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Generalized Nonconvex Low-Rank Tensor
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Abstract— The low-rank tensor representation (LRTR) has
become an emerging research direction to boost the multi-view
clustering performance. This is because LRTR utilizes not only
the pairwise relation between data points, but also the view rela-
tion of multiple views. However, there is one significant challenge:
LRTR uses the tensor nuclear norm as the convex approximation
but provides a biased estimation of the tensor rank function.
To address this limitation, we propose the generalized nonconvex
low-rank tensor approximation (GNLTA) for multi-view subspace
clustering. Instead of the pairwise correlation, GNLTA adopts
the low-rank tensor approximation to capture the high-order
correlation among multiple views and proposes the generalized
nonconvex low-rank tensor norm to well consider the physical
meanings of different singular values. We develop a unified solver
to solve the GNLTA model and prove that under mild conditions,
any accumulation point is a stationary point of GNLTA. Extensive
experiments on seven commonly used benchmark databases
have demonstrated that the proposed GNLTA achieves better
clustering performance over state-of-the-art methods.

Index Terms— Multi-view clustering, nonconvex low-rank ten-
sor approximation, spectral clustering, subspace clustering.

I. INTRODUCTION

MULTI-VIEW learning has achieved the ideal perfor-
mance in many applications such as face clustering [1],

outlier detection [2], human action recognition [3], [4]. Dif-
ferent from the single-view learning based on one specific
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feature, different heterogeneous and complementary features
are explored to investigate the correlations among data points
in multi-view learning. One popular example is that an image
can be represented by various types of features, e.g., textures,
color and edges. However, it is hard to obtain the label
information in real applications. Thus, multi-view clustering
has attracted great interests in recent years [1], [5].

Multi-view clustering (MVC) refers to the process of clus-
tering a large number of unlabeled data points into several
groups by using multiple features, so that similar samples
are classified into the same group while dissimilar ones into
different groups. Considering that high-dimensional data can
be well represented by several low-dimensional subspaces,
multi-view subspace clustering (MVSC) methods have been
proposed and gathered a great deal of attention. Most of
existing MVSC methods generally follow the similar pipeline:
(1) construct the affinity matrix of the data points from the
raw features or the learnt representation matrices; (2) perform
the spectral clustering algorithm [6] on the affinity matrix
and yield the clustering results. A core of these methods
is how to exactly learn a proper affinity matrix at the first
step.

A. Related Work

The first way to learn the affinity matrix is using the raw
multi-view features. For example, Nie et al. [7], [8] used the
Euclidean distance of raw features and the rank constraint
to learn an affinity matrix with exact clusters to measure
the similarity of pairwise data points. To eliminate noise,
Zhan et al. [9], [10] developed to learn a consensus graph with
minimizing disagreement between different views to improve
the quality of the affinity matrix. Instead of fixed graph,
Wang et al. [11] proposed to fuse data graph matrices into
a unified graph. Similar idea was adopted by [9].

The second way is also the most popular one which con-
structs the affinity matrix by using the learnt representation
matrices. Under the assumption that observed data usually
lie in/near some low-dimensional subspaces, sparse subspace
clustering (SSC) and low-rank representation (LRR) pursue
the sparse and low-rank coefficients of the data points over the
data itself by the l1-norm and the nuclear norm, respectively.
Reference [12] adopted the low-rank and sparse decomposition
to learn a shared representation matrix. Cao et al. [13] utilized
the Hilbert Schmidt Independence Criterion to pursue the
diverse representations. Zhang et al. [14] combined the latent
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representation learning and the low-rank representation into
a unified model. Following the studies in [13] and [14],
the work [15] projected the high-dimensional multiple features
onto a latent space and learned each view-specific repre-
sentation. Instead of the popular nuclear norm, structured
matrix factorization [16], deep matrix factorization [17], and
least squares regression [18] with graph regularizer were used
to pursue the ideal representations besides local manifold
structures. In summary, these methods belong to the matrix
optimization and explored only the pairwise correlation within
views. Thus, they may not fully make use of the correlation
among the view dimension [5].

Recently, by storing all representation matrices into a
third-order tensor (called representation tensor), several meth-
ods for MVSC have achieved promising performance based
on the low-rank tensor representation [1], [19], [20]. This
is because the tensor learning is capable of extracting
high-order information from a multidimensional perspective.
For example, Zhang et al. [5] firstly proposed to construct the
third-order representation tensor and extended the single-view
LRR into MVSC. Along this line, the study in [1] explored
a higher version of tensor nuclear norm instead of the
unfolding-based tensor nuclear norm. The tensor nuclear norm
was integrated with hyper-laplacian regularizer [21] and the
kernel trick [22], [23] for MVSC. To simultaneously exploit
multi-view features, the work in [24] organized the multi-view
features into the third-order tensorial data which were recov-
ered by the sparse and low-rank tensor decomposition. To
explore the correlation between the representation tensor and
the affinity matrix, Chen et al. [25] proposed to learn them
jointly. All of them have the cubic complexity, which severely
limits their scalability to big data. The reason is that they
handle the MVSC task in a self-representation way and
perform the matrix inversion inevitably. To reduce the compu-
tational complexity, Wu et al. [26] proposed an essential tensor
learning method to avoid the matrix inversion. Following [26],
the work in [27] proposed the adaptive transition probability
matrix learning method. However, one common challenge is
that all of them use the matrix nuclear norm and tensor
nuclear norm to investigate the low-rank characteristic of
the representations. For example, the studies in [12], [14]
exploited the convex matrix nuclear norm while that of [1],
[5], [26] used the convex tensor nuclear norm. Essentially,
the nuclear norm is the l1 norm of all singular values. To
solve the nuclear norm-regularized subproblem, the singular
value thresholding (SVT) operator was adopted to shrink all
singular values with the same threshold. This means that both
of the matrix nuclear norm and tensor nuclear norm treat each
singular value equally and over-penalize top larger singular
values. In fact, we expect to shrink less on the larger singular
values since they usually represent the major information of
the underneath data [28]. Meanwhile, the small singular values
usually come from noise and should be more likely to be
vanished. Unfortunately, the equal treatment to all singular
values by the nuclear norm and the corresponding SVT
algorithm would not provide the shrinkage effect as we expect
and thus result in information loss. Moreover, the straight
summation of all singular values cannot approximate the true

rank function well if there are large singular values in a
matrix and thus would result in a biased estimation of the
rank function [28]–[30]. Several recent studies [31]–[33] have
been proposed based on the benefit of nonconvex penalty
functions for single-view subspace clustering. Some efficient
single-view subspace clustering methods were also developed.
For example, Peng et al. [34] proposed the scalable SSC
in the sampling, clustering, coding, and classifying manner.
Following this line, the study [35] proposed the selective
sampling-based scalable SSC to reduce the complexity of
the representation learning and spectral clustering steps. The
work in [36] proposed the online low-rank subspace clustering
by basis dictionary pursuit. When handling the multi-view
features, they may lead to a compromised clustering per-
formance, since they cannot fully exploit the correlation
among multiple views. Therefore, there is an urgent need to
design the nonconvex low-rank regularized multi-view clus-
tering method to strengthen the ability of recovering latent
patterns from multi-view data. We attempt to overcome the
above limitation by integrating the nonconvex optimization
into the low-rank tensor learning and propose the generalized
nonconvex low-rank tensor approximation method (GNLTA).
Unlike these nonconvex single-view subspace clustering meth-
ods [31]–[33], our GNLTA not only utilizes the pairwise
relation between data points, but also the view dimension by
the tensor optimization technique. In addition, most existing
nonconvex subspace clustering methods were solved case-
by-case. We also provide a general solver with theoretical
guarantee.

Deep multi-view clustering approaches have recently flour-
ished. For example, Ji et al. [37] proposed the deep subspace
clustering network by introducing a novel self-expressive
layer to mimic the self-representation property. Following
this line, the deep multimodal subspace clustering networks
was proposed in [38] which consists of multimodal encoder,
self-expressive layer, and multimodal decoder. The work
in [39] developed the reciprocal multi-layer subspace learning
for MVC under the auto-encode framework. Xie et al. [40]
adopted the joint learning strategy to utilize the multi-view
features and complementary information. Although deep clus-
tering methods have shown impressive performance, they often
rely heavily on a large number of training samples [41]. This
means that it is still intractable to well train a network for
MVC task.

B. Our Contributions

Inspired by the huge success of the nonconvex low-rank
matrix approximation in image denoising [28], [29] and the
power of low-rank tensor learning, we investigate to extend
the nonconvex low-rank matrix approximation into the ten-
sor to deal with the MVSC task. To this end, we propose
a Generalized Nonconvex Low-rank Tensor Approximation
(GNLTA) for multi-view subspace clustering. Different from
the existing tensor-based MVC methods based on the convex
matrix and tensor nuclear norm, GNLTA proposes one general
nonconvex low-rank tensor approximation for better capture
of the high correlation among multiple views. In addition,
GNLTA learns the representation from the similarity matrices
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TABLE I

BASIC NOTATIONS AND THEIR DESCRIPTIONS

and avoids the matrix inversion perfectly. Thus, the proposed
GNLTA costs less running time and has the better tensor
learning for multi-view subspace clustering.

The contributions and novelty of this paper are summarized
as follows:

• To address the biased estimation of the convex nuclear
norm, we propose a new GNLTA model for multi-view
subspace clustering. Instead of treating each singular
value equally in existing methods, GNLTA assigns dif-
ferent weights to different singular values using the
nonconvex functions such that larger singular values still
dominate more important information of the represen-
tation tensor. Thus, the main idea of GNLTA is totally
different from existing ones.

• Based on the alternating direction method of multipliers
and the difference of convex method, we provide a gen-
eral solver for the GNLTA model, which is significantly
different from most existing methods that solve them
case-by-case.

• From the theoretical aspect, we prove that under mild
conditions, any accumulation point is a stationary point
of GNLTA. Extensive experiments demonstrate that the
GNLTA model has lower computational time and better
clustering performance than twenty state-of-the-art meth-
ods on seven popular multi-view datasets.

C. Organization of This Paper

The rest of this paper is structured as follows. Some nota-
tions and preliminaries are introduced in Section II. Section III
presents our generalized nonconvex low-rank tensor approx-
imation (GNLTA) model and designs an iterative algorithm
under the alternating direction method of multipliers frame-
work and the difference of convex method. We provide the
experimental performance of the proposed GNLTA on seven
real-world multi-view databases in Section IV and finally
conclude the whole paper in Section V.

II. NOTATIONS AND PRELIMINARIES

We use calligraphy letters, capital letters, and lowercase
letters (e.g., X , X, x) to denote the tensors, matrices, and
vectors, respectively. The frequently used notations are sum-
marized in Table I.

The rest of this section aims to describe the tensor
nuclear norm [42] which has widely adopted to depict the
low-rank property for multi-view clustering. For a tensor
X ∈ R

n1×n2×n3 , its block circular matrix bcirc(X ) and block
diagonal matrix bdiag(X ) are defined as

bcirc(X ) =

⎡
⎢⎢⎢⎣

X (1) X (n3) · · · X (2)

X (2) X (1) · · · X (3)

...
...

. . .
...

X (n3) X (n3−1) · · · X (1)

⎤
⎥⎥⎥⎦ ,

bdiag(X ) =

⎡
⎢⎢⎢⎣

X (1)

X (2)

. . .

X (n3)

⎤
⎥⎥⎥⎦ .

The block vectorization is defined as bvec(X ) =
[X (1); · · · ;X (n3)]. The inverse operations of bvec and
bdiag are defined as bvfold(bvec(X )) = X and
bdfold(bdiag(X )) = X , respectively. Let Y ∈ R

n2×n4×n3 .
The t-product X ∗ Y is an n1 × n4 × n3 tensor, X ∗ Y =
bvfold(bcirc(X ) ∗ bvec(Y)). The transpose of X is X T ∈
R

n2×n1×n3 by transposing each of the frontal slices and then
reversing the order of transposed frontal slices 2 through n3.
The identity tensor I ∈ R

n1×n1×n3 is a tensor whose first
frontal slice is an n1 × n1 identity matrix and the rest frontal
slices are zero. A tensor X ∈ R

n1×n1×n3 is orthogonal if it
satisfies X T ∗ X = X ∗ X T = I.

Definition 1 (t-SVD): Given X , its t-SVD is defined as

X = U ∗ G ∗ VT ,

where U ∈ R
n1×n1×n3 and V ∈ R

n2×n2×n3 are orthogonal
tensors, G ∈ R

n1×n2×n3 is an f-diagonal tensor. Each of its
frontal slices is a diagonal matrix.

Based on the t-SVD, the tensor multirank and its convex
surrogate i.e., tensor nuclear norm can be defined as follows:

Definition 2 (Tensor Multirank): The multirank of a tensor
X ∈ R

n1×n2×n3 is a vector whose i -th element is the rank of
the i -th frontal slice of X̂ .

Definition 3 (Tensor Nuclear Norm): The tensor nuclear
norm of a tensor X ∈ R

n1×n2×n3 , denoted as �X��, is defined
as the sum of singular values of all the frontal slices of X̂ ,
i.e.,

�X�� =
min{n1,n2}�

i=1

n3�
k=1

|Ĝ(i, i, k)|. (1)

III. GENERALIZED NONCONVEX LOW-RANK

TENSOR APPROXIMATION FOR MVSC

In this section, we will propose a Generalized Nonconex
Low-rank Tensor Approximation (GNLTA) model for
multi-view subspace clustering. The main idea of the proposed
GNLTA is that we search a general approximation for the
tensor rank instead of the convex tensor nuclear norm. We will
provide a general solver to overcome the nonconvexity of the
proposed generalized tensor norm and the unified theoretical
guarantee.
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A. The Proposed GNLTA Model

Inherited from the low-rank tensor representation,
Xie et al. [1] proposed a unifying multi-view
self-representation model:

min
Z,E

�Z�� + α

M�
v=1

�E (v)�2,1

s.t . X (v) = X (v)Z (v)+E (v), v = 1, · · · , M,

Z=�(Z (1), Z (2), · · · , Z (V )), (2)

where X (v) ∈ R
dv×n denotes the v-th feature, dv is the

dimension of feature, n is the number of data points. E (v) is
noise. The last equation aims to construct the representation
tensor Z . The low-rank constraint is imposed on Z . This
is because the number of clusters is much smaller than the
sample number [1], [26]. A non-negligible shortcoming of
Eq. (2) is the high computation cost. This is because it needs
to perform the matrix inversion on X (v)T

X (v)+μI , where μ is
a parameter and I represents the identity matrix. To solve this,
Wu et al. [26] developed an essential tensor learning model
for multi-view clustering:

min
Z,E

�Z�� + α�E�2,1

s.t . P = Z + E, (3)

where P ∈ R
n×n×M is constructed by M similarity matrices

P(v) which is computed by the Markov chain [43]. The
details are as follows: the Markov chain first calculates the
similarity matrix of the v-th view A(v) ∈ R

n×n by A(v)
i, j =

exp(−�x (v)
i −x (v)

j �2
2

σ 2 ), where σ is the standard deviation. Accord-

ingly, P(v) is constructed by D(v)−1
A(v), where D(v) is a

diagonal matrix with D(v)
ii = � j A(v)

i j . However, both of them
used the tensor nuclear norm which may be a biased surrogate
of the tensor rank. The reason is that the tensor nuclear
norm simply sums all nuclear norms of all frontal slices but
different singular values represent different energy, resulting in
over-penalizing top singular values. For the matrix case, many
works [28], [29] have proven that the convex nuclear norm is
a biased matrix rank estimator.

Different from the tensor nuclear norm which simply sums
all nuclear norms, we pursue a general surrogate to approxi-
mate the original tensor rank, i.e.,

�Z�θ = 1

n

�
j

�
i

φ
	
σi (Ẑ( j )), θ



, (4)

where θ is a nonnegative parameter. φ(·) represents the non-
convex functions which are shown in the following Eqs. (5)-
(7). Inspired by the work in [30], we adopt three nonconvex
functions to approximate the tensor rank:

�Z�l,θ = 1

n

�
j

�
i

(1 − e
−σi (Ẑ( j))

θ ); (5)

�Z�g,θ = 1

n

�
i

(1 + θ) ∗ σi (Ẑ( j ))

θ + σi (Ẑ( j ))
; (6)

�Z�θ
ω,θ = 1

n

�
i

ωi ∗ σθ
i (Ẑ( j )); (7)

where those three nonconvex functions are named as Laplace,
Geman, and weighted Schatten functions, respectively. By
replacing the tensor nuclear norm with Eq. (4), our model
is formulated as:

min
Z,E

�Z�θ + α�E�2,1

s.t . P = Z + E . (8)

Due to the nonconvexity of three functions, it is intractable to
directly solve the proposed GNLTA model by the off-the-shelf
tools. To overcome this, we propose an easy-to-implement
algorithm based on the alternation direction method of multi-
pliers (ADMM) and the difference of convex method.

B. Optimization of GNLTA

The main idea of ADMM is to iteratively update one
variable by fixing other variables. While the difference of
convex method is to overcome the nonconvexity by linearizing
the nonconvex functions. We first transform the constrained
optimization problem into the following unconstrained one:
Lμ(Z, E; 	) = �Z�θ + α�E�2,1

+ < P − Z − E, 	 > +μ

2
�P − Z − E�2

F ,

(9)

where μ > 0 is the penalty parameter. Symbol 	 denotes the
Lagrange multiplier of size n×n×M with respect to the linear
constraint P = Z + E . Eq. (9) is the augmented Lagrangian
function of Eq. (8). Then, each variable is updated by fixing
the other variables at their latest values. Specifically, we update
them as follows:

1) Z-Subproblem: By fixing variables E and 	, variable Z
is updated by minimizing Eq. (9):

Zk+1 = arg min
Z

Lμk (Z, Ek, 	k),

= arg min
Z

�Z�θ + μk

2
�Z − (P − Ek + 	k

μk
)�2

F . (10)

Unfortunately, it is difficult to directly yield the closed-form
solution of Eq. (10) due to the nonconvexity of the generalized
tensor rank approximation. To solve this problem, we use
the difference of convex method to linearize three functions.
Inherited from Eq. (4), Eq. (10) can be equivalently trans-
formed into the frequency domain and separated n problems.
The j -th problem is

Z( j )
k+1 = arg min

Ẑ( j)

1

μk

M�
i=1

φ(σi (Ẑ( j )), θ) + 1

2
�Ẑ( j ) − T̂ ( j )

k �2
F ,

(11)

where Ẑ = fft(Z, [], 3) and T̂k = fft(P−Ek + 	k
μk

, [], 3). Ẑ( j )

is the j -th frontal slice of Ẑ . Considering the nonascending
order of singular values and the antimonotone property of
gradient of these three nonconvex functions, we have

0 ≤ ∇φ(σ k
1 , θ) ≤ ∇φ(σ k

2 , θ) ≤ · · · ≤ ∇φ(σ k
M , θ), (12)

φ(σi (Ẑ( j )), θ)

≤ φ(σ k
i , θ) + ∇φ(σ k

i , θ)(σi (Ẑ( j )) − σ k
i ), (13)
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where σ k
i denotes the i -th singular value of Ẑ( j )

k . ∇φ(σ k
i , θ) is

the gradient of φ(σi (Ẑ( j )), θ) at σ k
i . Eq. (13) is derived by the

supergradient definition of the concave function. Based on the
above three equations and the difference of convex method,
Eq. (11) is relaxed into

Z( j )
k+1 = arg min

Ẑ( j)

1

μk

M�
i=1

φ(σ k
i , θ)

+ ∇φ(σ k
i , θ)(σi (Ẑ( j )) − σ k

i ) + 1

2
�Ẑ( j ) − T̂ ( j )

k �2
F ,

= arg min
Ẑ( j)

1

μk

M�
i=1

∇φ(σ k
i , θ)σi (Ẑ( j ))+ 1

2
�Ẑ( j )−T̂ ( j )

k �2
F .

(14)

The optimal solution of Eq. (14) can be yielded by the gen-
eralized weighted singular value thresholding (WSVT) [44],
[45].

Lemma 1: For any 1
μk

> 0 and the given data T̂k = fft{P−
Ek + 	k

μk
, [], 3}, the optimal solution Z( j )

k+1 to the problem (14)
is given by the WSVT [44]

Ẑ( j )
k+1 = US∇φ

μk

(�)V T , (15)

where T̂ j
k = U�V T is the SVD of T̂ j

k and S∇φ
μk

(�) =
diag{max (�ii − ∇φ(σ k

i )

μk
, 0)}.

2) E-Subproblem: Similarly, fixing variables Z and 	,
variable E is updated by minimizing Eq. (9) as follows:

Ek+1 = arg min
E

Lμk (Zk+1, E; 	k),

= arg min
E

α�E�2,1 + μk

2
�E − Ck�2

F , (16)

where Ck = P − Zk+1 + 	k
μk

. After vertically concatenat-
ing together along the column of E and Ck into matrices
E = [E (1); E (2); · · · ; E (M)] and Ck = [C(1)

k ; C(2)
k ; · · · ; C(M)

k ],
Eq. (16) is rewritten as

arg min
E

α

μk
�E�2,1 + 1

2
�E − Ck�2

F , (17)

and the j -th column of Ek+1 is⎧⎪⎨
⎪⎩

�Ck(:, j)�2 − α
μk

�Ck(:, j)�2
Ck(:, j), if

α

μk
< �Ck(:, j)�2;

0, otherwise.
(18)

3) 	 and μ-Subproblems: Multiplier 	 and penalty para-
meter μ are updated by

	k+1 = 	k + μk(P − Zk+1 − Ek+1), (19)

μk+1 = min{β ∗ μk, μmax}, (20)

where β is set to 2 to accelerate the convergence. μmax denotes
the max value of penalty parameter [46].

A summary of the proposed GNLTA algorithm for
multi-view clustering is given in Algorithm 1, where the
convergence condition is defined as follows:

max

⎧⎨
⎩

�Zk+1 − Zk�∞,
�Ek+1 − Ek�∞,
�P − Zk+1 − Ek+1�∞

⎫⎬
⎭ ≤ tol, (21)

Algorithm 1 GNLTA for Multi-View Subspace Clustering

where tol > 0 is a pre-defined tolerance. Once obtaining the
optimal Z , the final affinity matrix is constructed by averaging
all frontal slices of Z .

C. Connection With Several Existing Works

There are several related works including [1], [5], [26], [30].
The method in [30] extended the low-rank matrix approxima-
tion from the real domain into the quaternion domain with
applications to color image processing. It cannot handle the
multi-view clustering. Although the methods in [1], [5], [26]
have achieved promising performance on multi-view clustering
task, all of them face one common shortcoming: they used
the existing tensor nuclear norm as the low-rank regularizers,
which may lead to a compromised clustering performance.
The reason is that the existing tensor nuclear norm treats each
singular value equally and over-penalizes top singular values,
resulting in a biased estimation of the rank function [29].
However, our GNLTA proposed a general surrogate to approx-
imate the original tensor rank as shown in Eq. (4) which
assigns different weights to different singular values. Thus,
larger singular values of GNLTA still dominate more important
information of the representation tensor. In addition, different
from existing methods, we also provide a general solver with
theoretical guarantee. In summary, the proposed GNLTA is
significantly different from these related works.

D. Complexity Analysis

The computational complexity of the proposed Algorithm 1
is shown as follows: Variables Z and E are both of size
n × n × M , where n and M denote the number of samples
and views, respectively. Updating Z needs to perform the fast
Fourier transformation (FFT), inverse FFT and singular value
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decomposition with cost of O(Mn2 log(n)+M2n2). Regarding
the complexity of E , it takes O(Mn2) cost. Thus, the over-
all computational complexity of GNLTA is O(T Mn2 log(n))
since M ≤ log(n) and T represents the number of iterations.

E. Convergence Analysis

Before giving the theoretical convergence of GNLTA, three
lemmas are firstly introduced.

Lemma 2: The augmented Lagrangian function in Eq. (9)
Lμ(Z, E; 	) is monotonically decreasing with respect to vari-
able Z .

Proof: Since Z( j )
k+1 is the optimal solution of Eq. (14),

we have

1

μk

M�
i=1

∇φ(σ k
i , θ)σ k+1

i + 1

2
�Ẑ( j )

k+1 − T̂ ( j )
k �2

F ,

≤ 1

μk

M�
i=1

∇φ(σ k
i , θ)σ k

i + 1

2
�Ẑ( j )

k − T̂ ( j )
k �2

F . (22)

After simple operations, Eq. (22) is transformed into

1

2
�Ẑ( j )

k+1 − T̂ ( j )
k �2

F − 1

2
�Ẑ( j )

k − T̂ ( j )
k �2

F

≤ 1

ρk

M�
i=1

∇φ(σ k
i , θ)(σ k

i − σ k+1
i ). (23)

Summing Eq. (13) from i = 1 to M:

M�
i=1

(φ(σ k+1
i , θ) − φ(σ k

i , θ)) ≤
M�

i=1

∇φ(σ k
i , θ)(σ k+1

i − σ k
i ).

(24)

By adding Eq. (23) and Eq. (24) from j = 1 to n, we yield

Lμk (Zk+1, Ek; 	k) ≤ Lμk (Zk, Ek; 	k). (25)

This means that Lμ(Z, E; 	) is monotonically decreasing with
respect to variable Z .

Lemma 3: The sequence {	k} is bounded.
Proof: The optimal Ek+1 satisfies the first-order optimality

condition, i.e.,

0 ∈ ∂ELμk (Zk+1, E; 	k)|Ek+1

= ∂E (α�E�2,1)|Ek+1 − 	k − μk(P − Zk+1 − Ek+1)

= ∂E (α�E�2,1)|Ek+1 − 	k+1. (26)

Solving E is transformed into matrix E . Besides,
∂E (α�E�2,1)|Ek+1 is bounded since

∂E (�E�2,1)|Ek+1 =
⎧⎨
⎩

0, i f �Ek+1(:, l)�2 = 0
Ek+1(:, l)

�Ek+1(:, l)�2
, otherwi se.

Thus, ∂E (α�E�2,1)|Ek+1 is bounded. Finally, we obtain that
{	k} is bounded.

Lemma 4: Sequences {Zk} and {Ek} are bounded if∞�
i=1

(μi + μi−1)/(μi−1)
2 < ∞.

Proof: With simple manipulation, we have

Lμk (Zk, Ek; 	k)

= Lμk−1 (Zk, Ek; 	k−1) + μk − μk−1

2
�P − Zk − Ek�2

F

+ �	k − 	k−1,P − Zk − Ek	
= Lμk−1 (Zk, Ek; 	k−1) + μk + μk−1

2(μk−1)2 �	k − 	k−1�2
F , (27)

and

Lμk (Zk+1, Ek+1; 	k)

≤ Lμk (Zk+1, Ek; 	k)

≤ Lμk (Zk, Ek; 	k)

= Lμk−1 (Zk, Ek; 	k−1) + μk + μk−1

2(μk−1)2 �	k − 	k−1�2
F . (28)

The first two inequations are obtained since Ek+1 is a global
solution of Eq. (16) and Lemma 2. The last equation is yielded
by Eq. (27). Based on Eq. (28), we obtain

Lμk (Zk+1, Ek+1; 	k)

≤ Lμ0(Z1, E1; 	0) +
k�

i=1

μi + μi−1

2(μi−1)2 �	i − 	i−1�2
F

≤ Lμ0(Z1, E1; 	0) + C
k�

i=1

μi + μi−1

2(μi−1)2 , (29)

where C is the upper bound of {	i − 	i−1}. Since∞�
i=1

(μi + μi−1)/(μi−1)
2 < ∞, all of Eq. (29) are bounded.

Thus, Lμk (Zk+1, Ek+1; 	k) is upper bounded. By adding
1/(2μk)�	k�2

F into Eq. (9), we have

Lμk (Zk+1, Ek+1; 	k) + 1

2μk
�	k�2

F

= �Zk+1�θ + α�Ek+1�2,1 + μk

2
�P − Zk+1 − Ek+1 + 	k

μk
�2

F .

According to Lemma 3, these two terms of left side is
bounded. We reach that each term of right side is also bounded,
i.e., {Zk} and {Ek} are bounded.

Theorem 1: Suppose {Zk, Ek, 	k} be the sequence by Algo-
rithm 1 and {Z∗, E∗, 	∗} be an accumulation point. Then,

{Z∗, E∗} is stationary point of Eq. (8) as long as
∞�

i=1
(μi +

μi−1)/(μi−1)
2 < ∞ and limk→∞(Ek − Ek+1)/μk = 0.

Proof: According to Lemmas 3 and 4, we yield that the
sequence {Zk, Ek, 	k} is bounded. By Bolzano–Weierstrass
theorem, the sequence has at least one accumulation point
which is denoted as {Z∗, E∗, 	∗}. Without loss of generality,
we assume that {Zk, Ek, 	k} converges to {Z∗, E∗, 	∗}. Then,
we need only to prove that this accumulation point is a
stationary point of Eq. (8).

According to Eq. (19) and the boundness of {	k}, we get
limk→∞ P − Zk+1 − Ek+1 = limk→∞(	k+1 − 	k)/μk = 0;
then

P = Z∗ + E∗. (30)
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TABLE II

INFORMATION OF ALL REAL MULTI-VIEW DATABASES

Fig. 1. Samples (from top to bottom rows) of Flowers, UCI, StillDB, and
MITIndoor datasets.

According to the first-order optimality condition, we have

∂ZLμk (Z, Ek; 	k)|Zk+1

= ∂Z(�Z�θ )|Zk+1 − 	k − μk(P − Zk+1 − Ek)

= ∂Z(�Z�θ )|Zk+1 − 	k+1 + μk(Ek − Ek+1)

= 0.

Under the assumption of limk→∞(Ek−Ek+1)/μk = 0, we have

∂Z(�Z∗�θ ) − 	∗ = 0. (31)

From Eq. (26), we have

∂E (α�E∗�2,1) − 	∗ = 0. (32)

According to Eqs. (30)-(32), we reach the conclusion that
{Z∗, E∗, 	∗} satisfies the Karush—Kuhn–Tucker conditions
of Lμ(Z, E; 	). Thus, {Z∗, E∗} is a stationary point of the
original problem (8).

IV. EXPERIMENTAL RESULTS

In this section, we conducted several experiments on seven
real-world and challenging datasets to investigate the perfor-
mance of the proposed GNLTA.

A. Experimental Setting

We first introduce seven multi-view datasets including text
and image data which are summarized in Table II. Some
examples of our testing datasets are shown in Fig. 1. The
details of these datasets are described as follows: BBC4view

and BBCSport1 are the News article datsets. The number of
samples are 685 and 544, respectively. BBC4view extracted
four types features while BBCSport has two views. Flow-
ers2 contains 1360 flower samples with 17 categories. Three
different visual features, i.e., 1360d color, 1360d texture,
and 1360d shape are selected as three views. UCI-digits3

is a handwritten digit database from the UC Irvine machine
learning repository. There are 2000 digit images belonging
to 10 classes. Three types of features including 240d Fourier
coefficients, 76d pixel averages and 6d morphological features
are extracted. StillDB [56] is a still image dataset including
467 still images with 6 classes of actions i.e., running, walking,
catching, throwing, crouching and kicking. 200d Sift Bow,
200d Color Sift Bow, and 200d Shape Context Bow are
explored in StillDB dataset. MITIndoor [57] is a scene dataset
which contains 5360 images with 67 categories. In this dataset,
we extract four types of features including 4096d PHOW,
3600d LBP, 1770d CENTRIST, and 1240d deep features.
Reuters is a newswire articles written in 5 languages including
English, French, German, Italian and Spanish, leading to 5
views. Same to [58], we randomly sampled 100 documents
from each class, resulting in a dataset of 600 documents.

The following three single-view clustering and seventeen
multi-view clustering methods are compared with the proposed
GNLTA: SSC [47]: SSC handles multi-view features indepen-
dently and pursues a spare representation matrix; LRR [48]:
LRR handles multi-view features independently and pursues a
low-rank representation matrix; S0/L0-LRSSC [31]: it is the
l0-motivated low-rank sparse subspace clustering; RMSC [12]:
RMSC uses the low-rank and sparse decomposition to recover
a shared affinity matrix; DiMSC [13]: DiMSC uses the Hilbert
Schmidt Independence Criterion to explore the complemen-
tary information; LT-MSC [5]: LT-MSC explores the con-
vex tensor nuclear norm to pursue a low-rank representation
tensor; ECMSC [49]: ECMSC exploits the data represen-
tation exclusivity and indicator consistency simultaneously;
MLAN [50]: MLAN performs the clustering with adaptive
neighbors; GMC [11]: GMC fuses all graph matrices to
generate a unified graph matrix; AWP [51]: AWP ultilizes
the adaptively weighted procrustes for multi-view clustering;
GLSR [18]: GLSR integrates the least square regression with
the graph learning for multi-view clustering; LMSC [14]:
LMSC clusters data points based on the latent representation
instead of the original features. MCLES [52]: Similar to [14],
MCLES also performs the clustering in a learned latent
embedding space; tSVDMSC [1]: tSVDMSC utilizes the t-
SVD-based tensor nuclear norm to learn a low-rank representa-
tion tensor; SM2SC [53]: SM2SC exploits the joint strength of
the multiplicative decomposition scheme and the variable split-
ting scheme for MVSC; ETLMSC [26]: ETLMSC extended
the RMSC method from the matrix optimization into the
tensor one; LMVSC [54]: LMVSC used the anchor graph
for MVSC with linear order complexity; DMF-MVC [17]:
DMF-MVC exploited the deep matrix factorization for MVC;

1http://mlg.ucd.ie/datasets/segment.html
2http://www.robots.ox.ac.uk/vgg/data/flowers/
3http://archive.ics.uci.edu/ml/datasets/Multiple+Features
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TABLE III

COMPARISON RESULTS ON BBC4VIEW AND BBCSPORT DATABASES

MvDSCN [55]: MvDSCN is the convolution neural
network-based deep MVSC method; RMSL [39]: RMSL
explored the reciprocal multi-layer subspace learning for
MVSC.

One parameter of SSC and LRR was selected from
[0.01, 10]; in S0/L0-LRSSC, λ and μ were optimized from
[0.1, 0.9] and {1, 3, 5, 10, 20}, respectively; in RMSC, λ
selected from [0.005, 1]; in DiMSC, two parameters were
chosen from [0.01, 0.03] and [20 : 20 : 180], respec-
tively; λ of LT-MSC was tested from 0.01 to 100; three
parameters of ECMSC were selected from [0.1, 1], [0.1, 1]
and 1.2; in MLAN, a random parameter was located
between 1 and 30; GMC set the trade-off parameter as
1; AWP is a parameter-free method; α, β, λ in GLSR
were empirically selected from [0.001, 0.5], [0.01, 10] and
[0.01, 10], respectively; The dimensions of the latent rep-
resentation and λ of LMSC were searched from the range

[10 : 10 : 100] and [0.01, 0.1, 1, 10, 100], respectively;
Four parameters in MCLES were varied in the range
[10, 100], [0.2, 2], [0.2, 2], and [0.001, 0.01], respectively; λ
in tSVDMSC and ETLMSC were set within the range [0.1, 2]
and [0.008, 0.1], respectively; SM2SC tunes three parame-
ters in the range [0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 1, 10, 40, 100],
[0.1, 0.5, 1, 1.5, 2] and [0.05, 0.1, 0.4, 1, 5]; LMVSC searched
anchor number in the range [k, 50, 100] and one parameter in
[0.001, 0.01, 0.1, 1, 10], where k denotes the number of clus-
ters; DMF-MVC adopted {[100, 50], [500, 50], [500, 200]}
as the sizes of the last layer and other parameters used the
default settings as recommended in [17]; MvDSCN fixed four
parameters as 10, 1, 0.1, 0.1; RMSL tuned α and β from
[0.1 : 0.1 : 1], λ and the dimension from [0.001, 1] and
[20 : 20 : 200], respectively.

In summary, SSC, LRR and S0/L0-LRSSC belong to
single-view clustering. All of them perform the subspace
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TABLE IV

COMPARISON RESULTS ON FLOWERS AND UCI-3VIEWS DATABASES

clustering on each view with the best performance reported.
The others belong to multi-view clustering. GMC, AWP and
MLAN learn the affinity matrix by using the original features,
while the others by using the learnt representation matrix or
tensor. LRR, RMSC and LMSC utilize the convex matrix
nuclear norm to pursue a low-rank representation matrix
while LT-MSC, tSVDMSC and ETLMSC use the convex
tensor nuclear norm to learn a low-rank representation ten-
sor. DMF-MVC, MSCN and RMSL are recently proposed
deep leanring-based MVC methods. In the proposed GNLTA,
we develop a novel nonconvex low-rank tensor approximation
to learn a better representation tensor.

Same to References [1], [5], [59], we also select six
widely used metrics to investigate the clustering performance
of all methods. These six metrics include accuracy (ACC),
normalized mutual information (NMI), adjusted rank index
(AR), F-score, Precision, and Recall. All of them are located
in the interval [0, 1] and the higher the values of them are,
the better performance is. For a fair comparison, we perform

all methods ten times and report the average values with
standard deviations. Following [12], [26], we also adapted
the Markov chain [43] to compute the initialized similarity
matrix P(v) of the v-th view. All view features are normalized
into the same level to guarantee the experimental fairness. For
simplicity, we set the weights of Eq. (7) to 1.

B. Experimental Results

The clustering results of all methods are reported
in Tables III-V in which the best results are marked in red
while the second-best ones are marked in blue. We denote
GNLTA using the weighted Schatten function, Laplace func-
tion, and Geman function as GNLTA-Sch, GNLTA-Lap, and
GNLTA-Gem, respectively. Generally speaking, the proposed
GNLTA has achieved the top three performance in most cases.
For example, on BBCview, UCI-3views, and Flowers, all of
GNLTA-Sch, GNLTA-Lap, and GNLTA-Gem have the better
performance than all competing methods. On BBC4view,

Authorized licensed use limited to: Universidade de Macau. Downloaded on May 25,2021 at 11:12:23 UTC from IEEE Xplore.  Restrictions apply. 



CHEN et al.: GNLTA FOR MVSC 4031

TABLE V

COMPARISON RESULTS ON STILLDB AND MITINDOOR DATABASES

the improvement of GNLTA is around 3.3%, 10.5%, 8.4%,
6.5%, 6.9% and 5.0% over SM2SC in terms of ACC, NMI,
AR, F-score, Precision, and Recall, respectively. This val-
idates the effectiveness and superiority of the generalized
nonconvex low-rank tensor approximation for MVSC. The
proposed GLNTA has significantly improved the clustering
results over the convex nuclear norm-based methods, such
as RMSC, LMSC, LT-MSC, tSVDMSC, and ETLMSC. For
example, the proposed GNLTA-Sch improves six metrics on
MITIndoor over ETLMSC by 3.1%, 1.6%, 3.3%, 3.3%, 3.7%,
and 3.0%, respectively. This is because our proposed noncovex
low-rank tensor approximation has less estimation bias and
better generalization for the pursue of low-rank property over
the existing convex low-rank matrix and tensor approximation.

We can observe that the low-rank tensor
approximation-based approaches (the proposed GNLTA,
tSVDMSC, ETLMSC) outperform the low-rank matrix
approximation-based ones (RMSC, ECMSC, LMSC),

indicating that the intrinsic low-rank property of the
representation tensor is superior to that of the representation
matrix. These tensor-based clustering methods not only
explore the spatial correlation of multi-view data points,
but also the view correlation of them. Most of multi-view
clustering methods consistently achieve better performance
over those two single-view clustering methods, LRR and SSC
on most databases. Particularly, except for RMSC and GMC,
other multi-view clustering methods outperform single-view
clustering ones LRR and SSC on flowers database. This
directly demonstrates that those multi-view complementary
and compatible information are beneficial for the performance
improvement.

Obviously, deep MVC methods MvDSCN and RMSL
have yielded the competitive performance on BBCSport and
BBC4view compared with our GNLTA, while they were worse
than that of our GNLTA on other databases. This happens for
the following reasons: (1) As stated in [41], the performance
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TABLE VI

COMPARISON RESULTS ON REUTERS DATABASE

TABLE VII

AVERAGE RUNNING TIME (IN SECONDS) ON ALL DATABASES

Fig. 2. Parameter tuning with respect to α and θ on (a) BBC4view,
(b) BBCSport, (c) Reuters, (d) UCI-digits, (e) Flowers and (f) StillDB
databases.

of the deep MVC methods is highly dependent on the training
samples. Only with a large number of training samples,
they may achieve high performance. (2) Essentially, these
three deep MVC methods belong to the matrix optimization
technique which considers only spatial two-dimensional corre-
lation. However, our GNLTA employs the tensor optimization

technique that explores not only the spatial two-dimensional
correlation, but also the view relation among multiple views.

Additionally, the nonconvex single-view clustering method
S0/L0-LRSSC consistently achieves better performance than
the other two single-view methods LRR and SSC. This
demonstrates that the nonconvex surrogate can achieve more
accurate approximation than the convex nuclear norm and l1
norm for clustering. However, all of them still perform worse
than the proposed GNLTA on all databases, indicating that our
generalized nonconvex low-rank tensor approximation is better
for preserving the high-order correlation across views. The
proposed GNLTA has robust performance on different types
of multi-view databases, including the News (BBC4view and
BBCSport), flower, handwritten digit (UCI-digit), still image,
scene (MITIndoor), and Reuters databases. However, some
of multi-view clustering methods perform unstable. Specifi-
cally, SM2SC is the best one of all competing methods on
BBC4view database while it achieves the similar performance
to those of two single-view clustering methods on Flowers
database.

C. Model Analysis

Here, we give a comprehensive model analysis of the pro-
posed GNLTA with respect to parameter analysis, numerical
convergence and running times.
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Fig. 3. Visualization of the embedding results on Flowers and StillDB databases (a) LT-MSC, (b) tSVDMSC, (c) ETLMSC, and (d) GNLTA-Gem.

The proposed GNLTA includes two free parameters α and
θ . Parameter α is to balance the effect of the low-rank
tensor term and the noise term. While parameter θ aims to
measure the low-rank property of Z . We tune them from
interval [0.001, 0.1] and [1.1, 2], respectively. GNLTA-Gem
is taken as the example of parameter setting. ACC values with
different combinations of α and θ are shown in Fig. 2. We
can observe that the clustering performance of the proposed
GNLTA becomes better when α increases and then decreases.
This is because the low-rank structure may be destroyed by
the heavy noise term. In addition, the proposed GNLTA is
insensitive to parameter θ . For example, when α is set to
0.06, GNLTA has the stable clustering results with different
θ on BBC4view. This means that the parameter settings
of GNLTA are easy to choose. The best performance is
achieved by setting α and θ within [0.005, 0.06] and [1.1, 2],
respectively.

We also investigate the numerical convergence of the pro-
posed algorithm. Fig. 4 shows the relative errors defined
in Eq. (21), ACC and NMI values versus iterations on the
first six databases. It is easy to see that (1) as the number
of iterations increases, ACC and NMI values tend to be
stable; (2) the relative errors yield stable values after 10
iterations. Both of them indicate that GNLTA converges fast.
This is also demonstrated in Table VII which reports the
running times of some representative multi-view clustering
methods on all databases. We find that GNLTA costs the
second-shortest running time on all databases. LMVSC is
more efficient than GNLTA but it does not produce very
competitive performance on all databases compared with our
GNLTA. The reason may be that this anchor graph strategy
cannot well elaborate the similarity of all samples when the
subsample is not representative of the original data. While the
convex nuclear norm-based LT-MSC, LMSC and tSVDMSC
cost more computation times because they usually need more
iterations and perform the matrix inversion inevitably. This
directly demonstrates the efficiency of the proposed GNLTA.
We can conclude that the proposed GNLTA has boosted the
clustering performance and costed less running times over
several state-of-the-art multi-view clustering methods.

Fig. 4. Relative errors, ACC, and NMI versus iterations on (a) BBC4view,
(b) BBCSport, (c) Reuters, (d) UCI-digits, (e) Flowers and (f) StillDB
databases.

To investigate the superiority of our GNLTA visually, the
embedding results of Flowers and StillDB databases are
shown in Fig. 3. One can see that our GNLTA has revealed
clearer cluster structure against other three nuclear norm-based
methods. This consistently agrees with the clustering results
in Tables III-VI.

V. CONCLUSION

In this paper, we developed a generalized nonconvex
low-rank tensor approximation (GNLTA) model for MVSC.
Unlike the existing low-rank tensor-based MVSC meth-
ods which use the convex nuclear norm to measure the
low-rank property, GNLTA pursued a general and less bias
approximation for the tensor rank. Based on the alternating
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direction method of multipliers and the difference of convex
method, an iteratively efficient algorithm was designed. The
performance of the proposed GNLTA was investigated by con-
ducting extensive experiments on seven real-world multi-view
databases. In the future, we will investigate the generalized
nonconvex low-rank tensor approximation with applications to
hyperspectral image restoration, multi-view classification and
so on.
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