Time(s) * 284.5 146.7 77.1 42.7 26.8 20.2 17.3 16.8 13.4 16.6

s = 64
GMRES * 7.3 7.3 7.4 7.4 7.4 7.2 7.4 7.2 7.4 7.5
Time(s) * 341.7 171.9 88.1 47.9 26.7 20.2 15.0 11.0 10.8 15.2

s = 256
GMRES * * 7.6 7.6 7.7 7.8 7.8 7.8 7.7 7.8 7.7
Time(s) * * 311.4 156.7 84.1 45.1 29.1 16.2 13.9 10.2 13.9

s = 2048
GMRES * * * * * 8.0 8.0 8.0 9.0 9.0 9.0
Time(s) * * * * * 220.5 117.7 66.7 37.5 20.8 12.2
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Fig. 6. The total compute time for solving Example 4.4 using sequential time stepping (left)
and Algorithm 2.1 with different window size s (right).

and denote it by “-” in Table 13. “*” indicates that the number of processors is too
small to solve the problem.

In Table 13, we present the compute time and the number of iterations. Note
that the number of iterations is averaged, i.e., we sum all the iteration counts in each
window and divide by the number of windows (2048/s). The sequential time stepping
algorithm corresponds to the case s = 1 in Algorithm 2.1. From Table 13, we see
that the average number of iterations is bounded independently of the number of
processors for each window size s. The total compute time of the traditional time
stepping method (s = 1) first goes down fast and then increases a little with the
number of processors. It indicates that the cost of communication becomes dominate
when the number of processors is large. The strong scalability of the sequential time
stepping method is not good when the number of processors is large. As shown
in Figure 6, for the cases s = 2, 4, 8, 32, 64, 256, the total compute time curves are
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similar to the case of s = 1, but the total compute time is less than that required
by the sequential time stepping method. The compute time curves also show that
the crossover point for which it becomes beneficial to use Algorithm 2.1, compared
with the sequential time stepping method. For examples, the crossover point is at
about 64 processors for the cases s = 2, 4, 8, 32, and 128 processors for s = 64 and
256 processors for s = 256. For the case of s = 2048, i.e., solve the global problem all
at once, we observe that the crossover point is at about 2048 processors. In this case,
the compute time decreases very fast and the speedup is linear.

5. Concluding remarks. We introduced and studied a multilevel space-time
additive Schwarz method for solving parabolic equations. Under certain conditions,
we proved that the convergence of the method is only dependent on the ratio between
the subdomain size and the overlap size on each level, but is bounded independently of
the mesh sizes, the number of subdomains, the window size, and the number of levels.
The numerical experiments confirm the convergence estimates. Moreover, experiments
carried out on a supercomputer show that our method is robust and scalable, measured
in total compute time, with respect to the number of processors, mesh sizes, and the
window size. Our experiments also show that the new space-time additive Schwarz
method outperforms the sequential time stepping method parallelized only in space
when the number of processors is large.

Acknowledgments. We would like to thank the anonymous referees for their
suggestions.
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