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A linear PDE of the form
u, = Lu, 4.1)

where t usually denotes the time and L is a linear elliptic differential operator in one
or more spatial variables, is called parabolic.

Furthermore, the second-order canonical form
a(x, t)uy + 2b(x, t)ux, + c(x, t)uxx + lower-order terms = f(x, t)

is parabolic if b — ac = 0 in the entire x and t domain.



e 1D heat equation with a source

U =uyx + f(x,1).

The dimension refers to the space variable (x direction).

e General heat equation f(x,t,u)

u =V - (8Vu) Hf (x, 1)} 4.2)

where [ 1s the diffusion coefficient and f(x, ¢) 1s the source (or sink) term.

e Diffusion—advection equation
u=V-(BVu)+w-Vu+f(x,t),

where V - (8Vu) 1s the diffusion term and w - Vu the advection term.



Initial and Boundary Conditions

, U = Uxx ona<x<b

u(x,0) =up(x) =0 ona<x<b

u(a,t) =g1(t) [

\ up(a) =g1(0) and uy(b) = g2(0)
u(b, 1) = g(1) for consistency

Finite difference methods applicable to elliptic PDES can be used to treat the
spatial discretization and boundary conditions, so



4.1 The Euler Methods
U= Puyx + f(x,t), a<x<b, t>0,
u(a: t) — 81 (r): ”(b: I) =g2(f), ”(x: 0) — HO(JC) ;

Steps to find a numerical solution:

1. Generate a grid.

h—
X;=a+ih i=0.1,....m h=->-2

T o ok +1
t*=kAt, k=0,1,....n, At=—.

H
2. Approximate the derivatives with finite difference ¢ * k

approximations.



4.1.1 Forward Euler Method (FW-CT)

u(xi, t5 + A1) —u(xi, t%)  u(xi_q, %) — 2u(xi, t%) + u(xiy, £5)

At 7 h? k+1
+ f (x;, fk) + T'(x;, tk) .
The local truncation error: °
h? At
T(xf; rk) — —l—fuxxxx(x,;, fk) -+ 7”3;(}{1‘} fk) —+ .. O(hz + Af)
k+1 k k k
FW-CT scheme: U — U _ g% 2U; + Ui - £k

At h?
When k =0, U is the initial condition at the grid point (x;, 0);



The method is called because the solution at the next time level k + 1 is
obtained from the solution at previous time steps.

Uk . —2UF + U*
UfC—{—l — Ufc _|_ .&t (/8 i—1 [ Ik); j

" 4Ly r =1,2,...m—1. (4.9

Remark 4.2. If f(x,¢)=0 and S 1s a constant, then from u; = Bu,, and u;; =
BOuyy /0t = fO%u; ] 0x* = *uxxxx, the local truncation error is

2 2
T(x, ) = (ﬁ f‘f ’312 ) Uxxx + O ((Ar)2 + hf‘). 4.5)

Thus if 3 1s constant we can ChOOSE[ﬂ.I:hE / (6;3)] to get O(h* + (A1)?) =
O(h%), i.e., the local truncation error is[ fourth-order }100111‘&'[6 without further
computational complexity, which 1s significant for an explicit method.




Example

U= Puxx +f(x,1), a<x<b, t>0,

u(a,t) =0 u(b,t)=10

B=1, f(x) = —sintsin(rx) + cos ¢ sin(mwx)m?.

The true solution is u(x, ) = cos ¢ sin(7x).



P o - - - - - - - — - — — —

a=0; b=1;t=0;

m=10; n=20;

h =(b-a)/m;

k =(h*h)/2;

tau = k/(h*h);

fori=1:m+1,
X(i) = a + (i-1)*h;
y1(i) = uexact(t,x(i));
y2(i) = 0;

end

plot(x,y1); hold

_______________________________

end

fori=2:m
y2(i) = y1(i) + tau™(y1(i-1)-
2*y1(i)+y1(i+1)) + k*f(t,x(i));

end

plot(x,y2);

pause(0.25)

t=t+k;

yl=y2;
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Figure 4.2. (a) Plot of the computed solutions using two different time step
sizes and the exact solution at some time for the test problem. (b) Error plots
of the computed solution using the two different step sizes: one is stable and

the error is small; the other one is unstable and the error grows rapidly. .
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{ The method works well when () < Atr < h , but blows up when At > %
The method is consistent  7T(x,¢) = O(h* + At)

> This is a question of

l

A time step constraint, often called the (Courant—Friedrichs—Lewy)
stability condition

2BAt h?
iz <1, or O0<At<—

<35

0<

If not satisfying the the CFL condition, the error increases as time envolves,
happens due to the instability of the algorithm.



4.1.2 The Backward Euler Method (BW-CT) R
Ukt _ k Ua_’H—ll _uktl 4 pyktl k
- 41 1
! N L — 1;2 HLp L k=0,1,.... @47
To get the approximate solution at the time level k + 1:
1 + 2” — 1 r U{C_H 7 B Uk 4 Affk—H + ﬂg{CH 7
. . k+1 |
po 1+2p —p U, Uk + Aty
1+ 2 —p Uyt Uk + Atfit!
At
i—z —u 14+2u0 —p U'IC+1 2+Affk+1
_ —u 142 LU UK 1+Affk+i + gyt

12



. first-order in time
The time step size At=h?/(2/3) to meet the CFL condition.

If h = 0.01, the final time is T = 10 and § = 100, then we need 2 x 107 steps to
get the solution at the final time.

. first-order in time

The truncation error: T(x,t) = O(h* + Af)

If we want second-order accuracy 0(h2) , we need to take A¢—= 0(}12) .

At=1/(26)



4.3 The Crank—Nicolson Scheme k+1

Intuitively, the Crank—Nicolson scheme approximates the PDE

o o k
= (B +£(x,1)

at (x_,;,[rk +ﬂr/2b, by averaging the time level t* and t*t! of the spatial
derivative V - (8Vu)) and f(x, ¢). Thus it has the following form

k k k k
[];C-i—l . U:'C B /81-_% Cﬂ:c—l o (/8.!-_% +181_{_%)Cﬂ:c +K31.+% it
At Lz}hz

k+1 rrk+1 k+1 k+1 k+1 k+1 r7k+1
gElUHt — (B 4 g US4 A UK,
i i—3 H—z H’z

L i = + oy (FE 1) @)

14




The discretization iIs second-order in time.

t+ Af) — 1 [/ Ar\?
LHS: u(x, + ) u(x, t) =u;(x, t + &t/Z) + = _t Hr:r(JC, [ + &I/Z)
At 3\ 2
+0((An)"),
Recall that we need LHS — RHS so that u; and u,.,
are cancelled.
—h,t) — 2u(x,t h
Suxoh) DG ) R ux Y _ o+ o),
B 2h?
RHS: u(x —hyt+ At) — 2u(x, t + At) + u(x + h, t + At)

202 = (X, 1+ A1) + O(K),

—»% (uxx(x, ) + s (3, £ + At)) =uw(x, 1+ At/2) + O((At)?),

15



« At each time step, we need to solve a tridiagonal system of equations to get U**1.

With fast tridiagonal solver (Burden and Faires 2010), the computation complexity

Is similar with the explicit Euler method.

« Although the Crank—Nicolson scheme is an implicit method, it is much
than the explicit Euler method since it is

accurate.

Forward Euler scheme

Crank—Nicolson scheme

Order In time

First-order

Second-order

Time step size

h2

At = —
2p

At = h

Time steps

int (%)

)




4.3.1 The 0-Method

For the heat equation #; = uxx + f(x, ?)

{];C—i-l - Ufc _‘952 Uk 2 k+1 k k+1
At — YYxx Vi +(1 _6)53:x(]£ +9le +(1 _Q)f;
0=1 The explicit Euler scheme First-order
1/2<60<1 The method iIs conditionally stable | First-order
6 =1/2 The Crank—Nicolson scheme Second-order
0<0<1/2 The method is unconditionally stable | First-order
6=0 The backward Euler scheme First-order

17



4.4 Stability Analysis for Time-dependent Problems

o0

Consider u(x)ELz(—oo,oo),f.e.,/ u*dx < 0o or ||ul|» < co.

— 00

The space domain The frequency domain

u(x) — u(w)

1 ®
The Fourier transform  &(w) = —— e “u(x)dx
\ 2?1' /r;x:

The inverse Fourier transform  u(x) = — N / "“’x"(w)dw
v

18



Properties of Fourier transform

ou
— = Wi
0x

T
Ox™m

(o) __,
O — —IXU

The Parseval’s relation

= (iw)™ i

>0
il = a2 or [ jaPds= [

— 00

o0

o0

|u|*dx

19



Example

U = By, —oo<x<oo, t>0, wu(x,0)=uy(x), lm u=0,
| x| =00

Apply the Fourier transform to the PDE and the initial condition,
= Buge) or G=p(iw)i=—pwt,  i(w,0)=io(w),
and the solution of this ODE i1s
i(w, 1) =ii(w,0) e P

Consequently, if 8 > 0, from the Parseval’s relation, we have

N - - .
lull2 = [l = [lia(w, 0)e™ |l < [luo ]l

Actually, it can be seen that lim, ., ||#|[» =0 and the second-order partial
derivative term is called a diffusion or dissipative. If 5 <0, then lim,_, ||u||2
= 00, the PDE 1s dynamically unstable.

20



4.4.2 The Discrete Fourier Transform

Definition 4.8. If ..., v_>,v_1,vo, Vv, v2,... denote the values of a continuous
function v(x) at x; =i A, the discrete Fourier transform is defined as

(€)= b Z he %My, (4.19)

j__m u(w) = T /_: e “*u(x)dx

Definition 4.10. The 1nverse discrete Fourier transform i1s

S " e (&) de (4.21)
j —_— 2?1. _ﬂ"jh . .

IWI“‘ (w)dw

1 o0
A4 27 /m 21

u(x) =



We also define the discrete norm as

||v||@=\ S ) (4.24)

j=—00

which is often denoted by ||v|[3. Parseval’s relation is also valid, i.e.,

7 /h CO
= b@Pd= 3" Ayl = v} @29

—7/h

j=—00

22



4.4.3 Definition of the Stability of a FD Scheme

A finite difference scheme ijhvf =0 1s stable 1n a[stability region A}if for any
positive time 7 there 1s an integer J and a constant C7 independent of A¢ and
h such that

J
V' lls < Cr Y IV ]In, (4.26)
j=0
for any n that satisfies 0 <nA¢ < T with (At, h) € A.

* The growth of the solution is at most a constant multiple of the sum of
the norms of the solution at the first /] + 1 steps.

« A corresponds to all possible At and h

23



Theorem 4.12. If [||1rk‘"1 1n < ||¥¥]] h} is true for any k, then the finite difference
scheme is stable.

Proof From the condition, we have
IVl < IVl < - < VIR < V01l s

and hence stability for /=0 and Cr=1.

This condition Is stronger than (4.26), but it iIs more useful.

24



4.4.4 The von Neumann Stability Analysis for FD Methods

Discrete scheme

4

Apply discrete Fourier transform

\ 4
Compute growth factor g(¢)

\ 2
Find stability region (|g(&)| < 1?)



Example The forward Euler method (FW-CT) for the heat equation

Uy = ﬁ”xx
Discrete sch e+l _ Ik _ bas
iscrete scheme (,; _[{;‘_;_ﬂ([/jf_l zU;_f_|_ LjH): p= et
Apply discrete Fourier transform
Uk = b m/h IL f]k(g)dg Uk . = 1 "/ oiih Sk @k(g)dg
/ V2T J_n/h j o V2 —m/h |
w/h
L 1L i€ jh k1
Uk — i€ jh ,—i€h { k(£ 4 U = —— e~ TUNT (€)dE
j—1 m —?r,fhe € (&) f J oL —n/h

26



Substituting these relations into the forward Euler finite difference scheme

h
ei&jﬁ i/rk—}—l (é—)d&- _

1 - - .
- !E ih —ikh iEh Uk
\/2_77 ./—ﬂ'/'h j l +'u(€ 2+€ )) (f)df

L

Growth factor
The discrete Fourier transform is , which implies
U (€)= (14 ple™™ =2+ 6)) T =g()T*(e),  (4.33)
where
Find stability region g(é) =14 p(e ™" —2 4 &M (4.34)

is called the growth factor. If |g(€)| < 1, then | U¥*!| <|U¥| and thus ||[U*!||, <
|U¥||,, so the finite difference scheme is stable.

27



From the Euler equation

g(&) =1+ p(cos(—&h) — isin(€h) — 2 + cos(Eh) + isin(Eh))

| (4.35)
=1+ 2u(cos(&h) — 1) =1 — 4psin®(¢h) /2,

Note that
—1<1—-4u<l —4p,sin2(§h)/2=g(f)§l, (4.36)

Thus a sufficient condition for the stability of the forward Euler method is
h2

~1<1-4u or 4u<2 or Ar<io. (4.37)

28



4.4.5 Simplification of the von Neumann Stability Analysis

UFH—I =f(Uk, UﬁH—l)

Theorem 4.14. Let 60 = h¢. A[one-step [finite difference Scheme} (with constant
coefficients) is stable if and only if there is a constant K (independent of 0, At,
and h) and some positive grid spacing Aty and hy such that

condition (4.38) can

(0, At, h)| <1+ KAt (4.38)

forall and 0 < h< hy. If g(0, At, h) is independent of h and At, then the stability
be replaced by

g(0)[< 1. (4.39)

Thus only the amp]

ification factor g(h€) =g(6) needs to be considered, as

observed by von Neumann.

29



The von Neumann stability analysis usually involves the following steps:

1. set UJ’:‘ — ¢7"¢ and substitute it into the finite difference scheme:;

2. express Urt! as Ut = g(€)ef, etc.;
3. solve for g(¢) and determine whether or when |g(€)| <1 (for stability);

4. if there are some £ such that |g(£)| > 1, then the method is unstable.

30



Example The backward Euler method for the heat equation u; = Buyx

— olh§ k+1
Step 1. %ﬁgki/'g/ Uj T =g(&)eM
At
sep2. (U =09+ u (US4 - 307 + f:;) u="L2t

Step 3. g(€)elE = elhE 4 (ez}g(}‘—l)h _ 2t e!’E(H-l)h) g(£)
= &7 (1 + (e—ffh —2+ e"’f"’) g(&)),

g(&) = 1 The backward Euler method is

— p(e™®" — 2 + eth) unconditionally stable.
1 1

T 1—p(2cos(h€) —2) 1+ 4usin(he)/2

<lI,

31



4.5 FD Methods and Analysis for 2D Parabolic Equations

(U + ayuy + asuy = (Suy )y + (Buy)y + ku+f(x,0,0),  3>05,>0

§ boundary conditions
~ Initial condition

For the dynamic stability

The PDE can be written as «, = Lu + /. where L is the spatial differential operator.

For simplicity, let us consider the heat equation v/ =V - (Vf«f) + /(X 0,1)

The forward Euler method: suppose £ Is a constant
k+1 ik rk Tk rk rk rk -k
bf} _bff —{_(Lr;lj—{_ LH‘I.‘;‘—{_ Li,,f._l + L},J"—i—l _4(/‘;;) —{—Affh

(=[Nt



« The method is first order in time and second order in space.

* The stability condition is Az < j:;

To show stability using the von Neumann analysis with f = 0:
UE’;:: o &it&a) — o1&X \where € = [¢1. &7 and x = [ /. h,j]T
Ui =g(&, )¢

§(€1.€0) = 1 — 4y (sin(€14/2) + sin(2h/2) ), -
where /1, = h, = h for simplicity. If we enforce

-1 <1 - &u <I-— 4}[£ (sinz (51/1/2) —+ Sinz(gzh/z)) <1 B 4’5

and take —1 <1 — 8y, we can guarantee that |g(£;. &) <1 —

33



The backward Euler scheme

|_ocal truncation error

Ukl _ pk [kl 4 [/l 4 [kt 4 Ukl gt
U v _ i—1,j i+1,] f~.!;1 [j+1 I _{_‘f}fH—l : (4.48) O ((Af) -+ /‘32)
At I~ /
The Crank—Nicolson scheme
II\"— 1 ,T,f{ }’;"\'—'— l If\'—f— l If\'—i— 1 }’;’I\'—" 1 ,Tr’\'—" ]
Uym = Uy 1 (U + U+ U + Uiy — 40 s 5 s
At ) /2 Sy O((Aﬂ’ -+ f‘l')
Tf\' L"\' T}\' Tf\' Hl\'
Uiy j+ Ui+ U + U — 45

+

h?

] J's
+f ]

) . (4.49)

« These schemes are unconditionally stable for linear problems.

* Need to solve a system of equations with a block tridiagonal coefficient matrix.

34



4.6 The Alternating Direction Implicit (ADI) Method

The ADI Is a or method.

For the heat equation u; = u, + uy, + f (X, y. 1), the ADI method is

/ rk k
Ui — Uy _ u 1= 2Uj +Lu+l +f1’~j+%
(A1) 2 Ji
1
sl _ LP k)
N 2 Ty
(4.50)

« Second order in time and In space
« Unconditionally stable for linear problems

35



We can use symbolic expressions to discuss the method

t1_ gk Ble pgFts LBl gk Al k+;
Ukt = Uk + 5 U; 26yyU > s
Ukt =yt 4 m52 Ukts 4 Blg ghr Dl |
/N ' 2 2 Yy T 5 279
Thus on moving unknowns to the left-hand side, in we have
[— Blp2) yk+h = HE U* + NFH%,
2 7 2 2
(4.52)

(I— &DZ) UAt! = (I+ %Dﬁ) Ukt 4 SIpkt] ,

36



The k-th finite difference equation corresponding to (i, j)

k=i+(m—-1)(j—-1), i=12,....m—1, j=1,2,...,n—1 (3.21)

- U X1 ]
7 8 9 Us X9
—_— U3 _ X3
4 g 6 U= —
1 2 3 Uy Xg




From the we get

1
el (, A, At 5\ 1k Ar 5\ ' At ket L
et (- 30 (1 B02) s (1 03) " Bt

and substituting into the to have

At 5\ gkt _ Af At ,\ 7! At 5\ gk
(I 5 )U (I—i-zD)(I 2D I—I—Z U



Applying (1 — % Dz) to both sides and using the following commutative operation

At At _, At _, At 5
_=2f I+—D )= (1+ = _ =
(I 2 Dx) ( 2 x) (I 2 Dx) (I 2 Dx

we can go further to get

(1— %DZ) (1— ’ﬁ;DZ) Ut = (I—i— 'ﬁ;Dz) (I-I— %IDZ) Uk

(1+ %Dz) A;Fkﬂ + (I NDZ) &;F“z

39



4.6.1 Implementation of the ADI Algorithm

In the x —direction,

Unknown
At At

k4 21 S—, N J &
p) 2 Yy

; oy ) . +1 k!
For a we get a [trldlagonal system of equations for UE 2, U, RPEP

k+3
Un-1,>

assuming a Dirichlet boundary condition at x=a and x=5,.

1 1 1
2 _ D:kjlz; B 2U§+2 ™ Uy

i+1,j
X

40



Let =

BAtL
2h2 b

and f

= f(x;, t*¥2).

The system of equations in matrix-vector form is

1+ 2u
—H

—
1 4+2u —pup
—p 1+2p —p

—p 14+ 2u

—

—

1 +2p

5

—.

5

—~

5

]

S
| +

+
—_ = B b=

bd| = bod | =

b=

<.

<.
L

F1)

41



where

1)

1
_ Uif!—l,j_l_ _fm—l g —}-)u, (Uk 1,j—1 — ZU’;_]J ~+ Uﬁ?—l,j+1) +[.UJ ubﬂ(b:yf)k+2}

Boundary condition

At k41 1
Uﬁﬁj + —f]_,i : +[ﬁubc(a:yj)k+2}+ M (U,lc,j—l - ZUF,;_I_ U,l(,j-l—l)

_|_
U5 ; + fz; P (Us ;o —2U5 4+ Us )

k3
Us; + ?j},j +u (U5 ;o —2U5 j + U5 1)

k+

42



Loop In the x direction

%0---=--==unm- loop in the x direction T ;
forj=2:n, % Loop for fixed j ifi==
A = sparse(m-1,m-1); b(i-1) = b(i-1) + uexact(t2,x(i-1),y(j))/h1;
b=zeros(m-1,1); A(i-1,i)=-1/h1;
fori=2:m, | else Boundary condition
b(i-1) = (ul(i,j-1) -2*u(ij) + ul(i,j+1))/h1 | | | ifi==m
+ £(t2,x(i),y(j)) + 2*ul(i,j)/dt; b(i-1) = b(i-1) + uexact(t2,x(i+1),y(j))/h1;
| A(i-1,i-2) = -1/h1;
-------------------------- 1 else
A(i-1,i) = -1/h1;
A(i-1,i-1) = 2/dt + 2/h1; A(i-1,i-2) = -1/h1;
end end
ut = A\b; % Solve the diagonal matrix end
%-------------- loop in the y direction
« Why i-1? Because A Is created with size (m-

1) x (m-1), (i,j) here is the point position

* Justregard it as “i” 43



Loop in the y direction

%----------—--- loop in the y direction
fori=2:m, % Loop for fixed i
A = sparse(m-1,m-1);
b=zeros(m-1,1);
for j=2:n,
b(j-1) = (u2(i-1,j) -2*u2(i,j) + u2(i+1,j))/h1
+(t2,x(i),y(j)) + 2*u2(i,j)/dt;

A(j-1,j-1) = 2/dt + 2/h1;
end
ut = A\b; % Solve the diagonal matrix

___________________________

ifj==2
b(j-1) = b(j-1) + uexact(t1,x(i),y(j-1))/h1;
A(j-1,j) =-1/h1;
else
if j==n
b(j-1) = b(j-1) + uexact(t1,x(i),y(j+1))/h1;
A(j-1,j-2) = -1/h1;
else
A(j-1,j) = -1/h1;
A(j-1,j-2) =-1/h1;
end
end

44



z+' I
:
LU L

(Ar)/2

Uﬁ +1 U

Iy

4.6.2 Consistency of the ADI Method

(Ar)/2

k+% kL
Urf l N 2(/?{} Uf—l—] I ij | _2(/? ff—l—l fﬁ—i—q
h h> ‘
U ) (/r’:"+1 U Ukl 9 Uﬂ—l-l L yhkt!
_ = l,f i r—l—] + [,j—1 i,j+1 +2
h2 /.!J-. g
(4.50)

Adding the two equations 1n (4.50) together, we get

U§+1 Uk

1
—22 UK 1 (U;’;“ + U;.jg) L2177 (4.53)

(At)/2 XXy

45



s’—l—l k
,
U,"? — U

Lﬁ"

(Ar)/2

Uﬁ +1 U

1

(Ar)/2

}it—|— k
1= 2Ui Ur+1;+ Usjm1 = 205 + Uiy Vas
> I v
ket e+ K+l ket
Uf l J —2 U{f Uf—l—] J Uf J—1 —2 U_“ Ur J+1 —|—2
h? i h? i
X y
(4.50)

and 1f we subtract the first equation from the second equation, we get

1
4U; 2 =2 (U§+1+U§§) A(U”‘“ Ug’;).

(4.54)

46



Substituting into (4.53):

k+1 k

=2 (Ul + UF) — A, (UF - Uf). (4.54)

At)2 U‘fc.'{_l—U‘.I‘f UJ-IG_I_I—I-U'-J‘g L
(1+5508) F g = (R ) F g e s

The discretization is second-order in time and space j.e., Tﬁj = O((A1)? + K?).
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u(x, t + &52 — ulx, ) =u(x,t + At/2) + % (E) Un(X, 1 + At/2)
+0((An)"),

Sl (u,(x, (4 ALf2) + - - - )
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(1+

RHS:

u(x —hyt) — 2u(x,t) + u(x + h, 1)

—

I —

At)? g ; L4 UE e
| 4) Oy )| — 0 : @439

= Uxx(X, 1) + O(hz),

2h?

u(x —h,t+ At) —2u(x,t + At) +u(x + h, t + At)
2h?

= uy(x, 1+ At) + O(H?),

; (1, 2) - s (3, £+ 1)) =t (3, 4+ A1/2) 4+ O((AD)2),
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4.6.3 Stability Analysis of the ADI Method

Taking f = 0 and setting

Ug = l&hl+&haj) Ué‘f“ =g(£,&) e&mi&hi) (4.56)

from Page 39, we have

(1 5 5H) (1 = 7%) s 1+ 5-8% ) (1+ 505 ) UR,

Substitute into the equation

(1 itﬁix) (1 — ifﬁyy) g(&1,86)e i(§1h11+-&2h2))

At At ; _
—~ (1 + 3 5;) (1 > JJ%J,) e/(Cthttaha))
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Example The backward Euler method for the 1D heat U = Blyy

ti . .
ongon, e
DLkt pAt
Step 2. =+H(U;C—+11_ z'++l)’ K="
Step 3. g(€)elE = elhE 4 (ez}g(}‘—l)h _ 2t e!’E(H-l)h) g(£)
= &t (1 +u (e‘f@ —2+ e’f‘r‘) g(&)):

g(&) = = 1 The backward Euler method is

p(e=" — 2 + eith) unconditionally stable.
1 1

T 1—p(2cos(h€) —2) 1+ 4usin®(he) /2

<1,

ol



At At
(1 5 (52 ) (1 — 2‘5yy) g(&,6)e i(§1h11+E2h0))

At At ; ,
— (1 + 3 5,%) (1 ; 5@,) e &imiH&haj)

After some manipulations, we get

( 1 —du sinz(glh/2)) (1 — 4y sinz(@h/2))
(1+4usin®(€14/2)) (1+4usin®(&h/2))

g(§1:£2) —

where = %z and for simplicity we have set sy, =h, =h. Thus |g(£1,£)| <1,
no matter what Atz and % are, so the ADI method 1s unconditionally stable for
linear heat equations.
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4.7 An Implicit—explicit Method for Diffusion and Advection Equations

Ut +@'@”=V ' (18\7”) +f(xaya t)

=[2 o7
ox? Oy
* An scheme for the term ()
« An explicit scheme for the advection term
uk+1 _ K

""[( Vh“)H } ; ((Vh /3th) + (Vj, 'ﬁvhu)kﬂ) —|-fk+% j
(4.57)

|
Where (w - @)Hz—— w- th) —E(W.V’hu)k_l,

u.j -+1 — ”I-: -!_1
S u= —2 =2

2h, .

U ]., . —_— u-l, .
th e [5}:”3 (syu] T, ‘53{” — I+ } : };
2h,



The CFL constraint is not a main concern unless || w || is very large. The
time step constraint is

h
At< ——. (4.60)
2[[wll2
At each time step, we need to solve a equation
p) k+1 ) k
(V- BVt =2 o (w. V)Rt — (V. BVa)E — 2fF
At At
(4.61)
We need u! to get the scheme above started. We can use the
ul .
o o U’
o I o ul
uO

= uy(x,y) 54



