OVERLAPPING NON-MATCHING GRID MORTAR ELEMENT
METHODS FOR ELLIPTIC PROBLEMS*

XIAO-CHUAN CAI', MAKSYMILIAN DRYJA! AND MARCUS SARKIS!

Abstract. In the first part of the paper, we introduce an overlapping mortar finite element meth-
ods for solving two-dimensional elliptic problems discretized on overlapping non-matching grids. We
prove an optimal error bound and estimate the condition numbers of certain overlapping Schwarz
preconditioned systems for the two-subdomain case. We show that the error bound is independent
of the size of the overlap and the ratio of the mesh parameters. In the second part, we introduce
three additive Schwarz preconditioned conjugate gradient algorithms based on the trivial and har-
monic extensions. We provide estimates for the spectral bounds on the condition numbers of the
preconditioned operators. We show that although the error bound is independent of the size of the
overlap, the condition number does depend on it. Numerical examples are presented to support our
theory.
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1. Introduction. The mortar element method was first developed for the pur-
pose of coupling different discretizations in different nonoverlapping subdomains. Sev-
eral studies have been carried out; see e.g., [1, 2, 3,4, 5,6, 7, 11, 12, 15, 16, 22, 25, 29,
30]. In this paper, we consider the case of overlapping subdomains. We provide an
optimal error analysis for the two-subdomain case, and also spectral bound estima-
tions for the Schwarz preconditioned systems. The main advantage of non-matching
grid methods is that highly structured local grids and corresponding fast solvers (and
software) can be used easily. To preserve the global accuracy of the discretization,
the interpolation between the neighboring subdomains has to be sufficiently accurate.
The mortar method provides one such interpolation scheme that passes the values of
a function from one grid to another without loosing accuracy as will be shown in this
paper. It is somewhat surprising that the discretization error is independent of the
overlap as long as a trivial requirement is satisfied; the overlap is not smaller than the
size of the coarser mesh. We also show that the error is independent of the ratio of the
mesh sizes. Another interesting finding is that larger overlap can make the resulting
linear system easier to precondition. We note that, independent of the development
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of mortar based methods, overlapping non-matching grids techniques have been used
for more than ten years by computational engineers in many large scale simulations
as a way to reduce the cost of grid generation. The methods are often referred to as
the Chimera methods or overset grid methods ([13, 20, 26]).

We are interested in solving the following elliptic variational problem: Find u* €
H}(Q), such that

(1) a(u*,v) = f(v), ¥Vve Hy(9),
where

a(u,v):/QVu-Vvdx and f(v):/ﬂfvdx.

Here f(z) € L*(2) is a given function and 2 = Q; U Q an open polygonal domain
in N2, We assume that both €; and €, are open polygonal domains and that the
diameters of €, €; and {2, are of order 1. We shall introduce two independent
triangulations on €2; and (s, respectively, and a mortar element method defined on
the union of the two, generally non-matching, triangulations. We assume that u*
satisfies the following local regularity conditions:

u*o, € H'(Q;), and 0 < 7; <1

for i« = 1,2. No global regularity of u* is assumed.

As mentioned earlier a lot of work has been done in the area of non-overlapping
non-matching grid methods. There are also several methods that use overlapping non-
matching grid preconditioners for matrix problems obtained from non-overlapping
discretization schemes; see [12, 15]. Some very interesting recent development in
using overlapping non-matching grid methods can be found, for examples, in the
papers of Kuznetsov [23], Blake [8] and Cai, Mathew and Sarkis [10]. However, to the
best of our knowledge, this is the first paper that provides an optimal error analysis
for the overlapping mortar element method.

To avoid unnecessary complications, we restrict our discussion to Poisson’s equa-
tion with zero Dirichlet boundary condition. The extension to the smooth variable
coefficient case is straightforward. The paper is organized as follows. In Section 2,
we introduce some notations. The mortar element method and some implementation
remarks are given in Section 3. The analysis of the method is provided in Section 4.
Several technical lemmas, used in Section 4, are actually introduced and proved in
Section 5. Section 6 reports several numerical experiments that are used to verify the
theory on the accuracy. Three preconditioning techniques are proposed and analyzed
in Section 7. Section 8 contains some numerical examples supporting the theory of
the preconditioning methods. A short conclusion is given in Section 9.

2. Model cases and function spaces. In this paper, we shall focus on two
model cases that have different technical difficulties. The main theorem on accuracy
holds for both cases, however, different proofs are needed. Most of our results can be
extended to more general cases.



Case R: The union of €2; and €2, is a rectangular domain, as shown in Fig. 1.
Case L: The union of £2; and {2, is an L-shaped domain, as shown in Fig. 2.

Before introducing the mortar element method in €2 with non-matching grids
in the overlapping subdomains, we need to define some notations. First of all, let
vi = 08; N Qi = 1,2, be the interfaces. For Case R we define § as the distance
between the two interfaces, shown in Fig. 1, and for Case L we assume § = O(1).

e Triangulations and finite element spaces. For i = 1, 2, let
i hi o+ _
Th_{Kj 7]_17"'7Mi}

be a standard finite element triangulation in §2;; see for example Fig. 1. Here K Jh is
a triangle and h; the mesh size. M; is the total number of triangles. We assume that
they are shape regular and quasi-uniform; see Ciarlet [14]. The two triangulations
need not to match in the overlapping region. Let V% = V% (Q;) be the space of
continuous piecewise linear functions on 7" which vanishes on 9Q N 0<,;. For each
node xlh’ in 7" we denote by ¢§” (x) the usual basis function, i.e., ¢f“ () € V", and
¢ (x) = 1if 2 = )" and zero at all the other nodes. We define the support of a basis
function by

supp(¢r*) = supp(a;*) = {z| € Q; and ¢} (x) # 0}.
Note that supp(z]) is an open set. We also need the space
X" = {(uy,ug)u; € VM i =1,2}.
We denote by VI as a subspace of V" containing all functions that vanish on 9.

e Trace spaces. We denote by V"i(~;) the restriction of V" on ;. Let us denote

by af,aj,- - -, al, the nodes of 7" (€;) on 7;, and also denote by af and a?, ,, the two
endpoints of ;; see Fig. 2 (a) and Fig. 3. We assume that if af (or al, ) is a node
of T" () then aj) = a} (or a}, = a, ); see Fig. 1 and Fig. 2 (a). It is important
to note that for v; to belong to V", v; must vanish at a} and !, ; see Fig. 3 (a) for
an example of a function in V" (~;).

e Trivial extension operators. For any r’ € V"i(v;), we define a function
denoted by &7t in V" (Q;) satisfying: £r® = r® at the nodes a},al, - -, al
Eirt equals to zero at the remaining nodes of 7",

_1, and

7
m;

e Interface test function spaces. For i = 1,2, Whi (7i) denote the space of
continuous piecewise linear functions on the grid af, a,---,al, _,al, ., subject to
the constraints that these continuous piecewise linear functions are constants in the
intervals [af, ab] and [a}, _,al, . ]; see Fig. 3 (b).
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e Mortars, mortar spaces and slave nodes. The curve ~; has two sides. We
refer to one of them as the mortar side, and the other as the non-mortar side. In most
mortar element methods, see e.g. [7], the choice is rather arbitrary. In our case, we
have only one choice. For 7;, we define the 7”2 side as the mortar side and the 7™
side as the non-mortar side. On the non-mortar side, a finite element space is defined
by using the mortar projection given below by (2). A similar definition is used for .
We define the mortar space V"2(y;) (resp. V" (v2)), as the restriction to the interface
71 (resp. 7y2) of the space V"2 (resp. V™). Among the points af, al, - - -, at, ,al, 4, as
will be seen later, the values of the solution are known at af,, a, a}, and a!, ,, through
the given boundary conditions. We shall refer to the other points, ay, a3, -, a;,

as the slave nodes since their values are determined by the mortar projections to be
defined below.

e Mortar projections. The mortar projection 7, maps the space V"2(v;) into
Vhi(yy). Given a ¢ € La(71), we set (1) € VM (v1) to zero in the intervals [a, ai]

and [a,, ,a), ] and determine the values of (m1¢) at the slave nodes a3, a3, - - -, a,, _,
by
(2) / (¢ —mp)ds =0, Vi €Wy ().

71

Similarly, we define the mortar projection m on 7o, which maps V"1 (v;) into V"2(7y).
e The solution space. We define the solution space V" as follows:

Vh - {(u17u2)|ui € Vhi? L= 172? Uiy, = Wl(u2|’h) and U2y, = 7T2(u1\’72)}'

_5_

..gl

EQ

F1G. 1. The subregions Q;,i = 1,2, are rectangles Q; = 0, x £,. €%, 0, are of O(1). § is the size
of the overlap.

Before closing this section, we need to make an important assumption under
which the mortar projections are computable.

Assumption 1. Let a}, be a slave node on ~y;, then

supp(a},) N v =0, fori#j,
4
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FiG. 2. Case L, i.e. the union of 1 and Q9 is an L-shaped region.
and i,j =1,2.

REMARK 2.1. For Case R, the assumption implies that 6 > max{hq, ho}; oth-
erwise the subdomains are not connected on the mesh level. For Case L, it means
that the two darkened regions in Fig. 2 (b) do not intersect each other. Without this
condition, the two mortar projections cannot be calculated independently.

3. Overlapping mortar element methods. In this section, we introduce the
overlapping mortar element method and discuss some implementation issues, such as
the construction of basis functions in V. Our variational problem associated with
(1) is defined by: Find u = (uy,u2) € V", such that

(3) an(u,v) = fu(v) Yo = (v1,15) € V",

where the weighted bilinear form is defined as

1
ap(u,v) = / Vuy - Vo da + = Vu, - Vo da+
Ql\Q2 2 Q1N

1
Vug - Vg dr + Vus - Vg dx

2 Q1N QQ\Ql

and

1
fn(v) = / fordr + = fur de+
1\

2 Q1NN

1
— fug dx + / fug dux.
1\ Q2

2 Q1NN
)



The main motivation for defining the variational problem this way is that the
resulting stiffness matrix is symmetric. We will show later that the space V" is
non-empty under Assumption 1. We remark that for matching overlapping grids,
by identifying the nodes that are in the overlapping region, (3) reduces to the usual
finite element problem associated with (1). In fact, (1) is well defined for continuous
functions and in this case it is equivalent to (3).

Since v; vanishes on part of 9€);, i = 1,2, we can define a norm in X" by

vl = an(v,v).
It is easy to see that the bilinear form ay(+,-) is bounded in the sense that
(4) an(u,v) < Jlullallvlln, Vu,ve X"
For our estimate of the discretization error, we assume that
wt e HYF(Qy) x H*2(Qy),

where 0 < 7; < 1, for ¢ = 1,2. The main result of the paper is summarized as
THEOREM 1. Assume that Assumption 1 is true. Then, the exact solution u* of
(1) and the mortar element solution u of (3) satisfy

(5) lu* = ulln < C (W7 " lms oy + h2 N s ) )

where C' > 0 is a constant independent of hy, hy, hi/ho, ha/h1, and §.

In the next few sections, we shall prove the theorem for both Case R and Case
L, with slightly different techniques. We note that V" C X". The selection of
basis functions in V" is not as trivial as in the usual finite element case because the
matching conditions have to be satisfied. As a result of the mortar mapping, some
of the basis functions, near the interfaces, are not local functions, i.e. the support of
the basis function covers all the elements that intersect the interface.

Let Z; = {xﬁ”,l — 1,...,N["} be the set of nodal points in €, not including
boundary or interface nodes. N} indicates the total number of nodes in ;. For each
2}, recall that ¢]"(z) denotes the corresponding regular finite element basis function.
Let Z; = {#}",1=1,...,N}} C Z; be a subset of nodes such that supp(x]) Nv; # 0
(for i # j). For each z]" € Z;, we define

h; hi . .
wl] = Sj(ﬂj(¢l |'Yj))7 J 7é 2.
Then, every function u = (u1,us) € V" has a unique representation of the form
w =y wla)e (@) + Y ua(a®) ()
h1€Z1 xthEZ~2
and

up= Y ua(a?)g(x) + Y0 wi(a )y (x).

JZ?QGZQ xlhl EZI
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F1G. 3. (a) A function in the space VM (y1), which is the image of m1. (b) A test function in
the space W, (71)-

In summary, the basis functions have the form:

Ql . ( ?I(I)7 O) if ZL’lhl - %1 \ Zl
S (9 (), Ut () it e Zy
and
a,: { 12 (z)) if 22 € 2, \ Zs
C| (W (), @2 (x) if 2 € Zs.

Note that the interface slave nodes are not accounted for the degree of freedoms. The
total degree of freedoms is NI + N2, The functions ¢} (z) (i = 1,2) have to be
pre-calculated by solving some small linear systems of equations determined by the
mortar projection. Two additional linear systems need to be solved for finding the
slave values. The numbers of unknowns of these two linear systems are equal to the
numbers of the slave nodes on the interfaces. In the two dimensional cases that we
consider, the linear systems are always tridiagonal, symmetric and well-conditioned
due to the nature of the mortar projection.

We note that two equivalent formulations for overlapping non-matching grids are
given by Kuznetsov in [23]. One approach is the based on a minimization principle
and the other uses Lagrange multipliers.

4. Analysis of the discretization error. To analyze the discretization error,
we use the well-known Second Strang’s Lemma, in Strang and Fix [27], for the non-
conforming situation. Let u* and u be the solutions of (1) and (3), respectively. We
have

[o* = ullp < inf (lu™ = vf|ln + [Ju = ol[a).
veVh
Here and below we use u* to represent (u*|q,,u*|q,). Using the fact that

lu —vlli = an(u —v,u = v) = ap(u" = v,u —v) + { fr(u = v) = ap(u*,u —v)},
7



and (4), we obtain

|fu(u—v) —ap(u*,u — )]
lu—|ln

[ = vlfn < flu” = vlln +

w) — ap(u*™, w
< ||U* _U||h+ sup |fh( ) h( ) )l
0£weVh [[w||n

Therefore,

(6) |lu* —ul|p < inf 2||u* — vl + sup |fn(w) — an(u’, w)]
veVh OfweVh 1wl

In the rest of this paper, we shall refer to the first and the second term of the
right-hand side of (6) as the best approximation error and the consistency error,
respectively.

4.1. The best approximation error. Let us denote the subregion Q7 as the
union of all closed simplices K ]}»“, where K ]]-“ €7Th and K ]}»“ belongs to 2; N €25. Let
us assume that Assumption 1 holds; therefore, Q}fQI is a non-empty connected open
subregion. Let Vhl(Q]fé) denote the space of continuous piecewise linear functions on
Q3 that vanish on 9943\ ~;. Let H}3 denote the discrete harmonic extension operator
on V" (Ql) with boundary data on 7, and zero data on 93\ v;.

Similarly, let us denote the subregion Q}fg as the union of all closed simplices K ]}»‘2,
where K]h2 € 7" and KJ}-’2 belongs to Q5 N ;. Let us assume that Assumption 1
holds; therefore, Q3 is a non-empty connected open subregion. Let V"2(Q!3) denote
the space of continuous piecewise linear functions in Q73 which vanishes on 9923 \~,.
Let H"2 denote the discrete harmonic extension operator in V"2 (Q}fg) with boundary
data on 7, and zero data on 93\ ..

In the next lemma, we prove that the best approximation error is optimal. In
the proof, we use several technical lemmas that will be discussed in Section 5.

LEMMA 1. Assume Assumption 1 holds. Then, for any u* € H'(Q;), i = 1,2,
and 0 < 7,7y < 1, there exists v = (vy,v9) € V" such that

(7) |u* _ UllHl(Ql) S C (h;l Hu*HHH-Tl(Ql) + h72'2 "u*"H1+72(Q2)> ,
and
(8) |u* _ 1}2|H1(92) S C (h;l Hu*HHH-Tl(Ql) + h72'2 Hu*HHH-rQ(QQ)) .

Here the constant C' > 0 is independent of hy, ha, hi/ha, ha/hi, and 6.

Proof. We first construct w = (wy,wy) € X", Let w; be a continuous piecewise
linear function defined in €2; by using the pointwise interpolation of u* at the nodal
points of 7", The standard interpolation theory ([14]) gives

9) v = will 2y + hilu® = wil o) < Okt
8

U*||H1+7—Z~(Qi), 0<7 <1



Note however that w ¢ V", in general, since w;,i = 1,2, do not vanish at the nodes
{a}} and {af, }. Also, w does not satisfy the matching conditions across the interfaces
Yiyt =1, 2.

Let z; € V" be a continuous piecewise linear function that equals to zero at the
nodes a} and a’, , and to w; at the remaining nodes of 7", Thus, the piecewise linear
function w; — 2; is equal to u*(a}) at a}, and to u*(a},,) at af, . Then by using Lemma
4 (to be introduced in the Technical Lemmas Section 5), we obtain, for 0 < 7; < 1,

(10) lwi(ai) — zi(a})| = [u*(a})] < ChT |u*|| grom 0u)s
and
(11) wilay,,) — zi(ai,,)| = [u*(a},)| < ChY U || grim q,)-

Since w; — z; is equal to zero at all nodes of 7" except a} and al, , we can use (10),
and (11) to obtain, for 0 < 7; <1,

(12) lwi = zill 1202 + halwi — zil i) < Ch;™™

|| i ),

and consequently, using a triangle inequality and (9), we obtain

(13) [u* = 2| 20 + halu® = zil o) < Chy T [wf|| e,

Now z; € VP (i = 1,2), but 2 = (21, 22) € V" because the matching conditions
across the interfaces are not satisfied. To match the interface values, we need to
further modify z;. Let

rt = m(2(1)) — 21 on 7,

and

r? = my(21(72)) — 22 on s,

We define the function v = (v, v5) as
v =z + Mt i =1,2.

Note that Assumption 1 is used to guarantee the existence of Hri. Note also that
Hisr! (resp. H1i3r?) vanishes on 7, (resp. 71). Since v; belongs to V" (Q), for
i = 1,2, and they satisfy the matching conditions, v belongs to V. We next show
that v satisfies (7) and (8). By the triangle inequality

(14) u* — vl ma,) < U = zilm) + [HE 1 @)

The first term above has been estimated in (13). For the second term, we use Lemma
8 of Section 5, to obtain

) , 1
hi i 7012 i]12
(15) Ml <C (112ys0, + 51 a0 )
9



We bound ||r!||2(,), and similarly ||7%||12(,), as follows,
||7“1||L2(v1) = [|mi22 — ZlHLQ('yl) = [|mi22 — 7T121||L2('yl)

< lmize — mut|| 2 + T2 — TuS | L2,
A consequence of the L? stability of Lemma 5 is that
It llz2) < 6ll22 — w2y + 6llz0 — u”l| 2.
Using Assumption 1, we have that zo = wy on ;. Then,
22 = u"llL2(0) = [Jwz — ™| L2y

According to the standard estimate for pointwise interpolation, we get, for 0 < 75 < 1,
that

* 1/24T *
(16) ws = u | 220y < Chy™ ™ {|u"| 172 ).
Thus, we have obtained
(17) H7T122 — 7r1u*HLz(m) S Ch;/2+7-2Hu*HH1+7‘2(Q2)7 0 < T2 S 1.
We also have,
[m121 = T 2¢) < 6|20 — u¥l| 2y
and therefore, by using a triangle inequality

1= W |2 < flwr — w2
21 — u*|] < Jlwy — u*||

w(al)oly

u(ah, )%

mi/Yag,

+]

L2(m) ‘

Together with (10), (11) and (12), we arrive at

L2(m)

||7T121 — WIU*HLQ(’yl) < Ch}/Q"FTIHU*HHI-ﬁ-TI(QI), 0<mn <1.
This implies
2
1/2 Ti k .
(18) I7ill 2y < C SR T Jw | sy, 0= 1,2
=1

We next bound HTlHH&f(m , and similarly HTQHH%Q(W)‘ We use the Hy” stability

)
of Lemma 5 to obtain

||7“1||H010/2(71) < mze = mat || ey + lImeze = mat|| ey <

Cllzz =l gagagy,y + 6l = Wl g -

Now with (13), we get

2
(19) ||7“Z-||H352(%_) < C;h? U iy, 1=1,2.
Finally (7) and (8) follow immediately from (14), (15), (18), (19), and the fact
that ¢ is larger than max{h;, ho}. O
10



4.2. The consistency error. The consistency error can be estimated rather
easily. For a smooth u*, by using Green’s formula and that —Au* = f in the L?
sense, we obtain

0 et = 2 g

2 2 Jy On
1 u” 1 ou* 1 ou*
z At 1 1 _
5 /72 an (wy)ds + QQ(f—i- u)wy dx 5 /72 o (ws)ds + 5 /71 o (wa)ds
1 ou* 1 ou* 1 ou*
9 Uye O [w]ds = 2 /h an (wg — wy)ds + 5 /Y2 n (wy — wsy)ds,

where % denotes the normal derivative of u*, with the unit vector n pointing to the
outside of €y N ). Later, we use the density argument (Grisvard [19]) to estimate
fn(w) — ap(u*, w) for any u* € H*(Q).

We summarize the result in the following lemma.

LEMMA 2. Letu* € H'(Q;), 0 < 7; < 1,4 =1,2. Then, there exists a constant
C > 0 independent of 6, h; and u*, such that

f Ou* wlds * *
sup | 11Uy2 on [w]ds| <C (h?”u ||H1+7—1(Q1) + h3?||u HHHTQ(QZ)) :
0£weV] [[]]

Proof. We derive a bound for the consistency error on 7;. The bound on v, can
be obtained in a similar way. Let w = (wy,ws) € V", we have

ou* ou*
/71 o (wy — wy)ds /71 o (wg — mwy)ds

and by using the definition of the mortar mapping (2), we also have, Y¢» € Wy, (71),
ou* ou*

/ (’LUQ —’/Tl’LUQ)dS / ( B —w> (’LUQ —’/Tl’LUQ)dS
o it n

Y

L on
ou*
e A
n [HY/2(y1))
ou*
= ‘ on B w 1/2 , (HwQHHl/Q(’Yl) + leHHl/Q(Vl)> ’
[H/2(y1)]

Applying the trace theorem for w, we deduce that
ou*

ou*
(wy — wy)ds — } .
/wl on on (H1/2(31))

With the help of Lemma 3 (or Lemma 4.1 of Bernardi, Maday and Patera [7]), we
obtain

ou*
/71 o (wq — w1 )ds

< Cllwl,  inf {‘

PEWS, (1)

ou*
on

< Cht[w[n < ChT lwl|nllu™ |l rem 01)-

H1/2+1 (’Yl)

11



5. Technical lemmas. In this section, we discuss several technical estimates.
We formulate and prove some of the lemmas in a way that is more general than
needed in this paper since we believe their applicabilities go beyond this paper.

The proof of the following lemma can be found in Bernardi, Maday and Patera
[7], although their definition of the mortar mapping is slightly different from ours for
Case L because of the two extra intervals [af,a}] and [a}, ,al, ,,]. Their proof also
holds here because the length of the intervals [af, ab] and [af, _,,al, ] are O(h;); we
do not include the proof here.

LEMMA 3. Let #; be the orthogonal projection from L*(v;) onto Wh, (v;). Then,

for any 0 < 1; < 1, the following estimate holds for any v € H™(v;),

~ ~1/2 ~ i
lo = Favll 2y + by 2 llv = Favllnsap < CBE ol -

As a consequence,

. 1/24T1;
inf  {|lo = gy < CRZT 0]

Here C' > 0 is independent of h;.
The next lemma is useful only for Case L. Let us restrict our arguments to €y,
similar argument applies for {25. Recall that in the definition of the finite element

space V" (€);), we insist that the functions vanish at two interior points ai and a

which is a bit unusual in the classical finite element theory. Due to the followinlg
lemma, we show that the interior zero points do not affect the second order (or 1+ 7;
order) accuracy of the overall discretization.

LEMMA 4. Let Q be a bounded open subset of R?* with a piecewise C%' boundary
0. Assume that the aspect ratio and the size of €y are both O(1). Let v C 0 be
a CHY (differentiable Lipschitz) curve with end points A and B. Also let n C v N Q)
be an open non-empty connected curve with end points A and xo. Then for any

we HT(Q), 0 < 7 <1, that vanishes on 02, we have
(20) lu(z)| < OdMull grimi ), Vo€ v

Here d,, s the arc distance of the point x to n along the curve v. The constant C' > 0
does not depend on u, xo and x, but in general depends on the Lipschitz constant of
08 .

Proof. If x € n then u(x) = 0 and (20) holds trivially. Let us assume that
x € v\ n. Let z(x) be a point in the interior of 7 such that

d(z(x),z0) < d(x,x0) = d.

We shall first assume that v is a smooth function and then pass it to any functions
in H*7(€;) using the classical density argument; see e.g. Grisvard [19] or Lions and
Magenes [24]. Now let uw € C*°(€)y), then

u(z) =u(z(z)) + /Z; u (s)ds.
12



Since u(z(z)) = 0 and u'(s) = 0 on s € 1, we have

Using Schwarz inequality, we have
(21) u@)] < [ o' (s)lds < & uln).
With the Fundamental Theorem of Calculus,

U (s) = o (2(z)) + / ;) J(8)dt

and using that u'(s) = 0 on s € 1, we get

u(z) = /x /j )u//(t)dtds.

By using the fact that u” (y) = 0, y € 1, the Schwarz inequality, and that d(zo, 2(x)) <
d(x,xy) we obtain

(22) lu(z)| < Cd(x, x0)3/2|u|H2(V).

We obtain the estimate in H'*™ (v) by interpolating the H'(v) estimate (21) and
the H*(v) estimate (22) (Lions and Magenes [24]). Thus, for 0 < 7 < 1,

(23) u(@)] < Od/> 7l rrons )

With the usual density argument, the above estimate holds for any v € H'*™ (v).
Finally, to obtain (20) from (23), we consider two cases 1/2 < 73 < 1 and
0 < 71 < 1/2 separately.
For 1/2 < 74 < 1, we use the trace theorem for C%! (differentiable Lipschitz)
curve (cf. Theorem 1.5.2.1 of Grisvard [19]), which gives

[u(z)| < Cd3H |ull grr2em ) < Cd[ull e )

For 0 < 73 < 1/2, it is known that the continuous function space is embedded
into HY2*71(Q);). Using that u vanishes on 7, we can use the Bramble-Hilbert lemma
and scaling arguments to obtain, for 0 < 7 < 1/2,

lu(z)| < CdMul| g,y  Vu € HY ().

The last arguments can be found in detail in the proof of Theorem 3.3 in Xu [31]. O
REMARK 5.1. We remark that we use the above lemma by taking xo = a} (or
Ty = ay,, 1) and v as an edge of an element KJ}-“ of T () that contains a} and al.
The lemma is useful only when a} # a}, and therefore (using the definition of aj and
a}) ay belongs to the interior of v.
13



We next show the boundness of the mortar projection in two different norms.
Since the mortar projection is, in some sense, close to the regular L? projection, the
L? bound is rather easy to obtain. It is a bit involved to obtain its H&éQ bound.

LEMMA 5. The mortar mapping 7; is bounded in L*(7;), i.e.,

(24) Imiwllzary < VBllwlizaey, Yw € L* (%)

and 7; is also bounded in H%Q(%), i.e.,

1/2
(25) ||7Tiw||H352(%) < CHwHHééQ(%)v Vw € HO({ (%)7

where the constant C' > 0 is independent of hy, ha, hi/hs, ha/hy and 6.

Proof. Let us consider the proof for 7. The proof for 7y is similar. Using (2), and

taking v, here denoted by v, which equals to 7w at the nodal points a}, a3, - -, a}

we obtain, S
Im1wl[ 2y < (Mw,v)p230) = (W, 0) 12(3y)-
Using simple calculations, we have
[0 7200y < 6llmwll7agy, ),
1/2

and (24) follows easily. We next estimate the Hy)” bound. Let w € H}(1). By the
triangle inequality and then the inverse inequality, we have

1
2 2
(26) ||7T1w||H362(71) <C (h—1||7T1w — Onwl|720,) + ||Qh1w||H%2(m> :

Here Qp, : V"(y;) — VM(v) is the usual orthogonal L? projection. Note that
m1Qp,w = Qp,w. Therefore, using (24) we have

27)  lmw = Quwliag,) = llmw — m Qnwlliz,) < Cllw — Qnwllzaey)-

The next step is to bound [|w—Qp, w||2(;,). Now we follow the proofs of Theorems
3.2 and 3.4 of Bramble and Xu [9]. Let us denote by Z" the usual nodal value

interpolant on the grid af,a{, a3, - -, a,, ,a,, 1. The interpolator is well-defined in
H'(v1). Let us denote by ¢,1 the standard basis functions associated to the continuous
piecewise linear functions on the grid af, ai, a3, - - -, a}, ,al, .. It is easy to see that

W =T"w —w(ay)pa — w(ay,, )P,
belongs to V"1 (). Therefore

Jw — Qpwl|r2¢yy) < lw — D 22()

< w =" wl| 120 + [[w(ar) @t [l 220y + 1w (an, )bas, Nlr2en)-
14



Since Z™Mw is well-defined for w € H'(v), by using a well-known result of Ciarlet
[14], we obtain

h
||w — I 1w||L2(71) S Ch1|w|H1(,n).
Using that w vanishes at af and a,, ,;, we have

w(a})] < Chy*w] i

+) and |w(a71m)| < Chiﬂlwh‘ll(’h)’

and then obtain

(28) Hw - Qh1w||L2('yl) < C(hl|w|H1('y1)-

Using that Qy, is a L? projection, we have |[w — Qp,w/|12(4,) < 2||w||£2(7,)- Then
by the interpolation procedure we obtain

1/2
(29) o~ Qe < Ol e,

The next step is to show that

(30) |Qh1w|H1(’YI) < C|w|H1('y1)'
Let wo = w on [ag, aj] and [a,, , a;, (4], and wy = w(ag)dei () on [ag, ay] and wy =

W (A, )Py, (%) 00 [ag,, 1, ay, ], and zero at the remaining points of ;. Hence,

|Qh1w|§{1('yl) <2 (|Qh1(w - w0)|§11(m) + |Qh1w0|%11(71)) .

By using an inverse inequality, the L? stability result (24), and the definition of
wp, we have

|Qnywol7p1 () < h—%HthIUOH%?(m) < h_%HwOH%Q(“) <

0:91 12 my—1°

C
5] (HWH%%& 1+ [[w(ar)@at 7201 a1y + Hw(a,lm)qba;nl [ at,) T HwHé(a}nl,a;lH))

< C|w|§{1(’n)'

In the last inequality, we use (21), which holds for functions w that vanish at a} and
1

Ay 1+
Note that Qp, (w—wq) = O, (w—wy), where Oy, is the standard L? projection in
the space of piecewise linear functions defined on the grids ai, ad, - -, ainl and vanish

at the end points aj and q,, . Hence by using standard results of the L? projection,

and some previous arguments, we obtain (30) by

|Qna (w = wo) 131y < Clw = wolp gy, < Cluoffpyy+
15



1
Cr (In0(@D)oug g ay + 0 Yo I, ) < Clulings
We then use (30), the L? stability of Qy,,, and an interpolation procedure to obtain

(1) QR

<
2 < Cllwll gy

(m)”

The inequality (25) follows from (31), (29), (27) and (26). O

To simplify the discussion of the next lemma we assume that Q; = (0,1) x (0,1)
is a unit square with sides parallel to the coordinate axes. The result of the following
lemma can be extended to any Lipschitz regions by using the techniques developed in
e.g. Necas [21]. Let the z-coordinate of 7, equal to 1. Let I's C €4 be the set of points
that is within a distance § of 7, and define ( = 9I's N );. Thus the z-coordinate of ¢
equals to (1 —9).

LEMMA 6. There exists a constant C' > 0 independent of o, such that

(32) ||w||%2(g) <C (||w||%2(71) + 5|w|§{1(r5))7
and

2 2 1 2
(3) el < C (Sl + 3l

hold for any w € H' ().
Proof. By using the Fundamental Theorem of Calculus we have

L Jw
w(l=0,y) =w(l,y) - /H 55 (5 y)ds.

Squaring both sides and taking the integral in y from 0 to 1, we obtain

/01( (1—5y))dy<2/ 1y)2dy+2/ (/lég:(sy)d> dy.

Now using Schwarz inequality on the last term,

/01( (1—5y))2dy<2/ ly)dy+2/ (/115@—:(8,1/))2%)@,

and (32) follows. To prove (33), we note that for z € (1 —6,1),

z Qw
w(l =6,y) = w(z,y) - /1_5 55 (5 9)ds,

which implies, by squaring both sides and using Schwarz inequality, that

9 9 L[ ow ?
(w1~ 4.1) sz(w@c,y)) va [ (Geem) ds).

16



The proof of (33) is now obtained by integrating this inequality over (1—4¢,1) x (0, 1).
0

REMARK 5.2. A similar estimate plays a very important role in the study of
the optimal convergence of the overlapping Schwarz methods with small overlap; see
Dryja and Widlund [17].

The next two lemmas are devoted to Case R. For a given overlap §, we introduce
a finite element triangulation of size O(8) on €. More precisely, we let 7°(£2;) be a
triangulation of €1, which may or may not be nested with 771 (Q;). We assume the
triangulation is quasi-uniform with size O(d) and V°(€);) is the space of continuous
piecewise linear functions on the triangulation 7°(Q;). We denote by +? the set of
nodal points of 7°(€);) belonging to 4;. Following Dryja, Sarkis and Widlund [18],
we define an interpolation operator IM : V1(Q;) — V°(Q,) as follows.

DEFINITION 1. Given w € VM (Qy), define ws = IMw € V°(Qy) by the values of
ws at two types of nodes of T°(Qy):
i) For an interior nodal point P € T°(Q)\3, let 7o € T°(Y) be a
triangle with P as one of its vertices. We define ws(P) as the average
of w over 7p, i.e., [, wdx/ [ 1dx.
i) For a boundary nodal point P € 2, let 7p € T°(Y) be a triangle
with P as one of its vertices, and having an edge on ;. We de-
fine ws(P) as the average of w over Tp N1, i.e. the line integral

ffpﬂ’yl wdS/ ff’pﬂ’yl 1d8

LEMMA 7. There exists a constant C' > 0, independent of 0 and hy, such that

(34) (I = 3wl 200) < C 6wy,
(35) |15Mw|H1(Ql) S C |w|H1(Q1),
and

(36) 1137 w| 12031y < C Jw] 12(sy)

hold for any w € V™" ().

REMARK 5.3. A proof can be found in the paper of Dryja, Sarkis and Widlund
[18].  The interpolation operator I} is used only as part of the proof of the next
lemma, not in the implementation of any of the algorithms proposed in this paper.

For the next lemma, let us assume that ( is aligned with the h;-grid, and let HS
be the h;-discrete harmonic extension operator in V" (T's) with boundary data on v,
and zero data on 9I's\y1. Also, let H; be the hy-discrete harmonic extension operator
in VM () with boundary data on v, and zero data on 9§2;\;.

LEMMA 8. There exists a constant C' > 0 independent of & and hy, such that

1
6,012 2 2
(37) Hiwliney < C (Il + 5holE, )
17



for any w € Vi (vy).
Proof. Using a triangle inequality, we have

|H(15w|%{1(f‘5) S 2|H(15(’LU - [é\/lw)ﬁ{la\é) + 2|Hf[§4w|§{1(pé) = 2[1 + 2[2

Let 65 be a smooth function with values equal to one on 7, and to zero on Q;\I's. Let
I}, be the usual pointwise piecewise linear continuous interpolation operator. Using
the fact that the discrete harmonic extension has minimal energy,

Iy < |In, (0s(Haw — I Hyw)) [ ) <

1
C <|H1’LU — [é\/[leFHl(Ql) + ﬁHle — [é\/lHl’LUH%Q(QI)> .

In the last inequality, we used the standard estimate as in the additive Schwarz theory
(see e.g. [17]). Finally we use (34) and (35) to obtain

L < C|H1w|%{1(ﬂl) < CHwHiléf(,Yl)'

Using again that the discrete harmonic extension has minimal energy, and estimate
(36), we obtain

C
L<C Y (IMw)(zy) < HwHL2

Tp G’Yis

The proof of the lemma follows immediately. O
REMARK 5.4. This lemma is used only for Case R.

6. Numerical experiments: Accuracy. To support the accuracy theory de-
veloped in the last few sections, we conduct some numerical experiments. We only
consider Case R, and the problem domain is shown in Fig. 1. In all tests, we assume
that the exact solution u has the form

u*(z,y) = (sin(ﬂx) + sin (gx)) sin(7y)

and Q = (0,2) x (0,1). We denote Qf = (0,1) x (0,1), Q3 = (1,2) x (0,1). and
the computed solution u = (uy,us) € V. Let I, be the pointwise piecewise linear
interpolation operator in 7". The error that we report in this section is defined by

e =(e1,e3) = (Ip,u" — uy, In,u™ — uy).

Our theory applies only to the H' norm, but three discrete norms L% L* and H'
are used to measure the numerical error. More precisely, we use

lellz=o wrelumo + el gy



TABLE 1
The initial grid on 1 is 6 X 5 and 5 x 4 on Qs. The element sizes are hy = 0.2 and hy = 0.25.
d =0.45. In row I, the number in ( ) is the ratio with the number in row [ — 1. The ratio indicates
the order of the accuracy of the discretization.

I? L® H! L=(Ve)
8.629D-02 0.1375 1.363 1.717
2.274D-02(3.79) 3.754D-02(3.66) 0.7108(1.92) 0.8636(1.98)
5.905D-03(3.85) 9.469D-03(3.96) 0.3569(1.99) 0.4346(2.00)
1.480D-03(3.99) 2.375D-03(3.99) 0.1785(2.00) 0.2172(2.00)
(4.00) (3.99)
(4.00) (4.00)

3.704D-04(4.00) 5.945D-04(3.99) 8.927D-02(2.00) 0.1086(2.00)
9.264D-05(4.00) 1.486D-04(4.00) 4.463D-02(2.00) 5.429D-02(2.00)

o~ o~ o~ o~ ~]| =~

|
o | | | = O

TABLE 2
We fix the refinement tol = 5, i.e, hy = 0.2/32 and ha = 0.25/32. The grids are (160+ovip)x160
and (128 + ovlp) x 128.

L’ L® H! L>(Ve)
ovlp=1 |9.159D-05 1.415D-04 4.462D-02 5.429D-02
ovlp =2 |9.158D-05 1.415D-04 4.463D-02 5.429D-02
ovlp=4 | 9.170D-05 1.417D-04 4.462D-02 5.429D-02
ovlp =8 |9.190D-05 1.421D-04 4.462D-02 5.429D-02
ovlp = 16 | 9.220D-05 1.435D-04 4.463D-02 5.429D-02
ovlp = 32 | 9.264D-05 1.486D-04 4.463D-02 5.429D-02

Similarly, we can define ||| ;1(q). [|e]|z=(q) is given as

le]| e (@) = max{|le|| Lo (y), el (@) }-

The refinement is done by simply cutting each triangle into four equal triangles. We
use [ to denote the level of refinement.

In the first test case, we take h; and hs close to each other. We choose 2; =
(0,1.2) x (0,1) and €y = (0.75,2) x (0,1). The overlapping size is fixed to § = 0.45.
The initial mesh (i.e. I = 0) sizes are h; = 0.2 and hy = 0.25, which translate to two
non-matching grids of 6 x 5 and 5 x 4. The results are summarized in Table 1. Five
levels of uniform refinements are performed. One can see clearly that the method is
of first order in H'(Q) and second order in L?((2).

We next examine the dependence on the overlap. We fix the mesh sizes at h; =
0.2/32 and hy = 0.25/32, i.e. the refinement level | = 5. Let ovlp be an integer
denoting the number of elements in the x direction in the overlapping region, we let
ovlp go from 1 to 32. The results can be found in Table 2. As predicted in Theorem
1, the accuracy is independent of the overlap.
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TABLE 3
We fix the overlap delta = 0.275. The initial grid is 6 X 5 and 5 x 4. The table below gives the
error on 1 and Qo when we refine both grids uniformly with different level of refinement denoted
by la, and lq,, respectively.

L? L H! L*>(Ve)
error in ()
lo, =3, lg, =0 | 3.059D-02 7.890D-02 1.538 0.6549

lo, =4, lo, = 1 | 8.126D-03(3.76) 2.238D-02(3.52) 0.6592(2.33) 0.3942(1.66)
lo, =5, lo, = 2 | 2.119D-03(3.83) 6.177D-03(3.62) 0.3070(2.14) 0.1417(2.78)

error in )

lo, =3, lg, =0 | 4.732D-02 9.488D-02 0.3460 1.2002

3
lo, = 4, lo, = 1 | 1.294D-02(3.66) 2.596D-02(3.65) 0.1754(1.97) 0.6110(1.96)
lo, =5, lo, = 2 | 3.310D-03(3.91) 6.709D-03(3.87) 8.646D-02(2.03) 0.3095(1.97)

Instead of using the same level of refinement in both subdomains, we experiment
with different level of refinement denoted by lg, and lg,. We also measure the error
separately in €; and Qy. We start with the same initial mesh (6 x 5 and 5 x 4), and
refine three times in each subdomain with levels equal to lo, = 3,4,5 and lg, =0, 1, 2.
The results are provided in Table 3.

7. Additive Schwarz preconditioners. The linear system of equations corre-
sponding to (3) is usually large, sparse, symmetric positive definite and ill-conditioned.
Preconditioning is necessary if iterative methods are used to solve it. In this section,
we introduce several additive Schwarz preconditioners. A good introduction on the
abstract additive Schwarz method (ASM) and its theory can be found in the book
by Smith, Bjorstad and Gropp [28]. The key element of the abstract ASM theory is
the introduction of a bounded decomposition of the finite element solution space V.
Three such decompositions will be discussed in this section. Some numerical results
are given at the end to support our theory.

7.1. An additive Schwarz method based on the harmonic extension
(ASHE). We first introduce a method that uses discrete harmonic extensions in the
overlapping region. The subspace decomposition is given by

V=TV + TVa, Vi=VM(Qy), Vi=V2(Q),

where the interpolation operator Z; : V5" () — V*(Q) is given as follows: For
v € Vi (), we define Zyv; € V*(Q) by

vy in € (interior, zero on ;)
Tiv; = { Ty on o
Hillgﬂ'gvl mn QQ
20



and the interpolation operator Zp : V5 () — V() is given as follows: For vy €
Vi2(€y), we define Zyv, € V() by

Uy in  Qsq(interior, zero on ~s)
Tovg = { Vs on M
h .
Hismvg in €.

Let the bilinear forms b;(us, v;) @ Vi (Q:) x V() — R, i = 1,2, be defined by

(38) bz(ul, Ui) = ai(ui, ’UZ') = / Vul . V’Ui dz.
Q;

The subspace projection operator T} : V*(Q) — Vi"(Q,),i = 1,2, satisfies

bi(Tu,v) = an(u,Tw), Yo € V" ().
Now we define the operator T, = Z;1; : V"(Q) — V*(Q), and let
T - Tl + TQ.

To analyze the spectral condition of the operator T', we use the abstract ASM
theory. The following lemma is a slightly modified version of the abstract ASM
lemma in Smith, Bjgrstad and Gropp [28], for two overlapping subregions with no
coarse space.

LEMMA 9. Suppose the following three assumptions hold:

i) There exists a constant Cy such that for all u € V*(Q) there exists
a decomposition u = Y7, Tyu, u; € Vohi(Qi), with

2
Z bi(ug, u;) < Chan(u,u).
i=1

ii) There exist constants €;;,1,7 = 1,2, such that

ah(Iiui,Ijuj) S Eij ah(Lui,Iiui)l/Qah(Ijuj,Ijuj)1/2

Vu; € V() Vuy € Vi (Q).
iii) There exists a constant w such that
ap(Ziug, Ziwg) < wbi(ug,u;) Yu,; € Voh"(Qi),i =1,2.
Then, T is invertible, ap(Tu,v) = ap(u, Tv), Yu,v € VH(Q), and
(39) Co *an(u,u) < ap(Tu,u) < (p(E)w)an(u,u) Yu € V(Q).

Here p(&) is the spectral radius of €, which is a 2 x 2 matriz made of {e;;}.
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We estimate the condition number of 7" in the next theorem. Both Case R and
Case L are considered. For Case R, we define the overlapping size ¢ as usual, and for
Case L, we assume that § = O(1).

THEOREM 2. Assume that Assumption 1 holds. Then,

cdap(u,u) < ap(Tu,u) < Cap(u,u), Yu € V"(Q),

where ¢ > 0 and C' > 0 are constants independent of h; and 6. Therefore if the overlap
is sufficiently large, i.e., 6 = O(1), the preconditioner is optimal.

Proof. We follow the abstract theory stated in Lemma 9. We need only to verify
the three assumptions.

Assumption i). Given v = (vy,v,) € V*(Q), we define u; € Vi () as follows:

h h .
Uy = v — H121U1 = V1 — Hml (7'('1’02) m Ql,
and
= vy — H{30 = vy — H{3 in Q
Ug = V2 12V2 = U2 12 (’/TQ’Ul) m 2.

It is easy to check that u; € VJ”(QZ-) and that v = Zyuq + Zouo, since

H?lel + H%mvg = U in Ql
T Touy = )
1ty + Lotiz { H127T2?)1 + vy — H?%’UQ = V2 m QQ.
For i =1, 2, we have
(40) a;(ui, u;) < 2 (az(vz, v;) + a;(Hiv;, HY 2%)) < gai(vi,vi).

To obtain the last inequality, we use Lemma 8 and the standard trace theorem

1 C
2 2
Mgl <€ (Ioll2png,) + 510l ) < Foitovi).

Note that the above inequality holds for Case L with 6 = O(1). From (40), we obtain
CZ = /4, since

C
by (uy, uy) + ba(ug, ug) < gah(u,u).

Assumption ii). It is easy to see that p(&) < 2.
Assumption iii). We prove for i = 1. Let u; € V5" (). Then,

ah(Lul,Lul) S 2(11 (Ul, Ul) + 2@2 (H}f% (7T2U1), H}f% (7T2U1)> .

To bound the second term, we again use Lemma 8, which implies that

1
103 et gy < € (ol + 5l )
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To bound ||mauy || H2 (1) W€ apply the H&éQ stability result of Lemma 5
00

||7T2U1||§{352(72) < C||U1||§{éé2(72) < Cay(uy,uy).

To bound ||maus | 12(5,), We use the L? stability result of Lemma 5
[72ui(| 72y < ClluallZey)

and use the fact that u; vanishes on 7, and Lemma 6 we have
||U1||%2(72) S Co bl(ul,ul).

Therefore w = C', which appears in the above inequality. O

REMARK 7.1. We remark that if the overlap is sufficiently large, i.e., 6 = O(1),
then the algorithm is optimal in the sense that the convergence rate is independent of
the mesh parameters hy and hy. The large overlap condition is satisfied automatically
for Case L.

7.2. An additive Schwarz method based on the trivial extension (ASTE).
We propose another additive Schwarz method in which the harmonic extension op-
erator used in the previous subsection is replaced by a trivial zero extension. This
method is computationally cheaper and easier to implement. Let us recall the defi-
nition of the trivial extension operators. For i = 1,2, let &' : V() — V() be
the zero extension of r* to Q;, i.e., &r* = r' at the nodes a},a}, -, al, _;, and Er’
equals to zero at the remaining nodes of 7"

The subspace decomposition is given by

Vh = j1V1 +f2V2, Vi= Vohl(Ql)> Vi = V0h2(92)>

where the interpolation operator Zy : V() — V™(Q) is given as follows: For
vy € V(Qy), we define Zyv; € V(Q) by

U1 mn Ql
Il’Ul = T2V on 7y
SQ’/TQ’Ul mn QQ

and the interpolation operator Z, : V() — V() is given as follows: For v, €
Vi2(9y), we define Zyv, € V() by

Vo mn QQ
IQ Vg = 1V on v
51 1V in € 1-

The bilinear forms b;(u;, v;) : Vi (€) x Vohi(Qi) — R, i = 1,2, are defined the same
as in (38). We define the projection operator T : V() — V" (%),i = 1,2, by

~

bi(nuav) = ah(uaj—iv)7 Vo € ‘/E]hl(Qz)
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Now we define the operator T, = Z;T}; : V() — V*(Q), and let T = T} + Ty. The
spectral bounds of T" are estimated in the following theorem. Again, for Case L, we
assume 0 = O(1).

THEOREM 3. Assume that Assumption 1 holds, and let h = min{hy, ho}. Then,

)
chap(u,u) < ap(Tu,u) < C Eah(u,u), Yu € V(Q),

where ¢ > 0 and C > 0 are constants independent of h; and d.
Proof. We only need to verify the assumptions in Lemma 9.
Assumption i). Given v = (vy,vy) € V*(Q), we define u; € V3" (Q;) as follows:

Uy = v — 511}1 =V — 51(7’(’11}2) mn Ql,
and
U9 = Vg — (‘:2/02 = Uy — 52(77'21)1) mn QQ.

It is easy to check that u; € VO}”(Qi), and that u = Zyu; + Zous. It is straightforward
to show that

bi(ui, u;) < hgai(viyvi) < hgah(vav)

and therefore CZ = C/h.
Assumption ii). It is easy to see that p(&) < 2.
Assumption iii). We only discuss the case i = 1. Let u; € V5" (). Then,

an(Tyur, Tyuy) < 2 (ag(uy, uy) + ag(Ex(mauy), Ea(mauy))) .
Using an inverse inequality and the L? stability result of Lemma 5, we obtain
g g < g 2 < 2
az (Ex(mauy), Ex(mauy)) < H7T2U1HL2(W) > HU1HL2(W)-
ha hs
Recall the fact that u; = 0 on 1, and using Lemma 6, we have

[t 12205y < COlualin,ny-

Note that for Case L, 6 can be replaced by 1. Therefore,
A . 0
ah(Ilul,Ilul) S C h—bl(ul,ul).
2
Similarly, we can get
A . 0
an(Zoug, Zoug) < C h_bQ(U%UQ)'
1

Thus, we can take w = C 0/h. O
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REMARK 7.2. The algorithm is not optimal, and both lower and upper bounds
are dependent on h and the overlapping size 6. But, the algorithm is easy to imple-
ment. A slightly improved version of the algorithm is given in the next subsection. A
comparison with ASHE is given in the numerical examples section.

REMARK 7.3. The upper bound depends on d in a rather bad way, i.e., it increases
when the overlap increases. This also shows up in the numerical examples.

REMARK 7.4. We note however that the lower bound for Case R can be improved
from Ch to Ch/(1 —0) for large overlap. For the proof we use (32) to obtain

1 1 1—96
2 2 2
[E101li 0y < C_hl [01l[Z2¢0) < C_hl loallz2(y) < C—

2] 71 @\1)-

7.3. A method based on a modified trivial extension (ASTE1). Both
of the upper and lower bounds of ASTE depend on the mesh parameters. Here we
propose a modification of the bilinear form b;(-,-) and as a result the upper bound
becomes independent of the mesh parameters. We assume the subspace decomposi-
tion is the same as in the previous subsection. Here we modify the bilinear forms,

e, bi(ug, v) s V() x V() — R, i = 1,2, are now defined by:
h h
by(uy,uy) = (1 + h_1> ay (ug,uy) + h—l Z i (),
2

and
b (ug, us) = (1 + %) as(ug, ug) + % > uj(z).
! ! zeph2
Here D;-” (i # j) denotes the set of mesh points  in the triangulation 7", such that
supp(z) N5 7 0.
We define the projection operator Tj : V*(Q) — Vi (Q),i = 1,2, by
bi(Tu, v) = an(u, Zw), Yo € V().
Now we define the operator T; = Z;T; : V*(Q) — V*(Q), and let T = T} + Tp.

THEOREM 4. Assume that Assumption 1 holds, then

1 1\ !
c (h_ + h_) an(u, ) < ap(Tu,u) < Cap(u,u), Yu € V"(Q),
1 2
where ¢ > 0 and C' > 0 are constants independent of h; and 6.
Proof. We exam the assumptions in Lemma 9.
Assumption i) Given v = (v, v5) € V() we define u; € V5 () as follows:

Uy = v — 51?}1 =V — 51(7'('1’02) mn Ql,
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and
Uy = Vg — 62?}2 = Vg — SQ(’/TQ’Ul) mn QQ.
We have
h
bl(ul,ul) S 2 (1 + —1> (al(Ul,Ul) + (ll(gﬂ)l,gﬂ)l)) + h—l Z U%(l‘)

2 _h
D21

h 1
<o (18] (o m) + i)

C 2 2
o (Il + o)

where 75" and 7, are the lines parallel to 7, and contain the nodal points of Dj.
Using the standard trace theorem, we have
1 1
bl(ul,ul) S C (h_l + h_2> al(vl,vl).
And similarly
boluz, ) < C (5 + - ) ax(o, v2)
Ug, U — 4+ — ) az(vg, v2).
2\W2, U2) >~ hl hg 2\V2, U2
Adding these estimates, we get
1 1
by(ur,uy) + ba(ug,uz) < C (— + —> an(u, u).
hi  he
Therefore, C§ = C(5; + 75)-
Assumption ii). p(€) < 2.
Assumption (iii). For u; € VJ"(Qy), and using the L? stability of Lemma 5

N N 1
ah(Lul,Lul) S 2@1(U1,U1) + C’h—||u1||%2(72)
2
Now we use inequality (33) for a strip Di' of width 2h4, i.c.,

1
||u1||%2(,y2) < C <h1|u1|§{1(D31) + h_1||u1||22(D;1)>

to obtain

. . h h
ah(Lul,Lul) S C (1 + h_1> al(ul,ul) + h—l Z U%(I) = Cbl(ul, Ul).
2 2 D;l
Similarly, we have
ah(jgul,j'qu) S CbQ(UQ,UQ).

Thus, we obtain w = C. 0O
REMARK 7.5. Note that the bounds appear in the lemma are independent of the
overlapping parameter ¢, even for Case R. Numerical examples given in the next sec-
tion indeed show that increasing overlap does not decrease the number of iterations.
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8. Numerical Results: Preconditioning. In this section, we present some
numerical results concerning the convergence rate of the preconditioned conjugate
gradient(PCG) methods. We are particularly interested in the dependence of the
algorithms on the mesh parameters h; and hsy, and the overlapping size 6. All tests
are for Case R.

In Table 4, we present the number of PCG iterations and the condition number
of the preconditioned system for each of the three algorithms, plus the case when no
preconditioner is used. We stop the iteration when the initial preconditioned residual
is reduced by a factor of 107'2. The initial grids are 6 x 5 and 5 x 4, and the grids
are refined simultaneously for up to [ = 5 times. The overlapping size is fixed at
0 = 0.45. It can be seen clearly that the number of iterations for ASHE stays as a
constant, however all other methods have some dependence of the refinement level.
The modified method ASTEL1 is considerably better than ASTE.

TABLE 4
A comparison of four methods in terms of the iteration numbers and condition numbers, given
in (). The initial grids are 6 x 5 and 5 x 4. The overlap is fized at 6 = 0.45. 1 is the level of
refinement.

no prec ASHE ASTE ASTE1
[=0127(15.8) 14(3.0) 17(3.7) 19 (3.8)
l=1160(73.5) 14(2.2) 22(6.5) 21(5.5)

[=21121(310.95) 14(2.6) 28(14.8) 26(9.4)

[ =31241(1270.) 14(2.5) 37(38.2) 31(17.3)
l=41472(5132) 13(2.5) 54(118.4) 39(33.1)
[ =51916(20621) 13(2.5) 85(404.4) 52(64.6)

In the second set of tests, we fix the mesh sizes and vary the overlapping parameter
0. As predicted by our theory, ASHE gets better when the overlap becomes larger.
The other two preconditioners do not share this property. The results can be found
in Table 5. We should mention that although ASTE and ASTE1 do not perform as
well as ASHE they still have practical value since they are much easier to implement.

9. Concluding remarks. In the first part of the paper, we introduce a mortar
finite element method defined on overlapping non-matching grids. An optimal accu-
racy theory is provided for the two-subdomain cases. When a geometrical condition
is satisfied we prove that the accuracy is independent of the overlap, as well as the
ratio of the subdomain mesh sizes. In the second part of the paper, we study three
additive overlapping Schwarz preconditioning techniques. One of the preconditioners,
based on the local harmonic extension, is optimal in the sense that the convergence
rate of the corresponding PCG method is independent of the mesh parameters hy
and ho. Much more work needs to be done in the area of overlapping mortar element
methods, such as extending the methods and theory to the case when more than two
subdomains overlap, and to three dimensional problems.
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TABLE 5
Verifying the overlapping size. The mesh sizes are hy = 0.2/25 and hy = 0.25/2°%. The actual
meshes are (160 + ovlp) x 160 and (128 + ovlp) x 128. Note that ovlp = 32 is the same as § = 0.45.

no prec ASHE ASTE ASTE1
ovlp =1 | 751(14418) 50(74.4) 61(116.0) 44(101.0)
ovlp =2 | 759(14585) 32(27.3) 65(158.8) 53(99.0)
ovlp =4 | 774(14937) 22(12.6) 70(230.4) 49(95.5)
ovlp =8 | 788(15702) 17(6.1)  74(318.2) 49(88.2)
ovlp =16 | 809(17364) 15(3.3)  79(396.4) 48(77.6)
ovlp = 32 | 916(20621) 13(2.5) 85(404.4) 52(64.6)
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