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Over the past few years, graph representation learning (GRL) has received widespread attention on the fea-
ture representations of the non-Euclidean data. As a typical model of GRL, graph convolutional networks
(GCN) fuse the graph Laplacian-based static sample structural information. GCN thus generalizes convo-
lutional neural networks to acquire the sample representations with the variously high-order structures.
However, most of existing GCN-based variants depend on the static data structural relationships. It will re-
sult in the extracted data features lacking of representativeness during the convolution process. To solve this
problem, dynamic graph learning convolutional networks (DGLCN) on the application of semi-supervised
classification are proposed. First, we introduce a definition of dynamic spectral graph convolution operation.
It constantly optimizes the high-order structural relationships between data points according to the loss val-
ues of the loss function, and then fits the local geometry information of data exactly. After optimizing our
proposed definition with the one-order Chebyshev polynomial, we can obtain a single-layer convolution rule
of DGLCN. Due to the fusion of the optimized structural information in the learning process, multi-layer
DGLCN can extract richer sample features to improve classification performance. Substantial experiments
are conducted on citation network datasets to prove the effectiveness of DGLCN. Experiment results demon-
strate that the proposed DGLCN obtains a superior classification performance compared to several existing
semi-supervised classification models.
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1 INTRODUCTION

With the popularity of cloud computing technologies and the internet of things and the booming of
the social networks, global data are growing in an explosive way that has never been seen before. In
these massive data, there exist massive valuable information and knowledge [31], which may play a
vital role in business competition, government management, and scientific research. At the same
time, data types and structures have become increasingly complex. How to effectively manage
these massive data and quickly obtain valuable information have become the research focus of
the current data fields. As a kind of universal data structure in computer science, graphs have
strong data expression ability, which are more suitable for describing the data objects with complex
structures. Many areas, such as medicinal chemistry [8, 16], geographic information system [19,
27], and social networks [26, 43], can be modeled with graphs. In recent years, many GRL models
[34, 38] have shown their superiorities to extract the sample features of graphs or high-order data
and have been applied in many areas including classification [1, 4, 36] and retrieval [11, 44, 47].

To adequately utilize the sample structural relationships, many researchers have made some
attempts [33, 48] to optimize these existing models. The manifold regularization [5] is one promi-
nent work of the GRL. By regarding the manifold structures as a loss function’s regularization
term, models can make full use of the local geometry probability distribution of data to improve
their generalization ability. Luo et al. [24] exploited the Laplacian regularization [13] to make
the functions of the discriminative shared subspace change smoothly along the underlying
manifold for semi-supervised multilabel image classification. Zhao et al. [49] proposed a robust
dual clustering method with adaptive manifold regularization to address the high-dimension data
clustering by utilizing the learned affinity matrix-based manifold regularization term to better
the intrinsic local geometrical data structures. By combining the Hessian regularization [23] and
sample features that are constructed from different views, Liu et al. [21] proposed a multiview
Hessian regularized logistic regression to solve the problems of the multi-modal content and
different representations for action recognition. Liu et al. [22] proposed a sparse coding model
with p-Laplacian regularization by utilizing the high-order manifold structural information of
the p-Laplacian [2] for human activity recognition. Ma et al. [25] proposed a logistic regression
classifier with hypergraph p-Laplacian regularization by utilizing the combination of the hyper-
graph theory [12] and p-Laplacian to preserve the richer sample structural information of data for
remotely sensed image classification. Zhang et al. [46] proposed a sparse low-rank approximation
with ensemble manifold regularization to solve the multi-view feature dimensionality reduction
problem by introducing the group sparsity constraint and ensemble manifold regularization to
the basic least-squares component analysis.

With the continuous development of deep learning [39, 45], other relatively significant works are
graph neural networks (GNN) [7, 40, 50]. By using the structural information within the sample’s
k-hop neighbors from the spectral or spatial [41] domain, each sample of the graphs recursively
aggregates the sample features of its k-hop neighbors. The most representative model of spectral
methods is GCN [18], which learn the sample features by utilizing a graph Laplacian-based simple
linear function to define the convolution operations, which aimed to use the structural relation-
ships of each sample. Yadati et al. [42] utilized the hypergraph structure to encode the beyond
pairwise connection relationships of each sample. Atwood and Towsley [3] utilized a transition
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matrix with degree-normalized to express the spatial structural relationships from each node to
its neighbors. Velickovic et al. [30] applied the attention mechanism to the graph convolution for
citation network classification task, which aimed to assign different weight values for the edge of
arbitrary nodes. Zhou et al. [51] presented the graph convolutional network-based hashing model
to learn an affinity graph, which can effectively learn the similarity-preserving binary embeddings
of the massive image retrieval. Yin et al. [15] proposed a relation-aware attention mechanism based
graph convolutional networks for jointly extracting entities and relations. It can better utilize the
adjacent node features and edge information when encoding node representation. Wu et al. [37]
proposed a deep Siamese attention network that incorporates spatiotemporal information into
deep convolutional networks to jointly learn their feature representations and similarity metrics
for video-based person re-identification tasks.

In fact, once the structural information of the sample is constructed according to the original
data, these above-mentioned works never change it in the training process of the model, i.e., static
high-order data representation learning structure. It is difficult to make sure that the computed
static data structural information is optimal or most representative for all applications.

To build a dynamic graph structure learning method, we introduce the dynamic graph learn-
ing convolutional networks (DGLCN) with semi-supervised learning. The aims of our proposed
method are to constantly optimize the sample structural information during the training process
of DGLCN. Particularly, we generalize the original spectral graph convolution definition into the
spectral convolution on dynamic graph. And then we get a single-layer propagation rule of DGLCN
by optimizing the spectral dynamic graph convolution with the one-order approximation. After
k epoch iteration until model fitting, multi-layer DGLCN can get the optimal structural informa-
tion, and then it can further get the most representative data features. In addition, the initial sample
structural information is computed through the graph Laplacian formula. In each training itera-
tion process, the sample structural information of each convolution layer is restructured based on
the extracted features of the final layer of the last iteration.

The contributions of this article are as follows:

e We propose the definition of the spectral dynamic graph convolution to acquire richer high-
order structural relationships. It is able to preserve the high-order manifold structure infor-
mation of data properly.

e We further optimize the one-approximation of the spectral dynamic graph convolution to
build a single-layer dynamic graph learning convolutional networks (DGLCN).

e Multi-layer DGLCN can be built by stacking the above-mentioned single-layer DGLCN.

e To validate the classification performance of DGLCN, we have conducted massive compar-
ison experiments on the Cora [6], Citeseer [32], and Pubmed [28] datasets for the classifi-
cation task. Experiment data on the three datasets have shown the superior classification
performance of DGLCN than several existing models.

The rest of this article is formed as follows: In Section 2, we briefly describe the related work
about the spectral graph convolution. Section 3 describes our proposed DGLCN framework. A
large number of experimental results on the three datasets are given in Section 4. Finally, we give
the conclusion of this article in Section 5.

2 SPECTRAL CONVOLUTION ON STATIC GRAPH

The original spectral graph convolution can be denoted as the multiplication of a signal X and a
filter gy, i.e.,

T T
go(Lap) x X =U((U" gp) © (U X))
=Uge(AUTX.
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In this formulation, 6 denotes the filter coefficient. The normalized graph Laplacian Lap is com-
puted by Lap = Iy — D :AD"%, which is a positive definite matrix. In addition, A represents the
adjacency relationship matrix of a signal X or high-order data, D;; = }.; A;;. We can get a diagonal
orthonormal eigenvectors matrix U and a diagonal non-negative eigenvalues matrix A according
to the eigen decomposition of Lap. The Fourier transform of a signal X is denoted as the U” X. The
© denotes the element-wise Hadamard.

Because of the expensive computation cost for the eigen decomposition of Lap, this method is
not applicable for a large graph. To avoid this problem, Defferrard et al. [9] utilized the truncated
Chebyshev expansion with K-order polynomials to approximate the gg(A). Thus, the gg(A) can
be denoted as the following form:

k
go(A) = )" OcTic(), 2)
k=0

where Tj (i;zz)) can be written as i?zz) = /bfax Lap — In. The Chebyshev Ty (X) describes the follow-
ing form recursively: To(X) = 1, T1(X) = X and T (X) = 2XTy_1(X) — Tx—2(X). Amax presents the
maximum eigenvalue of graph Laplacian Lap. To build a linear model and limit the convolution’s
order, Kipf and Welling [18] used the Chebyshev with one-order polynomial, i.e., K = 1. Following,
it introduced the optimized graph convolutional networks (GCN) model, i.e.,

go(Lap) * X = D" 2AD X0

= BHOW®D), ®

For Equation (3), A = A (adjacency matrix) +Iy. This method can be interpreted as the fusion

process of the feature information H) and structural information B of samples in the learning

process. B = D 2AD: represents the structural information. W) denotes the weight parameters

learned on each layer, H!) can be regarded as the output data features of the last layer with
H©® = X. The detailed proof process can be found in Reference [18].

3 DYNAMIC GRAPH LEARNING CONVOLUTIONAL NETWORKS

In this section, we introduce the proposed dynamic graph learning convolutional networks
(DGLCN) framework. Specifically, the spectral dynamic graph convolution with one-order Cheby-
shev polynomial is presented first. It can form a single-layer convolution rule of DGLCN. And then
we analyze the implementation process of multi-layer DGLCN model in detail.

3.1 Spectral Convolution on Dynamic Graph

Compared to convolutional neural networks [29], GCN can learn more representative data features
by utilizing the static structural relationships of samples. However, it is difficult to guarantee that
the computed structural information is optimal or the extracted sample features are richer for all
tasks.

To surmount this problem, we develop an effective definition of spectral dynamic graph convo-
lution with K-order Chebyshev polynomials. It dynamically updates the structural information of
samples during the convolution process. It can be written as the following definition, i.e.,

k —
go(Lap'@) x X'V = 3" O Ty (Lap@) X', )
k=0
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2

Amax

Lap® — Iy. Lap'® corresponds to the adjacency relationship matrix of the

where Lap® =
arbitrarily signal X(@.

3.2 ASingle-layer Convolution Rule of DGLCN

We also let K = 1 that suggested in Reference [18] to reduce its convolution operation. It has two
advantages: (1) It further reduces the computation complexity of the spectral dynamic graph con-
volution (from O(N?) to O(K|¢])). (2) The spectral convolution on dynamic graph with one-order
approximation can better describe the complex and high-order structural relationships between
data. Thus, this definition can be simplified as:

go(Lap @) % X @ = 0,X@ + 0, (Lap'® — I)X@. (5)

To further reduce the computation parameters, we use a single parameter 6§ = 6, = =6, and a
1

renormalization trick [18]: Iy + D :A@D: — D2 (A@ 4 IN)ﬁ‘%. Thus, we can make a further
simplification on Equation (5), i.e.,

go(Lap @) *x X9 = 9(Iy + D 2A@D2)x@ ©
6
=D 2(A@ + Iy)D 1 X@0.

Based on Equation (6), we can get a single-layer dynamic propagation rule f(X@, W, A@) ie.
HI+) O-(B(L)H(L)W(L))_ 7)

For Equation (7), B = D2 (AP 41 N)B’% denotes the graph Laplacian-based dynamic struc-
tural information. o denotes the activation function. A®") denotes the adjacency relationship matrix
of each layer. In addition, we use the same calculation method that described in Reference [10] to
get the structural information A%,

3.3 Multi-layer DGLCN Model

Based on a single-layer DGLCN Equation (7), we can build a deeper DGLCN. Figure 1 describes
the basic thought of the proposed multi-layer DGLCN:

gL+ B(L)(O'(B(L_l) - U(B(O)XW(O)) ... W(L—l)))W(L). (8)

A deeper DGLCN will cause the over-smoothing issue of the extracted features [20]. Following,
we use a widely used two-layer DGLCN Equation (9) to describe the updated process of the B()
in detail:

gL = B(l)(O'(B(O)XW(O)))W(l). (9)

Two-layer DGLCN can be built by stacking the proposed dynamic propagation rule. First, we

introduce the convolution operation of the first layer, i.e.,

HY = 6(BOXW), (10)

For each convolution layer, we utilize the Rectified Linear Unit nonlinear activation function. X
denotes the original input data matrix. W(© represents the first layer’s weight parameter. We first
calculate the adjacency matrix A®) according to the original features X by the k-Nearest Neighbor
with the Euclidean, and then we can get the B("). After the first convolution, we can get the learned
data features H) of the first convolution layer by fusing the B(’) and X.

The second layer has a similar convolution process, but the structural information will con-
stantly update until model fitting. First, we give the convolution formulation of the second layer,
ie.,

H® = g gy @) (11)
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Fig. 1. The basic framework of multi-layer DGLCN model.

W represents the weight parameter of the second convolution layer. In the first training iter-
ation process, the B is equal to B("). After two-layer convolution, the extracted sample features
H® are the input of the classifier and the loss function, and then we can get the recognition ac-
curacy and loss value of the first training iteration. If the output values of the loss function do not
satisfy the specific conditions, DGLCN will implement the second training iteration process. Be-
fore the second training iteration, our proposed model will recalculate B). The BV is calculated
according to the H®. The calculated method is the same as the first layer.

Due to the richer extracted features, i.e., H?, thus the updated B\ is optimal compared to the
BW of the first training iteration. This training iteration process will carry out until model fit-
ting. Finally, we can get the best structural information matrix, and then DGLCN can get the most
representative sample features. In the output layer, we utilize the Softmax classifier and cross en-
tropy loss function to deal with the extracted sample features H®). The cross entropy loss function
can be written as C = — Y yx log Z. Z represents the probability matrix of the Softmax function

handled. y; denotes the true label information. The Softmax function can be represented as the fol-
7.

lowing definition: i.e., f(Z;) = #]ezl In addition, the input values of the Softmax function f(Z;)

is H®. We summarize a two-layer dynamic graph learning convolutional network in Algorithm 1.

4 EXPERIMENTS

In this section, we implement substantial experiments on the Cora [6], Citeseer [32], and Pubmed
[28] datasets for the semi-supervised classification task. And then, we compare our proposed
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ALGORITHM 1: A two-layer dynamic graph learning convolutional networks

: Input: Datasets X

: Hyperparameter: Dropout rate, hidden units, iteration epoch k etc.

: Output: Mean recognition accuracy

: Construct adjacency matrix A of the input datasets

: Let B©) = )

: Initialize the hyperparameters

cfori=0—-k-1

. HO = RELUBOXxW ).

. H® = Softmax(BYHO WD),

: Compute loss values of the loss function.

. If the output values of the cross entropy loss function satisty the specific conditions, DGLCN will stop
training. Otherwise, DGLCN will optimize B according to H @,

122 H = RELU(BOXxW ).

13: H® = Softmax(B(l)H(l)W(l)).

14: Compute loss values of the loss function.

15: If the output values of the cross entropy loss function satisfy the specific conditions, DGLCN will stop

training. Otherwise, DGLCN will update W(®) and W(!), and then carry out the next training iteration.

16: until convergence

17: Get the optimal BD, W and wh),

18: Send the acquired data features H @) to classifier.

19: Give the mean recognition accuracy.

R N . S I N

_ =
—_ O

DGLCN model with the several existing semi-supervised classification models to show the su-
perior performance of DGLCN. In addition, we describe the experimental datasets, experimental
parameters, and experimental results analysis that we used in the experimental process.

4.1 Experimental Datasets

The Cora [6] dataset contains 2,708 samples collected from seven classes, including neural net-
works, case-based, theory, probabilistic-methods, genetic algorithms, rule-learning, and reinforce-
ment learning. The feature dimensional of its are 1433 columns.

The Citeseer [32] dataset is composed of 3,327 samples, totally six categories including HCI
(Human-Computer Interaction), Al (Artificial Intelligence), DB (Database), Agents, ML (Machine
Learning), and IR (Information Retrieval) scientific publications. The dimensional of each scientific
publication are 3703 columns. For Cora and Citeseer dataset, the data features of each sample are
described by the bag-of-words method.

In Pubmed [28] dataset, there are totally three categories including diabetes mellitus type 2, dia-
betes mellitus experimental, and diabetes mellitus type 1, which is collected from diabetes patients
and consists of 19,717 samples. The feature dimensional are 500 columns for the diabetes mellitus
books.

4.2 Experimental Parameters

In our experiment, we utilize the total data of Cora and Citeseer, and 5,000 data of the Pubmed
dataset to carry out the semi-supervised classification task. We choose 1,000 samples to form the
testing dataset, the 500 data are chosen for the validation dataset, the remaining data of each dataset
as the training dataset. For Cora and Citeseer, we randomly choose 20%, 30%, 40%, 50%, and 60%
samples of the training dataset as the labeled samples, the rest data as the unlabeled samples. For
Pubmed dataset, the 5%, 10%, 15%, 20%, and 25% samples are used for labeled samples. The testing
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Fig. 2. Mean classification accuracy of all classes for (a) Citeseer, (b) Pubmed, and (c) Cora datasets.

Table 1. More Comparsion Data Analysis on the Cora and Citeseer

Datasets
Method Citeseer (120) Cora(140)

Chebyshev (K=2) 53.6 49.8
ManiReg 60.1 59.5

SemiEmb 59.6 59
MLP 46.5 55.1
Chebyshev (K=3) 53.7 50.5
GCN 52.8 57.2
HyperGCN 55 59.4
HpLapGCN 62.5 59.8

GAT 59.8 57
DGLCN 61.4 61.8

set and validation set of each dataset are all labeled samples. In addition, we repeat this process
independently five times, which aims to avoid any experimental contingency introduced by the
random partitioning of samples.

We utilize the adaptive moment estimation [17] method with a 0.01 learning rate to optimize
the error values of the loss function. In the training process, DGLCN randomly initializes the
weight matrix by the Xavier [14] method. The maximum training iteration values of the proposed
DGLCN are 200 times. Once the loss values of loss function remains unchanged for 10 epochs,
our model will stop training. In addition, the dropout rate and L2 regularization are utilized to
avoid the overfitting issue. We also set the output dimension of the hidden layer. The experimental
hyperparameters are shown as follows: Cora: 0.3 (dropout rate), 32 (dimension of hidden units), and
5% 107* (L2 coefficient); Citeseer: 0.4 (dropout rate), 32 (dimension of hidden units), and 5 x 10™*
(L2 coefficient); and Pubmed: 0.4 (dropout rate), 16 (dimension of hidden units), and 5 x 107 (L2
coefficient).

4.3 Experimental Analysis

In these experiments, we first show the experimental data of our proposed DGLCN and GCN
model on three datasets. Figure 2 shows the mean classification accuracy of overall classes for
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Fig. 3. Mean classification accuracy of single category for Cora dataset, including Reinforcement-learning,
Theory, Genetic-algorithms, Probabilistic-methods, Rule-learning class, Neural-networks, Case-based. Each

subfigure corresponds to a single category.

each model in the form of the errorbar histogram. The errorbar line chart is selected to describe
the mean classification accuracy of single class. In Figure 2, the y-axis represents the mean clas-
sification accuracy (in percentages) over all categories, the x-axis denotes the different label rate
of the training set. In Table 1, we make more comparative experiment results, such as Chebyshev
(K=3) [9], Chebyshev (K=2) [9], ManiReg [5], SemiEmb [35], HyperGCN [42], HpLapGCN [10],
GAT [30], and MLP. In Table 1, we follow the experiment setting in Reference [18]. We report the
mean recognition accuracy (in percentages) with 100 random trains on the 120 labeled data and
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Fig. 4. Mean classification accuracy of single category for Citeseer dataset, including Al, Agents, ML, IR,
HCI, DB. Each subfigure corresponds to a single category.

140 labeled data of Citeseer and Cora. From the experimental results, we can find that DGLCN
outperforms more state-of-the-art methods especially when the fewer label rates are used. We see
that DGLCN model acquires the superior classification performance for Citeseer and Cora. With
the increase of the label rate, the mean classification accuracy of DGLCN and GCN all increases.
It also proves that DGLCN can exploit the optimal structural information or the effectiveness of
optimized graph structure learning method by our proposed method.

To evaluate the performance of DGLCN on a single class, we compare the proposed DGLCN
with GCN in Figures 3-5. Figure 3 describes the mean classification accuracy (in percentages) of
the Cora on the Reinforcement-learning, Theory, Genetic-algorithms, Probabilistic-methods, Rule-
learning class, Neural-networks, Case-based. Figure 4 describes the mean classification accuracy
(in percentages) on the Citeseer about six classes, such as Al, Agents, ML, IR, HCI, DB. Figure 5 is
the average classification accuracy (in percentages) of Pubmed about three categories including the
diabetes mellitus type 2, diabetes mellitus experimental, and diabetes mellitus type 1. The y-axis
represents the average classification accuracy (in percentages) of each single class. From the mean
classification accuracy of three datasets, we can know that DGLCN achieves a better performance
than GCN in the majority of cases.

As described in Table 1 and Figure 2, we can acquire the following observations:

(1) Compared with GCN, DGLCN has shown its superior classification performance for Cora,
Pubmed, and Citeseer datasets. As shown in Figure 2(a) and Figure 2(c), when 20%, 30%,
40%, 50%, and 60% labeled data are selected for training, our proposed DGLCN can obtain
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Fig. 5. Mean classification accuracy of single category for Pubmed dataset, including diabetes mellitus type
2, diabetes mellitus experimental, diabetes mellitus type 1. Each subfigure corresponds to a single category.

gains of 2.58%, 1.38%, 0.78%, 0.52%, and 0.7% on the Citeseer dataset, 4.28%, 4.4%, 3.08%,
2.22%, and 0.5% on the Cora dataset. For Pubmed dataset, DGLCN only has a slight gains
than GCN. The main reason is that the optimized structural relations is quite similar to
the constructed adjacent matrix according to the original data.

(2) In Table 1, DGLCN also outperforms several recent semi-supervised models especially
when only tiny amounts of labeled samples are used. For example, compared with Cheby-
shev (K=2), Chebyshev (K=3), ManiReg, SemiEmb, MLP, GCN, HyperGCN, HpLapGCN,
and GAT with 140 labeled training sample of the Cora dataset, DGLCN achieves 12%,
11.3%, 2.3%, 2.8%, 6.7%, 4.6%, 2.4%, 2%, and 4.8%.

5 CONCLUSION

In recent years, graph representation learning has become a hot research topic. In real practice,
how to effectively encode the correlation of high-order data in graph structures is still a challeng-
ing problem. The most representative graph convolutional networks (GCN) extend convolutional
neural networks to irregular graph structure data. Nevertheless, GCN only fuses the static struc-
tural information of original data during the learning process, which with little effort focuses on
the optimization of sample structural information. To acquire richer structural information, we
present a dynamic graph learning convolutional network (DGLCN) to tackle the above problem.
DGLCN dynamically updates structural information apart from the first layer on each training iter-
ation process until the model can get richer features or an outstanding classification performance.
Extensive experimental results on citation network show that DGLCN model gets the higher clas-
sification performance compared to many state-of-the-art models.
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