A-STABLE HIGH ORDER BLOCK IMPLICIT METHODS FOR
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Abstract. In this paper, we consider the time integration of parabolic equations with block
implicit methods (BIM). Depending on the size of the block, high order BIM with A-stability are
designed without the need of multiple initial guesses. Similar to Runge-Kutta methods, a BIM can be
defined by a tableau including two matrices and two vectors. In addition to the general methodology
of BIM, we show a special scheme defined by a positive definite matrix and a positive diagonal
matrix; both matrix properties are desirable but not available in Runge-Kutta methods. Moreover,
we show that the traditional finite element theory for parabolic problems discretized by the backward
Euler or Crank-Nicolson schemes can also be extended to BIM. Finally, we introduce some domain
decomposition preconditioners for the linear systems of algebraic equations arising from the block
implicit discretization in time and finite element in space. Some numerical results are also reported
to show the effectiveness of BIM.
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1. Introduction. Many time-stepping methods are available for the time in-
tegration of parabolic equations [9, 23,24, 48]. There are two families of classical
methods: one-step (multistage) methods and linear multistep (one stage) methods
(LMM). Runge-Kutta and Adams methods are examples that are widely used. The
methods can be used in their explicit form if the problem is non-stiff or in the im-
plicit form if the problem is stiff. LMM is relatively easy to implement but limited
to the Dahlquist order stability barrier [18] and start-up issues [14,22]. On the other
hand, implicit Runge-Kutta methods (IRK) possess favorable stability properties,
offer high order of accuracy, and no start-up issues. Among the varieties of IRK,
diagonally IRK (DIRK) is preferred by most researchers and is widely used in prac-
tice due to its relative ease of implementation [32]. However, DIRK may suffer from
the reduction of the order of accuracy and the stage-order is limited to two [24].
The fully IRK (FIRK) methods improve the stage-order, but a higher computational
cost is required. Other high order methods with good stability properties have also
been studied extensively, such as the general linear methods [9], Taylor Series (multi-
derivative) methods [21], boundary value methods [8], exponential time-differencing
methods [12,13,19,26]. One particular class of methods that deserves further study
and has the potential for many important applications is the so-called block implicit
methods (BIM), which was developed by coupling multiple classical LMM schemes in
a single method [7,44,45,51,52]. BIM overcomes the Dahlquist stability barriers and
the start-up issues of LMM.

The idea of BIM was first proposed in [41], where the methods were used to
provide starting values for predictor-corrector schemes. A BIM with block size k& can

be described by a tableau
A | B
a’ | b’
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where A, B € RF** and a,b € R* can be derived from the coefficients of LMM,
and in this paper we refer to them as the BIM matrices and BIM wvectors. BIM
circumvents the order and stability barrier of LMM, and share some of the nice features
of IRK [2,5-7,42]. However, BIM is not widely used because it requires the solving
of a large and ill-conditioned algebraic system of equations at each iteration. For
example, the discretization of a linear parabolic equation by BIM in time and the
finite element in space produces a system of equations of the form

(1.1) Ao M+71B® K,

where ® denotes the Kronecker tensor product, 7 is the time step size, M, K € RN*N
denote the mass and the stiffness matrix, respectively. N is the number of unknowns
in space. (1.1) is larger and more difficult to deal with than the coefficients matrices
resulting from, for examples, the implicit Euler, Crank-Nicolson and LMM that are
of the form aM + 7K, where a > 0 and 3 > 0 are constants.

One of the goals of this paper is to continue the study of BIM initiated in [51,52].
We find the explicit relation between the BIM matrices A and B by employing the
order conditions of LMM. This is important for the theoretical analysis of BIM and
helpful for the construction of new algorithms with desirable properties. By employing
the techniques in [3,4,27], we construct a special type of BIM algorithms such that
the matrix B~ A is diagonally stable. In these algorithms, B is a positive diagonal
matrix and A is a positive definite matrix. As a result, the matrix (1.1) has the same
positive definiteness as the matrix aM + 7K, and the corresponding linear systems
are easier to precondition and solve. On the other hand, the FIRK matrices are dense
and positive stable; i.e., the real part of the eigenvalues are positive [31,34,39], which
makes the positive definiteness of the matrix K in (1.1) useless.

In this paper, following the idea of [10, 11, 15,36-38], we also introduce some
parallel DD preconditioners for parabolic partial differential equations (PDEs) dis-
cretized by BIM in time and finite element in space. Similar to the implicit Euler
and Crank-Nicolson methods for parabolic PDEs [48], the uniqueness of the solution
can be proved by the Lax-Milgram theorem, and the a priori error estimates for fi-
nite element methods can also be established. Note that such analysis can not be
obtained for FIRK since the FIRK matrices are only positive stable but not positive
definite [40].

The rest of the paper is organized as follows. In Section 2, we present some
motivating examples. In Section 3, we first study BIM with A-stability and present
the matrix B~! A explicitly, then we construct BIM by selecting special A and B. In
Section 4, a comparison with FIRK is presented to show that BIM is more competitive.
Some DD preconditioners in the tensor form are introduced in Section 5 for linear
parabolic PDEs discretized with BIM in time and finite element in space. Finally,
some conclusions are given in Section 6.

2. Block implicit methods: Formulation, order of convergence and sta-
bility. In this section, we first review briefly the one-step and multistep algorithms.
Then present some motivating examples to show why BIM is important. In particu-
lar we show how to combine a few “not-so-good”methods (in terms of order, and/or
stability, and/or the requirement of multiple initial values) into a single block method
with all the desirable properties. After these interesting examples, we derive the
general form of BIM and introduce several types of stabilities.
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2.1. A briefreview of time-stepping methods. We consider a one-dimensional
initial value problem

y/ :f(tay)a te (OvT]a
2.1
21) { y(to) =90
discretized on a uniform temporal mesh 0 = tg < t; < --- < ty = T with the time

step size 7 = t, — t,—1. We denote by y, as the solution at time ¢,. A one-step
method for solving (2.1) can be described as

(2.2) Yn+1 = R(2)yn, n=0,1,...,N — 1,

where R(z) = P(z)/Q(z) is a rational function, P(z) and Q(z) are polynomials of
degree m and j, respectively. The function R(z) is called the stability function of the
method [24], and it can be interpreted as the numerical solution after one step of the
Dahlquist test equation

(2.3) Y =Xy, yo=1, z=7A\

The set S ={z € C: |R(z)| <1} is called the stability domain of the method.
DEFINITION 2.1. (Dahlquist 1963 [18]) A method, whose stability domain satisfies

SDOC” ={z: Rez<0},

is called A-stable, where C~ denotes the entire left half-plane.

Suppose R(z) is an arbitrary rational approximation of order p with m zeros and
j poles. The following theorems for the A-stability of R(z) can be found in [24].

THEOREM 2.2. (Crouzeix & Ruamps 1977 [17]) Suppose p > 2j — 2, |R(o0)| < 1,
and the coefficients of the denominator Q(z) have alternating signs. Then, R(z) is
A-stable.

THEOREM 2.3. Suppose p > 25 — 3, R(z) is I-stable, and the coefficients of Q(z)
have alternating signs. Then, R(z) is A-stable.

A k-step LMM is often written as

(2.4) QkYntk + - F W1Ynt1 + Yn = T(Brfotr + -+ Bifut1 + Bofn),

where oy = 1, |ag| + |Bo| > 0. If (2.4) is of order p, the coefficients a; and 3; (j =
0,1,---, k) satisfy

Co = ZE:O Oéj = O,
. k
= Zj:lgjo‘j - Zj:okﬁj =0,
(2.5) 2 = % Ej:O jPay — Ej:O 3B =0,

. k p—
Cp :ézjzojpaj_ﬁzjzojp 1ﬂj:07 p=34,--

(2.5) is called the order conditions. Although LMM is relatively easy to implement,
it is limited by the Dahlquist order stability barrier [18].
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2.2. Some motivating examples. We consider two simple equations.
ExamPLE 1. ¢ = -3y, y(0)=1, ¢e€(0,2].
EXAMPLE 2. 3y’ = —2000(y — cos(t)), y(0) =0, ¢te€(0,1.5].

Below we mention three methods to serve as the basis of the discussion.
Method A (second-order):

(2.6) Ynt2 — Yn = 27 fny1, with given yo and yi,

which is a two-step method often referred to as the mid-point rule.
Method B (third-order):

(2.7) Ynt2 + 4nt1 — BYn = T(4dfny1 + 2fn), with given yo and y,

which is a two-step explicit method.
Method C (third-order):

T . .
(2.8)  Yni2 — Ynt1 + 2y, = E(7fn+2 — 8fnt1 — 11f,), with given yo and yq,

which is a two-step implicit method.

Methods A, B and C are two-step linear methods and they are known to be
not stable, and in Figure 1, the instability can be seen clearly from the numerical
solutions obtained with several different mesh sizes and a comparison with the known
exact solution of Example 1. Because of the instability, these methods are never
used in practice. Next, we come up with some block implicit methods designed by
combining some stable and unstable methods into a system of methods. Methods D,
E and F shown below are designed by coupling two or three classical linear multistep
methods (stable or unstable), but only one given initial value yo. Since they are block
methods, the solutions at two or three time steps are obtained simultaneously. It is
interesting to note that these three methods are all stable from Figure 2. Moreover,
Table 1 shows that Methods D, E and F are second-order, fourth-order and third-
order, respectively.
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Fig. 1: Numerical solutions of Example 1 computed by the Methods A (left), B
(middle) and C (right)

Method D (second-order):

(29) Yn+2 —Yn = 27—fn+17
3yn+2 - 4yn+1 + Yn = 27—fn+27
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Fig. 2: Numerical solutions of Example 1 computed by the Methods D (left), E
(middle) and F (right)

Table 1: The order and the error |y(t) — y|oo of Methods D, E and F for solving
Example 1.

n 8 16 32 64 128 256 512 1024
3.92e-2 9.95e-3 2.20e-3 5.42e-4 1.34e-4 3.36e-5 8.42e-6 2.10e-6
1.97 2.17 2.02 2.01 1.99 1.99 2.00
4.62e-3 4.76e-4 3.88e-5 2.79e-6 1.87e-7 1.21e-8 7.71le-10 4.86e-11
3.27 3.61 3.79 3.89 3.95 3.97 3.98
1.91e-2 3.32e-3 3.89e-4 4.22e-5 5.05e-6 6.13e-7 7.53e-8 9.33e-9
2.52 3.09 3.20 3.06 3.04 3.02 3.01

Method D

Method E

Method F

which is an one-step implicit method (with initial value yo = y(0)) obtained by cou-
pling (2.6) and the BDF2 rule.
Method E (fourth-order):

(2'10) { Yn+2 - 4yn+1 - 5y" = T(4fn+1 + 2fn)7
Unt2 = 3Ynt1 +2Un = 15(Tfag2 — 8fny1 — 11fn),

which is an one-step implicit method (with initial value yo = y(0)) obtained by cou-
pling (2.7) and (2.8).
Method F (third-order):
(2.11)
12yn+3 - 12yn+2 = T<23fn+2 - 16fn+1 + 5fn)a
11yn+3 - 18yn+2 + 9yn+1 - 2yn = 6Tfn+37
3Yn+3 = 3Yn+1 = T(=2fn43 + 13fny2 — 8fni1 +3fn),

which is an one-step implicit method (with initial value yo = y(0)) obtained by cou-
pling three linear 3-step methods.

It is clear that the new block methods D, E and F all have better stability than
the classical linear multistep method. The solutions at k time steps may behave
differently since the corresponding stability functions have different properties. Below
we introduce some terminologies to describe these stabilities:

DEFINITION 2.4. Assume that Ypni+1,Ynt2,"  »Yntk are computed simultaneously
by employing the initial value y,,. Then, the method is
(1) strong k-step stable if [ynik| < [Ynsr-1] < -+ < [ynsal < lynl;
5



(2) k-step stable if |ynyi| < |yn| for all1 <i <k;
(3) k' -step stable if |ynir| < |ynl-

Note that this definition is exactly the same as that for the classical one-step or
multistep methods when k& = 1.

2.3. Derivation of block implicit methods. In this section, we derive a fam-
ily of block implicit methods based on the classical linear multistep methods.

DEFINITION 2.5. (Block implicit method with block size k) For a given initial value
Yn, the problem (2.1) is solved by the following k by k system of algebraic equations

(2.12.1)  @1rYntk + -+ @11Ynt1 + @10Yn = T(O1kfrgr + - + 011 frg1 + b10fn),
(2.12.2)  aorYntk + - + @21Ynt1 + a20Yn = T(bog fropr + - - + bo1 frp1 + b20fn),

(212k) Ak Yn+k + -+ Ar1Yn+1 + aroYn = T(bkkfn-i-k + -+ bklfn+1 + ka.fn)a

where |a;o| + |bio] > 0 and each formula (2.12.4) (1 < i < k) satisfies the order
conditions (2.5). The error is Cpi1 = (C1p+1 Copr1 ** Crpi1)l and c¢;py1 is the
error constant of the formula (2.12.4) (1 <1i < k).

It is convenient to represent a BIM by a partitioned tableau of the form

A | B
a’ | b7’
where a = (a10 a2 -+ aro)’, b= (b1o bao -+ bro)?, and the BIM matrices
ai;  aiz e Gk bi1 bz - bk
a1 age - Ggg ba1 boa - Doy
A= . . ) . and B =
gl Qg2 Gk b1 br2 0 brk
Applying the above BIM to
y/ = Oa
we have
(2.13) Ay = —ayn,
where ¥ = (Yni1 Yniz **° Ynik)'. Since apy + -+ + a;1 + ajp = 0 (consistency

condition of LMM), it follows from Cramer’s rule that

| A

yn+i:|Ayn:yn7 (1§Z§k)7

where A, is the matrix A with the i*” column a; replaced by the vector —a. Therefore,
the method is stable if A is nonsingular. Now, we introduce the definition for the
stability of BIM.

DEFINITION 2.6. (Block zero-stability) The BIM (2.12) is called k-step stable, if
the BIM matriz A is nonsingular.



Applying the above BIM to Dahlquist test equation (2.3), we have
(2.14) Ciz)ly=(A—-zB)y = (zb—a)y,,

where z = AT.
Define the rational functions

Pn+z(z) .
2.15 Ry i(z) = ——-+%, 1<i<k.
Here Poyi(2) = |Ci(2)| = |Ai — 2Bi| and Qnyi(2) = |Ci—1(z)| or Qnyi(z) = |C(2)],
where Cy(z) = C(z) and B; (1 < i < k) is the matrix obtained by replacing column
1 of B by —b. Note that if (2.12) is block k-step stable, i.e., A is nonsingular, the

polynomial |C;(z)| is nonzero since the constant term is |A|. From (2.14), we have

C; Ci
Yn+i = ‘|C((ZZ))‘| Yn and yp4; = |c"i7(lz()zl)‘yn+i71-

DEFINITION 2.7. The sets

Si={2€C: |Rnyi(2)| <1}, 1<i<k

are called the stability domains of the BIM.

i) If S; D C™ foralll < i <k, ice., each Ryii(2) = |Ci(2)|/|Ci—1(2)| is
A-stable, this method is called strong block k-step A-stable;

4) IfS; DC™ foralll <i<k, ie., each R,1;(z) = |Ci(2)|/|C(z)| is A-stable,
this method is called block k-step A-stable;

2it) If S, D C™, ie., Ryyi(2) = |Cr(2)|/|C(z)| is A-stable, this method is called
block kt"-step A-stable;

3. Block implicit methods with A-stability. BIM with A-stability was first
studied based on the interpolatory formulas of Newton-Cotes type [51]. The coeffi-
cients of |C(z)| and |C;(z)| can be obtained explicitly by using Newton-Cotes for-
mulas. By using Routh echeme [16], it is proved numerically that the block size of
A-stable BIM has to be less than or equal to 8. In this section, we further study BIM
with A-stability by different techniques. Based on the Lyapunov stability theorem,
we explicitly construct a type of BIM by choosing the BIM matrices A and B.

3.1. A-stability of BIM. We first show that the equation (2.14) has a unique
solution by employing the order conditions (2.5); i.e., the solution is uniquely deter-
mined by B~ A, and is independent of the individual BIM matrices A and B. Then,
we present several BIM for some k and prove their stability. Let

11 1 - 1 0
01 2 - k

w=| 012 kg g !
0 1 9 ... pk ko0

we have the following important lemma in [1].
LEMMA 3.1. The elements of the matriz W 1HW are

1 1
Zp i
(WIHW);; ={ »=1" p=1
(17—t CF L
j*i @, 27&], Z,j:O71,...,k’.



k
Here CF = () denotes the binomial coefficient.
i

Let e; be the column i of the identity matrix I € RF** e = (1,1,---,1)T € R¥,
eo = (0,0,---,007T ¢ R¥, £ = (1,2,--- ,k)T € RF and v = (1,2FF1 ... prtD)T,
Define b € R* and N € R¥*k by

% k—1

1o 1
— (-1 Z;‘Z;Jﬁv L=
(3.1) (=b)i = ~—; and N;j =< »r=1 p=1"
ar (-7 i CF oy
i-j jcF g

By replacing e; (i = 1,2,...,k) in the identity matrix I by e and ,’5, define the
matrices Q;, I, € RF*F as follows:
(32) Qi=ler - e 1eey1 e, Ii=[er - e —g€i+1 e

We obtain the following theorem.
THEOREM 3.2. For BIM, the solution of (2.1/) is unique, and the stability func-
tion s
G INQi— =)
1C(2)] [N — 21

Rn+i(z)

The error Cpy1 = (Dov — (p+ 1)N 1) /(k + 2)!, where Dy = diag(1,2,--- , k).

Proof. Combining the order conditions (2.5) and (2.14), setting ca = cg = --- =
cx+1 = 0, we have

(3.3) AD,C, = BC,D-,
where
1 2 1 1 1
2 3 2 22 ok
DO - . ) Dl - . ) Cl -
k k+1 E k2 .. Kk

Clearly, Dy, D, and C; are nonsingular. Then, we have

(3.4) B=AN"!', N=C,D:C;{'D;".
Therefore,
(3.5) C(z2)=(A—2B)= AN YN — zI).

Setting ¢; = 0 in (2.5), we have
air +2a12 + -+ kaig = bio + b1y + -+ + bug,

(36) ao1 + 2a909 + - - + kasg, = bog + bo1 + -+ - + bag,

ag1 + 2ap2 + - - + kagr = bro + b1 + -+ - + bk
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Define = (1,2,--- , k)T, (3.6) implies
Az = b+ Be.
Hence,
(3.7) b= Az — Be= AN"'(Nz —e).
Set b= NZ — e, it follows from (3.4) and (3.7) that
(3.8) b=C,D;'CiD;'z —e=C,D7'Cie—e=C,D;'Cie.
Setting ¢o = 0 in (2.5), we have
(3.9) a = —Ae.
Therefore, combining (3.7), (3.8) and (3.9) we have

CZ(Z) = Ai - ZBI‘

e [al PR a171 — a a,1+1 PR ak] — Z[bl DR bl*l — b bl+1 PR
—Ale; - ei1eeq - ex)—zBle; - e —bejyq -
(3.10) = ANYNQ; - zI,).

It follows from (3.5) and (3.10) that

Ci(2)| _ INQi — 21|

#& =) = v 1]
Set
0 1
F:
1
0/ (hs1)x (b1
It is clear that
0 eT 0 el
T 1 T _ 0
(3.11) W F = ( ey D;'Cy ) and H —F( eo Do

Therefore,

e (3w (L )e(2
1

ey Dy ey Dy
A el 0 ef 1 el
“\e D' )\ e Dy )\ —Cile C;t
—el' Dy C; e el DyC;?
(3~12) = -1 -1 -1 -1 .
7DO Cngcl e DO ClDocl

9
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Combining Lemma 3.1 and (3.12) we have

(3.13)
i k—1
1 1.
i Z - — =17,
(—D(;lClDOCfle)i = (C:'l]g and (Dalchocfl)ij = p=1 p ) lecf
ic; —1y=icy
(l._)j of tF
%

Since N = Dy(Dy*C1DyCy')Dy' + Dy, it follows from (3.4), (3.8) and (3.13)
that

‘1 11
i Zfi - ) =7,

(B =G vy = ¢ P P
i (-)7icy
i— }E; i # j.

Let v = (1,2F1 ... [ kF1)T it follows from (2.5) and (3.4) that

Cp+1 = ﬁ(ADo’U — (p + ].)B’U)

By the definition of error in (2.12), letting A = I, we have B = N~! and

Cpi1 = (Dov — (p+1)N"w).

(k+2)!
This completes the proof. 0

From Theorem 3.2, we observe that the stability function R, 1;(z) = |C;(2)|/|C(z)]
is unique, so the stability of BIM is independent of the individual BIM matrices A
and B. Next, we present the stability functions for the cases £ = 2,3,---,8 and
discuss their stability properties in detail. For convenience of the reader, we list the
coefficients of the stability functions in Table 10 in Appendix A. Without affecting the
stability function, the coefficients of |C;(z)| and |C(z)| are multiplied by a common
factor such that both of them are integers.

THEOREM 3.3. BIM has the following stability properties.
(1) The methods are block k-step A-stable when k =2 and k = 3.
(2) The methods are block ki"-step A-stable when 4 < k < 8.

Proof. (1) Tt is clear that k 4+ 1 > 2k — 2 when k = 2 and k = 3, and

Am Bniz) = B E0

Moreover, the signs of the denominator C(z) are alternating. From Theorem 2.2, we
see that the methods are block k-step A-stable.
(2) If k =4, since C(z) = Cy(—2), we have

(3.14) Enia(y) = |C(iy)|* —|Cu(iy)|* = C(iy)C(—iy) — Cu(iy)Ca(—iy) = 0 Vy € R.

So R, t4(2) is I-stable. Tt is clear that k+1 > 2k —3 and the signs of the denominator

C(z) are alternating. From Theorem 2.3, we see that the methods are block k-

step A-stable. Let E,y;(y) = |C(iy)]? — |Ci(iy)|> (i = 1,2,3), a straightforward
10



Table 2: The numerically computed roots of the function |C(z)|

k=7

k=28

0.2422 + 1.7552i
0.2422 — 1.7552i
0.7759 + 1.0735i
0.7759 — 1.0735i
1.1000 + 0.0000i
1.0248 + 0.5199i
1.0248 — 0.5199i

0.1007 +1.8078i
0.1007 — 1.8078i
0.6468 + 1.1811i
0.6468 — 1.1811i
0.9240 + 0.6841i
0.9240 — 0.6841i
1.0463 +0.2249i

1.0463 — 0.2249i

computation shows that E,;(y) > 0 does not hold for some y € R. Therefore,
R,+i(z) (i =1,2,3) is not I-stable and the methods are not block k-step A-stable.

When k = 5,6,7,8, it is easy to show that R, (z) is I-stable, but the above
techniques are not valid. Let z = a4+ ig, if £ = 5, we have

IC(2)]* — [Ck(2)]?

= —65760a3° + 120(—21920° — 45a)3° + 360(—1096a° — 27650° — 630 B*
+120(—2192a" — 164550° — 222600° — 6300a) 3>

— 65760a” — 984600a" — 3826800a° — 46440000 — 1296000

It is clear that
IC(2)]> > |Cx(2)|

holds for all @ < 0. From Definition 2.1, we observe that R, 1;(z) is A-stable.
If k£ = 6, we obtain
IC(2)* - |Cr(2)?
= —176400"% + (—88200a° + 25872a) 5% + (—176400a° — 2493120° — 28140a) 5°
+ (—176400a" — 9031680a° — 6304200° — 1205400 8*
+ (—88200a” — 954912a" — 23860200° — 1863960a° — 3528003

(3.15) — 176400 — 3269280” — 17837400 — 37191000° — 2822400 — 529200

To show (3.15) is non-negative for all o < 0, we first consider it’s first three terms (fac-
toring out 8°%) denoted as f(8) = —17640a3* + (—88200a +25872) 3% — 1764000 —
2493120 — 281400, we compute the discriminant of the roots of the quadratic equa-
tion (in (%),

A = (—882000° + 25872a)* — 3 x 17640 x (1764000° + 249312a° 4 281400)

= —466754400005 — 221552755200 — 131619801602
(3.16) <o,
which implies f(8) > 0 for all & < 0. Next consider the rest of the terms in (3.15)
as a polynomial in 8, we see that all coefficients are non-negative if & < 0. Then,
|C(2)]> > |Cr(2)]? holds for all a < 0, and this shows that the method is block
kt'-step A-stable.
When k = 7 and k = 8, it is easy to see that B, x(y) = |C(iy)|?> — |Cr(iy)|> = 0
holds for all y € R since |C(z)| = |Ck(—z)|, thus R,1x(2) is I-stable. Unfortunately,
11



we are unable to prove that R, 1x(2) is analytic by the above techniques. The roots
of the function |C(z)| are computed numerically and shown in Table 2. It is clear
that the real parts of all the roots are positive, therefore R, (z) is analytic and this
method is block k''-step A-stable. 0

Theorem 3.3 shows that BIM is k’-step A-stable when 4 < k < 8, i.e., the
functions R,4i(z) (1 < i < k) are not A-stable. So it is interesting to study the
stability of R,1,(2) (1 < i < k), as an example, for the special case of k = 8,
we present the stability regions in Figure 3. It is clear that the stability region of
R, +5(z) coincides exactly with the entire negative half-plane C~, implying that this
method is block k'"-step A-stable. Moreover, the subfigures (a) to (g) show that
R,+i(2) (1 <4 <7)is “nearly” A-stable. They are called A(a)-stable in [53].

(e) () (2) (h)

Fig. 3: The stability regions (gray) of BIM(k = 8), (a), (b),--- , (h) correspond to the
stability function R, +1(2), Ryy2(2), -+, Ryys(z), respectively

Remark 3.4. By employing the order conditions (2.5), we prove that the stability
functions depend on B~ A, and are independent of the individual matrices A and B.
We also present explicit matrix form of B~!' A which plays an important role in the
stability analysis of BIM. From the order conditions (2.5), it is easy to see that the
order of BIM with block size k is at least k4 1. It has been proven that these methods
converge at order k + 1 when k is odd and at order k + 2 when k is even [51,52].

In Theorem 3.3, we give a thorough analysis for the stability of BIM with k& up to
8. When k = 9, some roots of |C(z)| have negative real part, which means that this
method is not block k*-step A-stable. Because the roots are computed numerically
for k > 8, we do not have a mathematically provable stability theory.

12



3.2. Construction of BIM with A-stability. In this section, we explicitly
construct some BIM with A-stability. From (3.4), (3.7) and (3.9), we obtain

A =BN, N=C,DC;'D;},
a Ae = —BNe,
b =Ax — Be= BNz — Be,

(3.17)

where £ = (1,2,--- k)T, N is given explicitly in (3.1). Hence, if A (or B) is given,
then B (or A), a and b can also be fixed. The question is how to choose A and B
such that the corresponding BIM has desirable properties? In the following, we focus
on how to choose A and B in terms of the positive definiteness and sparsity.

DEFINITION 3.5. A matriz N is said to be positive stable if all its eigenvalues
have positive real parts.

LEMMA 3.6. ( [39]) N is positive stable if and only if there exists a symmetric
positive definite (SPD) matriz B such that

(3.18) BN +N'B

is positive definite.
Especially, if (3.18) is positive definite with a positive diagonal matrix B, IN is
also called diagonally stable or “Lyapunov diagonally stable” [3,25].

LEMMA 3.7. ([3]) A matriz N is diagonally stable if and only if for every nonzero
positive semidefinite matriz B, BIN has a positive diagonal element.

Lemma 3.7 provides a necessary condition for a diagonally stable IN such that
all the diagonal elements of IN are positive. From Theorem 3.2, the matrix IN for
different k£ (2 < k < 8) can be given explicitly as

1/6 3/4  —1/6  1/48
A TV S 21//918 N | s 12 4 —ym
27\ 4 2 )T 9/2 —9/2 13/6 A= 3/2 —9/4 7/6 3/16
-16/3 6  —16/3 7/3
—1/12 1 -1/3  1/12  —1/100
-1 1/6 2/3  —1/8  1/75
Ns = 3/4 —3/2  2/3 3/8  —3/100 |,
—4/3 2 —8/3  4/3 4/25
25/4 —25/3 25/3 —25/4 149/60
—17/60  5/4 —5/9 5/24 —1/20 1/180
—4/5 —1/12  8/9  —1/4 475  —1/180
No — 9/20 —9/8 1/3 9/16 —9/100 1/120
=1 -8/15 1 —16/9  5/6 8/25  —1/45 |’
5/4  —25/12 25/9 —25/8 89/60  5/36
—36/5  45/4  —40/3 45/4  —36/5 157/60
—9/20 3/2 —5/6 5/12 —3/20 1/30 —1/294
—2/3  —17/60  10/9 —5/12  2/15 —1/36  2/735
3/10  —9/10 1/12 3/4 —9/50 1/30  —3/980
N;=| —4/15 3/5 —4/3 1/2 12/25 —1/15  4/735
5/12 —5/6  25/18 —25/12 59/60 5/18  —5/294
—6/5 9/4 —10/3 15/4 —18/5 97/60  6/49
49/6 ~ —147/10 245/12 —245/12 147/10 —49/6 383/140
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—83/140  7/4 —7/6 35/48 —7/20 7/60  —1/42  1/448

—4/7  —9/20 4/3 —5/8 4/15 —1/12  4/245  —1/672
3/14 -3/4  —7/60  15/16  —3/10 1/12  —3/196  3/2240
Ne_ | —16/105 25 —16/15 1/4 16/25 ~ —2/15  16/735 —1/560
8= 5/28  —5/12 5/6 —25/16  13/20 5/12  —5/98 5/1344 |°
—12/35  3/4 —4/3 15/8 —12/5  67/60  12/49  —3/224
7/6  —49/20  49/12  —245/48  49/10  —49/12 243/140  7/64
—64/7  56/3  —448/15 35 —448/15  56/3  —64/7  199/70

respectively. For the above given IN, we present three types of B and A:

(1) B is chosen as a SPD matrix such that A = BN is positive definite.

From Lemma 3.6, we see that there exists a SPD matrix B such that BN is
positive definite, but the matrix B is difficult to find for a given IN.

(2) B is chosen as a positive diagonal matrix such that A = BN is positive
definite.

Generally speaking, there may not exist a positive diagonal matrix B for a given
N such that BN is positive definite. Lemma 3.7 provides a sufficient and necessary
condition, there is no obvious way to explicitly find such a positive diagonal matrix.
The theoretical characterization of the class of diagonally stable matrices is not com-
putationally effective. Some optimization-based numerical algorithms were developed
in [4,20,27,33]. Below, we present some computed B by using the interior point
methods in [4]. For k = 2, 3,4, the corresponding B are given as

1 0 0 0
1 0 0
Bo=( 1 9 Bys=|o0 12 o0 C By=| 0 ¥4 0O 0 :
0 1/2 0 0 1/10 0 0 1/4 0
0 0 0 1/10

respectively. Note that when such B exists, it is not unique. From Lemma 3.7, we
see that there exists no B for the given IN when 5 < k < 8.

(3) B is chosen as an identity matrix such that A = N.

It is trivial to choose such matrices A and B since IN can be given explicitly,
however the matrix A is only positive stable but not positive definite.

Below we present some BIM with A-stability.

Algorithm 3.1 (BIM with A-stability)
Let IN be defined by Ny for 2 < k < 8, all methods defined by the following BIM
matrices and vectors

(3.19) B =By, A=BNj, a=—Ae, b= Ax — Be, for k=2
’ B=1I, A=BNg, a=—-Ae, b=Az — Be, for k=35,

are A-stable.

4. Comparisons with some fully implicit Runge-Kutta methods. The
s-stage IRK is an important class of time-integration schemes and has been studied
extensively since they can offer high order accuracy and excellent stability [9,50]. IRK
can be characterized by the Butcher tableau

¢l A
[
where the Runge-Kutta matrix A is positive stable and dense, but not positive def-
inite. When applied to PDEs, one needs to solve a large, strongly coupled linear

14



05 0 4 05 5
The time interval The time interval

Fig. 4: Exact solutions for M = 50 (left) and M = 100 (right)

Table 3: The errors of BIM(k = 2,p = 4), BIM(k = 3,p = 4) and FIRK (Gauss(2))
for solving Example 3 with M = 50, Ny is the number of function evaluations

BIM(k = 2,p = 4) BIM(k = 3,p = 4) FIRK

Ny 1/7 lye —y| | order | 1/7 lye —y| | order | 1/7 lye —y| | order
48 48 1.15e+0 48 1.05e+0 24 3.69e+0

96 96 6.86e-1 0.74 96 9.98e-1 0.07 48 1.09e+0 1.75
192 192 8.49e-2 3.01 192 5.63e-2 4.15 96 9.12e-2 3.57
384 384 4.68e-3 4.18 384 3.02e-3 4.22 192 7.33e-3 3.64
768 768 3.11e-4 3.91 768 1.80e-4 4.07 384 4.64e-4 3.98
1536 1536 1.99e-5 3.97 1536 1.06e-5 4.09 768 3.00e-5 3.95
3072 3072 1.24e-6 4.00 3072 6.15e-7 4.10 1536 1.87e-6 4.00
6144 6144 7.76e-8 4.00 6144 3.71e-8 4.05 3072 1.17e-7 4.00

system at every time step. Because the lack of positive definiteness of K, the linear
system is often difficult to precondition and solve by iterative methods. On the other
hand, for BIM the stability functions are independent of the matrices A and B, so it
is possible to construct different methods with the desired order and stability prop-
erties. Algorithms 3.1 provides schemes with up to 8 order of accuracy. For these
schemes, B can be chosen as a positive diagonal matrix or an identity matrix, and A
is positive definite for A-stable algorithm with 2 < k < 4.

3-stage 3-stage 3-stage 3-stage 3-stage
@ - ~—@o . @ * @ - - @ . -—@®
T, T, T, T; T, T;
5-block 5-block 5-block
s = ~ s ™ N I s N
h h L B 4 L L B &g Ly Lo Iy by Lz N4 Is

Fig. 5: FIRK (Gauss(3) (top) and BIM(k = 5,p
T =tg, T3 = tg, Ty = t12, Ts = t15)

6) (bottom), (T = to, Ty = ta,
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Table 4: The errors of BIM(k = 4,p = 6), BIM(k = 5,p = 6) and FIRK(Gauss(3))
for solving Example 3 with M = 50, Ny is the number of function evaluations

BIM(k = 4,p = 6) BIM(k = 5,p = 6) FIRK
Ny 1/7 lye — y| order 1/7 lye —y| | order 1/7 lye —y| | order
60 60 1.31e+0 60 5.64e-1 20 1.52e+0
120 120 5.41e-1 1.28 120 7.78e-1 -0.46 40 3.06e-1 2.31
240 240 2.20e-2 4.62 240 2.01e-2 5.28 80 1.29e-2 4.57
480 480 3.98e-4 5.79 480 7.82e-5 8.00 160 2.36e-4 5.77
960 960 4.53e-6 6.46 960 2.22e-6 5.14 320 3.78e-6 5.97
1920 1920 1.01e-7 5.48 1920 3.11e-8 6.16 640 5.98e-8 5.98
3840 3840 1.51e-9 6.06 3840 4.60e-10 6.08 1280 9.48e-10 5.98
7680 7680 2.39%-11 5.98 7680 6.77e-12 6.08 2560 1.48e-11 6.00

Table 5: The errors of BIM(k = 2,p = 4), BIM(k = 3,p = 4) and FIRK(Gauss(2))
for solving Example 3 with M = 100, Ny is the number of function evaluations

BIM(k = 2,p = 4) BIM(k = 3,p = 4) FIRK
Ny 1/ lye —y| | order 1/ lye —y| | order 1/ lye —y| | order
48 48 3.07e+40 48 2.91e+0 24 4.19e+0
96 96 1.64e+0 0.90 96 1.45e+0 1.00 48 3.22e+0 0.38

192 192 8.77e-1 0.90 192 1.13e+0 0.36 96 4.75e-1 2.75
384 384 5.81e-2 3.92 384 5.56e-2 4.35 192 4.75e-2 3.32
768 768 3.04e-3 4.25 768 2.98e-3 4.22 384 2.80e-3 4.08
1536 1536 2.08e-4 3.87 1536 1.80e-4 4.05 768 1.71e-4 4.03
3072 3072 1.29e-5 4.01 3072 1.12e-5 4.00 1536 1.06e-5 4.00
6144 6144 8.14e-7 3.99 6144 6.99e-7 4.00 3072 6.62e-7 4.00

In this section, we compare the s-stage FIRK algorithms (Gauss-Legendre and
BIM for solving the following ODE.

EXAMPLE 3. y' = =250y + f(¢), te€(0,1], y(0)=0.

Here f(t) is chosen such that the exact solution is

M
y(t) = Z by, sin 2mmt,
m=1

mm

where by, = 52— (cos T cos mm) + 53—z (sin 2 cosmm) — —— cos mm. Figure 4 shows
that the smoothness of the solution becomes worse when M increases. In the experi-
ments, we will use two different values of M = 50, 100.

Since the main computational costs for these two methods are the evaluations of
the functions and solving the linear systems, we compare the errors and the order of
convergence by setting the same number, denoted as Ny, of function evaluations or
the number of linear systems required to solve. In Tables 3-6, |y. — y| denotes the
maximum norm of the error between the exact solution y. and the numerical solution
y in the entire time interval. We see that none of the algorithms is able to achieve
the optimal order if the time step size 7 is too large, the reason is that the solution
is not smooth in part of the interval as shown in Figure 4. When the time step size
7 decreases, it is clear that all the algorithms converge at the optimal order. Table
3 show that the errors of BIM(k = 2,p = 4) and BIM(k = 3,p = 4) are smaller
than Gauss(2). If we choose larger M = 100, the numerical results in Table 5 show
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Table 6: The errors of BIM(k = 4,p = 6), BIM(k = 5,p = 6) and FIRK(Gauss(3))
for solving Example 3 with M = 100, Ny is the number of function evaluations

BIM(k = 4,p = 6) BIM(k = 5,p = 6) FIRK
Ny 1/7 lye — y| order 1/7 lye —y| | order 1/7 lye —y| | order
60 60 3.45e+0 60 1.53e+0 20 4.87e+0
120 120 1.13e+0 1.60 120 9.77e-1 0.64 40 5.63e-1 3.11
240 240 5.62e-1 1.01 240 7.44e-1 0.39 80 1.70e-1 1.72
480 480 2.94e-2 4.26 480 2.13e-2 5.13 160 1.03e-3 7.37
960 960 4.98e-4 5.88 960 8.02e-5 8.05 320 4.17e-5 4.63
1920 1920 7.18e-6 6.12 1920 2.02e-6 5.31 640 6.12e-7 6.09
3840 3840 1.11e-7 6.02 3840 3.26e-8 5.96 1280 9.72e-9 5.98
7680 7680 1.72e-9 6.01 7680 4.82e-10 6.08 2560 1.52e-10 6.00

that BIM are almost the same as that of FIRK in terms of the errors. From the
numerical results in Tables 4 and 6 we observe that the error of BIM(k = 5,p = 6)
is a little smaller than that of FIRK (Gauss(3)) algorithms when M = 50, and the
errors are almost the same in the case M = 100. Tables 4 and 6 also show that
Gauss(3) performs a little better than BIM(k = 4,p = 6) in the case both M = 50
and M = 100.

In Figure 5, we compare a different aspect of FIRK (Gauss(3)) and BIM(k =
5,p = 6). We observe that in a single time step Gauss(3) produces one solution at
the cost of three function evaluations at three not equally spaced temporal locations,
BIM(k = 5,p = 6) produces five solutions at five equally spaced temporal locations. It
is clear that FIRK and BIM have the same desirable properties of high order accuracy,
good stability and requiring one starting value. However, k in BIM is usually larger
than s in FIRK to achieve the same order of convergence. This means that a larger
system needs to be solved for BIM at a time, although the number of blocks of BIM is
fewer than FIRK at the final time; see Figure 5. Fortunately, the coefficient matrix of
BIM is positive definite if the matrices A and B are properly chosen, and as a result,
the systems are easier to solve. Moreover, BIM produces solutions at more temporal
locations, that might be useful for certain applications.

5. BIM for parabolic PDEs. In this section, we study the proposed BIM for
parabolic PDEs. We provide a convergence theory and some a priori error estimates
for a model problem whose discretization consisting of BIM in time and the regu-
lar finite element in space. In order to solve the large systems resulting from the
discretization, some parallel DD preconditioners are also introduced and studied.

5.1. A model problem and its finite element discretization. We consider
a model parabolic equation

u — V- (a(x)Vu) =f, in  x (0,77,
(5.1) u(z,t) =0, on 02 x (0,71,
u(z,0) =wug(z), in Q,

where Q C R? (d = 2 or 3) is a bounded, open polygonal (or polyhedra) domain,
0 < ag < a(r) < +oo and f(x,t) € L2( x (0,T)), ug(z) € L*(2). For simplicity, we
set a(z) = 1 in some of the following discussions.

Let 0 =tg <ty <--- <ty =T be a uniform temporal mesh and 7 = ¢; — t;_1.
Suppose u’ = u(z,t;) is the solution at time ¢;. Traditional time-stepping methods
solve (5.1) time step by time step. We consider the method outlined in (2.12) for the
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time discretization of (5.1) with block size k < m at time ¢y, o, - , g, that is to find
ut € HY(Q),i=1,2,--- ,k, such that

k k
Zalj(uj,vl) +TZb1j(Vuj,Vv1) = (gt,v!),
j=1 j=1

k k
> ag; (W, 0%) £ 7Y by (V! V) = (g%,0%),
(5.2) = =

k k
Z ar;(u?, %) + TZbkj(Vuj, Vok) = (g%, vF),
j=1 j=1

where

(9" v") = —aio(u®, ") +7bio (0, v") = Thio(Vu®, Vo' ) +7 3 b (7,0") W' € Hi(Q).
j=1

Let u = (ulau27 T 7uk)T € (H(%(Q))kv f = (f17f27 e k)T € (LZ(Q X [OaT]))k For

any v € (H}(Q))F, the equivalent variational form of (5.2) is
(5.3) ar(u,v) = (Au,v) + 7(BVu, Vv) = (g,v),

where Vu = (Vu!, Va2, .-+, Vu*)T and
(g,v) =7(Bf,v) — (a®@u’,v) +7(b® f°,v) — 7(b® Vu’, V).
Next, we present the boundedness of the bilinear form a,(-,-) defined in (5.3)
from above and below under the || - ||, norm for different matrices A and B. The

estimates are summarized in the following four lemmas.

LEMMA 5.1. Suppose that B is SPD and A is positive definite, there exist positive
constants Cy and cq independent of T such that

ar(u,v) < Collull-||v]l- Vu,v e (Hs ()"

and

ar(u,w) > collul? Yu € (H; ()",

where [[v]|2 = [|v||* + 7| Vo],
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Proof. 1t follows from the Cauchy-Schwarz inequality that
ar(u,v) = (Au,v) + 7(BVu, Vv)

k k
= Z aij(ui7vj) + 7 Z bij(Vui,ij)

i,j=1 i,5=1
k k
< oz D 607+ Tomaz > (V|90
i,j=1 i,j=1
< Co([[ulllloll + 7 Vul[|Vol])
< Colllu+7[[Vul) 2 (|lv + 7 Vo)
(5:4) = Collull-[[v]-,

where a4, = max? =1 laij], bmas = max?¥ =1 |bi;| and Cy = k max{amaz, Omaz }-
Further, since B is SPD and A is positive definite, we have

ar(u,u) = (Au,u) + 7(BVu, Vu)
1

25 B mzn(A+AT)||u||2+T)‘mm( )HVU||2
(5.5) > collul?,
where ¢o = min{2 A\nin (A + A7), Apin(B)}. d

LEMMA 5.2. Suppose that B is SPD and A is not positive definite, we have

ar(u,v) < Collull-||v]l- Vu,v € (Hy ()"

and

ar(u,u) > er7l|ullf — eallul® Vu € (Hg(Q)",
where Cy, c¢1 and cy are positive constants and independent of T.

Proof. The upper bound has been estimated in (5.4). Since B is SPD and A is
not positive definite, the smallest eigenvalue of %(A + AT) is negative, we have

ar(u,u) = (Au,u) + 7(BVu, Vu)
1
> 5/\mm(A + AT)”U”2 + T)‘min(B)HVUHQ
(5.6) = arflull; = (e2 + 1) [lul?,
where ¢1 = A\pin(B) and ¢p = f%)\mm(A + AT). 1]
LEMMA 5.3. Suppose that B is positive stable and A is an identity matriz, there
exist positive constants Cy and cs independent of T such that
ar () < Collull, o], Vu,veV

and

a.r( v)

sup ———— > csljul|, Yu eV,
vev o]+

where V. = (L2(Q))* +7(HL(Q))*. Moreover, there exists u € V' such that a,(u,v) #
0 foranyv eV,
19



Proof. See Lemma 3.1 and Lemma 3.3 in [40]. |

Let Vi, € (H}())* be the piecewise linear continuous finite element space. The
finite element solution of (5.3) is to find uj € V}, such that

(5.7) ar(up,vy) = (g,v) Yo € Vj,.

THEOREM 5.4. Suppose that B is SPD, there exists a positive constant C such
that

|lw—up| < lu —upllr wp € Vi

Ch
VhZ+ T
Further, (1) if A is positive definite, (5.7) has a unique solution and

lw —unll- < Cllul-,

(2) if A is not positive definite, but h?/7 is sufficiently small, (5.7) has a unique
solution and

lw —unllr < Cllull-,

where C' > 0 is independent of h and T.

Proof. From the a priori error estimate of the finite element method and the
definition of the 7-norm, we have

Ch? Ch?
= wnl® < CR% = w3 < = = w2 = = — w1,

which implies

(5.8) [l —up|| < || — up-.

1/h2

If A is positive definite, it follows from (5.4) and (5.5) that
ar(u —up, u) < Cllu—up|-|ull,
and
ar(u —up,u) = ar(u — wup, w —up) > collu — upl?.

It is obvious that |u — ul||; < Cllug||,.
If A is not positive definite, it follows from (5.6) and (5.8) that

ar(u —up,u) = ar(u —up,u —up) > ciflu—upl|2 — (c1 + co)|Ju —upl?
> Ch? H ”2
Cl — ———5 u—-—u .
1 12 hil+

Suppose h?/7 is sufficiently small, we have |[u — us|, < Cl|lull,, where C > 0 is
independent of h and . 0
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Discretized by the finite element basis functions ¢; (1 < j < N), the bilinear
form (5.7) is equivalent to the following linear system of algebraic equations

(5.9) AU= (A M+ B K)U=F, AcRN*EN FcREN

where A € R¥**¥ and B € R*** are the BIM matrices, M € RV*Y and K € RV*N
denote the mass matrix and the stiffness matrix, respectively. U and F are vectors
corresponding to the nodal values of uy, and g.

When BIM is used for PDEs, it results in a kN x kN linear system (5.9). In prac-
tice, N is usually large and K is highly ill-conditioned, a preconditioner is important
if the system is solved by a Krylov subspace method.

5.2. Parallel preconditioning techniques. Note that (5.9) also arises from
the classical implicit Runge-Kutta methods, in such a situation A is an identity
matrix and B is the Runge-Kutta matrix which is dense, non-symmetric and not
positive definite. Depending on how B is approximated, several preconditioners are
available [28-30,35,40,43,47]. Different from the Runge-Kutta algorithms, for BIM,
the matrix B in (5.9) is a positive diagonal matrix or an identity matrix, the matrix A
is dense and positive definite or positive stable. Now we present some preconditioners
for BIM based on the partition of the matrices M and K using an overlapping
decomposition of the spatial mesh [46,49].

Let Ty be a coarse mesh covering € with mesh size H, and 7T, be a fine mesh with
mesh size h. Denote V and V}, as the finite element spaces consisting of continuous
piecewise linear functions associated with the meshes Ty and 7T}, respectively. We
introduce a non-overlapping decomposition ) = vaz”l Q; on Ty, where each §; is
a union of some elements from 7, and N, is the number of subdomains. Then,
the overlapping subdomains €2, can be obtained by adding some layers of fine mesh
elements from the adjacent subdomains. Denote the finite element subspace on 2} as
Vi = Vi, N HE () and let N; be the dimension of V;, we obtain

Vh = (Vh)k and ‘/; = (‘/Z)k’ (i:O71a27"'aNp)7

where k is the block size of the chosen BIM. Define the single time step restriction
matrix R; € RV:*N .V}, — V;, the block restriction matrix R; € RFN:XEN - v, 5V,
can then be defined as

Therefore, the space V}, admits the following decomposition

N, N,
(5.10) Vi=> RV, and V,=R{Vo+)> RV,

i=1 i=1

which are needed for the one-level and two-level methods, respectively. Here ’R,T
denotes the transpose of R; (i = 0,1,...,Np). For Ry there are many choices, in
this paper, we only consider these based on the basis functions of the coarse and fine
finite element spaces. R; (¢ > 0) is a sub-identity matrix whose diagonal elements
corresponding to the subdomain ; are one and all other elements are zero. Note that
the coarse and fine meshes don’t have to be nested. Then, we can define the following
preconditioners.
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Table 7: The condition numbers of the matrices with preconditioners PD and PP
for Algorithm 3.1 applied to Example 4

k k(A | k(PDA) | w(PPA)
2 2.10e+3 122.66 16.43
3 8.76e+3 128.26 17.12
4 1.18e+4 159.73 20.69
5 2.58e+3 198.29 25.77
6 3.29e+-3 252.68 39.13
7 4.74e+3 366.23 71.59
8 6.83e+3 531.51 158.74

o One-level additive Schwarz preconditioner

NP
(5.11) PY =3 RTA 'R

i=1

o Two-level additive Schwarz preconditioner

NP
(5.12) PO =R{A'Ro+ DY RIA'R,,

=1

where Ay = ’ROA’Rg is the restriction of A to the coarse space Vy, A; = ’T\’,ZAT\’,%T =
A®M;+7B® K; is the restriction of A to the subspaces V; (i > 1), and the matrices
M; and K; are defined by

M; = R;MR] and K;=R,KR}.

All inverses in (5.11) and (5.12) are understood as subspace inverse. In practical
applications, they are often approximated to save computational cost.

Remark 5.5. We remark that it is important to select the appropriate precondi-
tioner for each practical application. For example if the number of spatial variables
is small, such as in ODEs, then the DD method is not necessary. The one-level
DD method is useful when the number of processors is small, and the two-level DD
methods are for the situations when the number of subdomains is large.

5.3. Some numerical studies of the preconditioners. In this section, we
investigate the performance of the proposed Schwarz preconditioners in terms of the
condition number, the eigenvalue distribution and the number of GMRES iterations.
In the experiments, = [0,1] x [0,1] is covered by a uniform coarse mesh of size
H = 1/16, and a uniform fine mesh of size h = 1/64. The spatial fine mesh is
decomposed into 4 x 4 subdomains. The overlapping size is 1 and the time step size
7 is chosen as 7 = h*/? (p = k 4+ 1 when k is odd and p = k 4+ 2 when k is even),
where p denotes the order of accuracy in time. All the preconditioners are constructed
exactly; i.e., the inverse of the submatrix and coarse matrix are computed exactly.

EXAMPLE 4. We consider an advection-diffusion equation
ug — Au+u, +uy =, in Q x (0,7,
u(z,y,t) =0, on 09Q x (0,71,
u(z,y,0) =sin(mz)sin(ry), in Q,
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Fig. 6: All eigenvalues of the matrices A (blue) and P A (red) for Algorithm 3.1,
zoom-in is for the eigenvalues of A (near 0)

where f is chosen such that the exact solution is u(x,y,t) = sin(rz) sin(ny)et.

We study Algorithm 3.1 for Example 4. Table 7 presents the 2-norm condition
number of the matrix A and of A preconditioned by PD and ’P(Q), respectively. It
shows that the condition number of A grows firstly with & from 2 to 4, and then
there is a drop from k& = 4 to k = 5, afterward, it increases again with k ranging
from 5 to 8. The reason is that the BIM matrix B is chosen as a positive diagonal
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Table 8: The number of GMRES iterations with the one-level additive Schwarz pre-
conditioner P for Algorithm 3.1 applied to Example 4 with h = 1/128 and 7 = h2/P

N, 16 64 256
y o 1 20 1 2|0 1 2
2 | 55 37 30| 72 50 38| 94 63 55
3 |8 59 47| 99 85 65| 180 111 98
4 1109 70 58| 161 110 83 202 143 119
5 | 118 86 72| 161 118 97 | 226 150 129
6 | 109 8 70| 163 109 94 [ 218 157 130
7 | 112 83 66| 155 111 89 | 205 145 119
8 | 112 80 68| 155 111 87 [ 200 145 120

Table 9: The number of GMRES iterations with the two-level additive Schwarz pre-
conditioner P for Algorithm 3.1 applied to Example 4 with H = 1/16, h =1/128

and T = h2/P

N, 16 64 256
h lo 1 200 1 2]0 1 2
2 |27 23 22|28 24 23|44 33 28
3 |27 23 22|28 24 24|44 35 29
4 |26 23 22|27 23 23(33 28 25
5 |25 21 2126 23 22|40 32 27
6 |24 21 2125 22 22|40 30 27
7 |24 21 20|25 22 21|30 27 23
8 |23 21 20|25 22 21|38 30 26

matrix for the cases k = 2, 3,4 and as an identity matrix for the cases k = 5,6,7,8. It
seems that the preconditioner with identity matrix B yields a lower condition number
than the preconditioner with the positive diagonal matrix B. All the preconditioners
are able to reduce the condition number, which increases with k, and the two-level
preconditioner 24 performs better than the one-level preconditioner Pw.

When the Schwarz preconditioners are accelerated by GMRES [46, 49], the ei-
genvalue distribution of the preconditioned matrix is an important indicator for the
performance of GMRES. In Figure 6, we plot the eigenvalues of A and the precon-
ditioned matrix P® A for Algorithms 3.1. It is clear that some eigenvalues of A
are close to the origin and the eigenvalues of PP A are all away from the origin.
Moreover, it is interesting that the eigenvalues of A are clustered on a single line for
BIM with a positive diagonal matrix B and are clustered on k lines for BIM with an
identity matrix B.

Finally, we solve Example 4 using GMRES preconditioned by PY and PP . In
the implementation, GMRES(30) is used with relative tolerance 10~6. In Table 8, we
report iteration counts for P by varying the number of subdomians NV,,, overlapping
size 0 and block size k, the spacial mesh size and time step size are h = 1/128 and
7 = h?/? respectively. For a given block size k, it shows the iteration counts decrease
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with the increase of the overlapping size, and grow with the number of subdomains.
Moreover, the iteration counts increase a little from k = 2 to kK = 4, and changes
slightly from k& = 4 to k = 8. For the two-level preconditioner ’P(2), the coarse and
fine mesh sizes are H = 1/16 and h = 1/128, respectively. The results in Table
9 show that the iteration counts decrease with the overlapping size and is bounded
independently of the number of subdomains. Further, the number of iterations doesn’t
change much with the block size k.

6. Conclusions. In this paper we developed a unified framework for the class of
BIM with A-stability for parabolic problems. Similar to IRK, BIM offers high order of
accuracy, desirable stability properties, and requires a single initial value. Because of
the flexibility in selecting the BIM matrices, the resulting large, highly ill-conditioned
linear system is easier to precondition and solve than that from IRK. For some block
sizes, we derived the matrix form of B~'A explicitly, and show that it is positive
stable, moreover, we also derived positive diagonal matrices B and positive definite
matrices A explicitly. The other important result is that, the positive definiteness of
the coupled matrix A depends only on the positive definiteness of the spatial matrix
K. Using the properties of the BIM matrices, we developed a finite element theory
which is not possible for IRK because the lack of the positive definiteness of the Runge-
Kutta matrix. We also introduced and studied numerically some DD preconditioners
that are quite effective for the system of equations arising from the BIM discretization.
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Appendix A. Coefficients of the stability functions for BIM.

Table 10: Coefficients of the stability functions for BIM(2 < k < 8)

28 27 26 Pl z4 23 z2 1
[C1(2)] -1 0 6
k=2||Ca(2)| 2 6 6
[C(2)] 2 -6 6
[C1(2)| 1 -1 -6 12
k=3 [Ca(2)| -1 -1 6 12
|C3(2)| 3 11 18 12
[C(2)] -3 11 -18 12
|C1(2)] -3 5 15 -60 60
|Ca(2)| 2 0 -15 0 60
k=4 |]|C3(2)| -3 -5 15 60 60
[Ca(2)| 12 50 105 120 60
[C(2)] 12 -50 105 -120 60
[C1(2)| 12 -26 -45 300 -540 360
[Ca(2)| -6 4 45 -60 -180 360
k=5 |C3(2)| 6 4 -45 -60 180 360
[Ca(2)| -12 -26 45 300 540 360
|C5(2)| 60 274 675 1020 900 360
[C(2)] -60 274 -675 1020 -900 360
[C1(2)| -60 154 147 -1680 4200 -5040 2520
|C2(2)| 24 -28 -168 420 420 -2520 2520
|C3(2)] -18 0 147 0 -840 0 2520
k=6 ||Ca(2)| 24 28 -168 -420 420 2520 2520
|C5(2)| -60 -154 147 1680 4200 5040 2520
|C6(2)| 360 1764 4872 8820 10500 7560 2520
[C(2)] 360 -1764 4872 -8820 10500  -7560 2520
[C1(2)| 90 -261 -105 2667 -8400 13860 -12600 5040
[Ca(2)| -30 47 189 -693 0 3780 -7560 5040
|C3(2)| 18 -9 -147 -147 840 -1260  -2520 5040
E=T7 [Ca(2)| -18 -9 147 147 -840 -1260 2520 5040
|C5(2)| 30 47 -189 -693 0 3780 7560 5040
|Ce(2)] -90 -261 105 2667 8400 13860 12600 5040
|C7(2)| 630 3267 9849 20307 29400 28980 17640 5040
[C(2)] -630 3267 -9849 20307 -29400 28980 -17640 5040
[Ci(z)| | -210 669 -16 -6363 24045 -49140 61740 -45360 15120
[Ca(2)| 60 -114  -331 1638 -1155 -7560 23940 -30240 15120
|C3(2)] | -30 27 236 -441 -1155 3780 1260 -15120 15120
[Ca(2)| 24 0 -205 0 1365 0 -6300 0 15120
k=8|]|C5(2)| | -30 =27 236 441 -1155 -3780 1260 15120 15120
|Cs(2)| 60 114 -331  -1368  -1155 7560 23940 30240 15120
|C7(2)| | -210  -669 -16 6363 24045 49140 61740 45360 15120
|Cg(z)| | 1680 9132 29531 67284 112245 136080 114660 60480 15120
[C(z)] 1680 -9132 29531 -67284 112245 -136080 114660 -60480 15120
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