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Bidirectional Probabilistic Multi-Graph Learning
and Decomposition for Multi-View Clustering

Xinxin Wang", Yongshan Zhang", Senior Member, IEEE, and Yicong Zhou", Senior Member, IEEE

Abstract—Graph-based multi-view clustering has attracted
remarkable attention due to its impressive performance. How-
ever, the typical framework consisting of graph learning and
indicator generation may fail to align learned graphs with the
underlying data structure due to the unidirectional pipeline from
refined graphs to indicator generation. Another common problem
is the inadequate prior information in graph learning methods.
This paper proposes a Bidirectional Probabilistic Multi-graph
Learning and Decomposition (BPMLD) method by establishing
an explicit bidirectional pipeline between graph learning and
indicator generation for multi-view clustering. Specifically, we
design a confidence term based on clustering probability indica-
tors and fuse it with graph learning to form clustering confidence
driven graph learning. Meanwhile, graph tensor learning is
introduced to recover the high-order correlations among the
refined graphs. We further propose a multi-graph probability
decomposition module to adaptively produce cluster indicators
with probability representation from the refined graphs. The
seamless integration between graph learning and indicator gen-
eration enables them to interact directly and enhance each other.
To solve the proposed model, we design an effective optimization
algorithm. Extensive experiments demonstrate the effectiveness
of our method compared to state-of-the-art methods. The code
is available at: https://github.com/W-Xinxin/BPMLD.

Index Terms—Multi-view clustering, clustering confidence,
tensor learning, graph decomposition.

I. INTRODUCTION

ITH advancements in manufacturing processes, numer-
Wous data acquisition devices have been developed to
capture information from diverse data sources, facilitating in-
depth analysis and understanding of objects. Multi-view data
are collected from different perspectives and provide various
insights of the same object or scene. This has become increas-
ingly vital in the field of image and video processing due to its
richness of information. Significant advancements in various
multi-view learning methods have facilitated applications, such
as object recognition [1], image segmentation [2], and image
processing [3], [4]. Typically, the core principle of multi-
view learning is to devise appropriate strategies that explore
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consistent and complementary information among views to
achieve optimal consensus [5], [6].

Multi-view clustering aims to group similar samples by
exploring the relations among samples across multiple views in
an unsupervised manner. For example, multi-view clustering
algorithms can effectively categorize patients using medical
images captured by different techniques such as MRI, CT
scans, and X-rays. Despite extensive studies on this task over
the past decades, two long-standing challenges remain: 1) how
to effectively integrate the partial information from each view
into a consensus that comprehensively and accurately repre-
sents the relations among data, and 2) how to identify and
utilize the discriminative group information in the clustering
process at a deeper level.

A great variety of multi-view clustering methods have
been proposed to further investigate these two challenges.
These methods can be roughly summarized in the following
three categories. Multi-view K-means learning methods extend
single-view K-means methods, and partition multi-view data
based on distances to cluster centroids [7]. K-means learning
is well-regarded for its low computational cost and intuitive
theory. Numerous variants have emerged, e.g., multi-view ker-
nel K-means [8] and embedded K-means [9]. However, these
methods may experience performance degradation because
they rely solely on distance measures between samples
and cluster centroids. This degradation becomes particularly
pronounced when data are distributed in a non-Gaussian
manifold, rendering commonly used distance-based priors
largely ineffective. Multi-view subspace clustering methods
focus on identifying multiple low-dimensional subspaces and
utilize the resulting subspace representation matrices for
grouping samples [10]. By summarizing existing methods
[11], [12], [13], we observe that a common approach is to
impose designed regular constraints on subspace representa-
tion matrices to recover the underlying subspace structures
across multiple views. However, subspace learning methods
often suffer from high computational costs due to the iter-
ative computation of these matrices from high-dimensional
data.

Unlike K-means clustering and subspace clustering meth-
ods, graph-based multi-view clustering mitigates the depen-
dency on computational expense associated with data
dimensionality. These methods typically start by constructing
initial graphs for each view, followed by collaborative opti-
mization strategies to achieve an optimal consensus among
them. For instance, Nie et al. [14] proposed an element-
wise distance measure for graph learning and introduced a

1941-0042 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and
similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universidade de Macau. Downloaded on June 18,2025 at 05:31:48 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0009-0000-6065-7651
https://orcid.org/0000-0001-5817-1732
https://orcid.org/0000-0002-4487-6384
https://github.com/W-Xinxin/BPMLD

3610

Input Multi-view Graphs
T View-1 View2 -~ View-v 100

e [T S L

Learing

BGMC BWTNNM BLTBPL IMVBGC-NFF HOurs

75

)

+
View-v

View-2 -

—+-g4 A

Feedback 25
Loop
1 e 0

Indicator Matrix

50

ACC (%

Indicator
Generation

Prokaryotic Caltech3 100Leaves

Existing Models: ===

(a) (b)

Our Model: -==3

Fig. 1. Comparison between existing methods and our method. (a): Existing
models present a unidirectional pipeline, while our model establishes a
bidirectional one. (b): Recent graph-based methods, such as GMC, WTNNM,
LTBPL, MVBGC-NFF, exhibit performance bottlenecks due to an implicit
learning objective and inadequate prior issues.

connectivity constraint on the Laplacian matrix to achieve a
global consensus affinity matrix. Zhan et al. [15] introduced a
new disagreement measure to regularize initial graphs toward
an optimal consensus graph. Gao et al. [16] employed a
weighted tensor low-rank constraint to recover the low-rank
spatial structure among multiple views. To explicitly account
for both consistent and inconsistent information across views,
the works in [17], [18] decomposed the initial graphs into
diverse view-specific components and consistent components,
then fused the consistent components to obtain the final
consensus graph. Following this line of research, [19] fur-
ther refined the inconsistent components into complementary
components and noise components. For most graph-based
multi-view clustering methods, spectral analysis and K-means
algorithm are required to generate the final clustering indi-
cators in additional steps after obtaining the final consensus
graph.

Although existing methods have achieved extensive suc-
cesses, these frameworks of graph-based multi-view clustering
usually face two critical issues: inadequate prior and implicit
learning objective, as shown in Fig. 1. To deal with inadequate
prior issue, some existing works use pseudo labels to guide
learning [20], [21]. These methods implicitly assume that
the data distribution conforms to certain prior knowledge.
However, data distributions in real-world applications are often
quite complicated. Other methods fuse multiple priors into
learning models to enhance model performance [22], [23].
For instance, [16] incorporates both column sparsity and
global low-rank priors, while [24] combines global low-rank
and singular value priors, and [11] considers dual structure
information in graph learning. However, these methods still
have some limitations. For example, linearly combining mul-
tiple priors introduces hyperparameter tuning challenge and
manually defined priors may be biased. The second implicit
learning objective issue arises because most existing methods
employ a unidirectional pipeline [13], [16], [25]. Specifically,
the refined affinity graphs dominate the quality of the cluster
indicators. However, the resulting cluster indicators do not
serve for the learning of the refined affinity graphs. Hence
these two processes lack the necessary interactive feedback.
As a result, the refined affinity graphs may not be suitable for
the subsequent clustering tasks.

To address these issues simultaneously, we propose a unified
framework called BPMLD. BPMLD achieves a bidirectional
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interaction between graph learning and clustering indicator
generation to enhance clustering performance. We summarize
our contributions as follows:

e We propose a clustering confidence driven graph learning
module, which incorporates the highly confident informa-
tion based on clustering probability indicators to remedy
the inadequate prior issue.

e We propose a multi-graph decomposition module to
decompose the refined affinity graphs into the consensus
clustering probability indicators.

e Combining these two modules together, we propose
a bidirectional probabilistic multi-graph learning and
decomposition model named BPMLD, which establishes
the explicit bidirectional refining pipeline to improve
clustering performance.

e We devise an optimization algorithm to solve the quartic
polynomial problem with constraints. Extensive experi-
ments verify the effectiveness of our method.

II. PRELIMINARIES
A. Notations

Throughout the paper, bold lower-case letters (e.g. a), bold
upper-case letters (e.g. A) and calligraphy letters (e.g. A)
denote vectors, matrices, and tensors, respectively. For a matrix
A € R"*™_ we use A;. to represent the i-th row vector of
A. The corresponding Frobenius norm, nuclear norm and ¢;-

_ 2 _
norm are defined as ||A||F = Zij A7 lIAllL = > ;0i(A), and

Al =3, ; ]Ai |, Tespectively, where A;; is the element of A,
and o;(A) is the i-th singular value of A. For a tensor A €
Rmxmxns - A6 AR ACHR represent the i-th horizontal, j-
th lateral, and k-th frontal slice, respectively. For convenience,
we use A® to stand for the k-th frontal slice A%, The
Frobenius norm and infinity norm of a 3-order tensor are
defined as [lAllr = />4 Afik and || Allo = max;j }.A,-jk|. The
notation A denotes the fast Fourier transformation (FFT) of A
along the third dimension, i.e., A= fft(A,[1,3). The tensor
A can be recovered from A by the inverse FFT operation,
ie, A = ifft(./_él, [1,3). Likewise, Z(l) represents the i-th
frontal slice of A. The block vectorization of A is given
by bvec(A) = [AD;.. . ; A™] € RmmXm and its inverse
operation is defined as ibvec(bvec(A)) = A. We then define
the block circulant matrix bcirc(A) of A as follows:

A g0 A@
A® AWM A®

bcirc(A) = . . € RMmXmns
A A1) A

More details can be referred to [26]. Based on the above
definitions, we further give the definitions of the tensor multi-
rank and weighted tensor nuclear norm.

Definition 1 (Tensor Conjugate Transpose): For a tensor
A € R">*m>n - the conjugate transpose A" € R™*™M*™ cap
be obtained by conjugate-transposing each frontal slice of A
and then reversing the order of the transposed frontal slices 2
through ns.
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Definition 2 (Identity Tensor): T € R"™"*" is an identity
tensor whose first frontal slice Z\) is an n x n identity matrix,
and the elements in the other frontal slices are all zeros.

Definition 3 (T-Product [27]): For two tensor A; €
RMm*mxms and A, € R™*™*™ we can compute the t-product
as follows, B = A; = Ay = ibvec(bcirc(A;).bvec(A,)) €
Rnl XNy Xn3 .

In practice, the t-produce between .A; and A, have an
equivalence form in the Fourier domain, ie., B = A = A,
and B = A, A, are equivalent.

Definition 4 (t-SVD [27]): For a tensor A € R™M>"X" -t
can be factorized by t-SVD as,

A=U+T V7,

where U € RMXM>m gnd )V € R™*™*M are orthogonal
tensors, (a tensor P € R™>™M*" ig orthogonal, if PT P =
P« PT = T holds), T € R"*™>" jg an f-diagonal tensor,
whose each frontal slice is diagonal.

The t-SVD of the tensor A can be equivalently computed
by performing matrix SVD for each frontal slice .A
Fourier domain, i.e.,

.7\(1) u(l)z(l)v(l) for
Definition 5 (Tensor Multi-Rank [28]): For a tensor A €
RM>*mXxm s multi-rank can be defined as a vector r € R <!,
wl(1§)se the k-th element is the rank of the k-th frontal slices of
A
Definition 6 (Tensor Nuclear Norm [28]): For a tensor
A € RMm>mXms jtg tensor nuclear norm is defined as

1Alls = > 1A

k=1

in the

i= 1,2,...,113

n3 min(n,ny)

* = Z Z z(A(k))

It have been proven that the tensor nuclear norm is
the tightest convex relaxation to /; norm of the tensor
multi-rank [28].

Definition 7 (Weighted Tensor Nuclear Norm [16]): Con-
sidering the prior knowledge of singular values, the weighted
tensor nuclear norm can be defined as

|Mm@=fWZ“
k=1

where w; is the i-th element of the prior vector w. In this
paper, the dimension of the weighting factors w equals to the
view number.

n3 min(n,ny)

Z Z a)O',( (k))’

k=1 i=1

B. Naive Graph-Based Multi-View Clustering

Graph-based multi-view clustering (GMVC) methods
jointly optimize multiple initial input similarity graphs toward
a consensus that accurately reflects the underlying clustering
structure. The typical graph learning paradigm can be formu-
lated as follows:

min Q(C") + AD(E")
C'.E
s.t. 8" =C"+E" y(C), (1)

where {S" € R™"}V_ are initial similarity graphs. However,
their group structure is often obscured by the prevalent noise
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and data corruptions in real-world scenarios. Here, {C' €
R™*MVY | denote the refined graphs, and {EV € R"™")V_
represent the corruptions removed from the initial graphs.
Q(-) and () serve as certain regularization terms to refine
the initial graphs and estimate corruptions, respectively. ¢(:)
denotes specific numerical constraints, and A is a trade-off
factor balancing the two regularization terms. After optimizing
Eq. (1) to obtain the refined graphs, the final affinity graph
Q € R™" can be computed as follows:

L IC+ e
Q:_Z&‘ )

After that, spectral clustering [29] or a connected component
search method [30] can be applied to Q to obtain final
clustering results. Despite achieving good performance, few
methods address the limitations of the unidirectional pipeline
and the issue of inadequate prior information.

III. PROPOSED METHOD
A. Overview

Fig. 2 illustrates the flowchart of the proposed BPMLD
model. BPMLD includes two modules: (1) Clustering Con-
fidence Driven Graph Learning (as shown in the left of
Fig. 2): This module learns refined affinity graphs from the
initial input graphs. It incorporates clustering confidence and
tensor graph learning to facilitate the learning of refined
graphs. (2) Multi-graph Probability Decomposition (as
shown in the right of Fig. 2): This module adaptively com-
putes consensus cluster probability indicators from the refined
graphs in a single step and utilizes these indicators to calculate
the clustering confidence of sample pairs. By integrating these
two modules into a unified framework, the proposed BPMLD
establishes a bidirectional refining pipeline between graph
learning and clustering indicator generation. It effectively
explores semantic information from graph structures as self-
produced prior knowledge and uses this information to refine
graph learning in each iteration. Finally, we take the optimized
clustering probability indicators as clustering results.

B. Clustering Confidence Driven Graph Learning

Existing graph-based learning methods often employ a
unidirectional learning pipeline. They utilize prior knowledge-
driven learning procedures and result in implicit learning
objectives. This limitation may lead to misalignments between
affinity graphs and underlying data structure. Clustering indi-
cators effectively reflect both data distribution and sample
similarity. Introducing clustering feedback into the graph
learning process enhances the reliability of the learning out-
comes.

Given multiple initial input similarity graphs {S"}"_,, and
assuming that noise or corruptions in the input graphs are
sparse, the clustering confidence-driven graph learning with
adaptive view weighting can be formulated as follows:

Z%ZZW‘

i=1 j=1
+/1|IEVI|1

min

v2_T
Jmin. C.|, Fi.F +BICllue
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Fig. 2. The illustration of the proposed BPMLD model. The left side of the figure is: Clustering Confidence Driven Graph Learning module. It learns the

refined affinity graphs C!, ..., CV from input initial graphs S!, ...,

SY. This module incorporates clustering confidence of samples and tensor graph learning to

enhance the refinement process. The right side of the figure is: Multi-graph Probability Decomposition. This module adaptively balances the different refined
affinity graphs to compute the consensus clustering probability indicators F that effectively facilitates the calculation of clustering confidence and forms a
feedback loop through Eq. (5). Finally, the optimized F is taken as the final clustering result.

5. 8" =C"+E"C">0,C"1 =1,

C=%(C',C%....,.C",
F1=1,0<F;:<1l,al=1,a,>0, 3)
where {CV}X=1 denote the refined affinity graphs, {EV}X=1

present the data corruptions The ||||; norm characterizes the
corruption term {E"} _, stripped from the initial input graphs.
Constraints {C" > 0, C"1 = 1} denote the boundary constraint
for the refined a[ﬁnity graphs. Operator ¥(-) stacks the refined
affinity graphs {C"}"_, as frontal slices of a 3-order tensor C
with dimensions n X n X V, and then rotates it to n X V x n. The
term ||||, o represents the emerging weighted tensor nuclear
norm. It is imposed on C to capture the global low-rank
properties across multiple views. The weight a, balances the
importance of each view. 5 and A are non-negative trade-off
parameters.

Matrix F € R"™* serves as the clustering probability
indicators for n samples. It presents the probability of each
sample belonging to one of the k clusters. The inner product
of clustering indicators F,-,:FI: effectively reflects the clustering
confidence of the i-th sample and j-th samples belonging
to the same category. C;. presents the nearest neighboring
relationship of the i-th sample with other samples in the
v-th graph. Minimizing the first term in Eq. (3) ensures that
sample pairs with a high probability of belonging to the same
category maintain the similar nearest neighboring relationships
across each view. Regarding clustering confidence as prior
knowledge, this module effectively addresses the inadequate
prior issue.

C. Multi-Graph Probability Decomposition

To implement Eq. (3), we require the clustering probability
indicator matrix F. However, existing GMVC methods do
not generate this matrix in a single step. To address this
issue, we propose a graph decomposition approach to facilitate
the generation of clustering probability indicators in a single

step. Specifically, the clustering probability indicators can be
obtained by solving the following optimization problem:

1%
mFin Z ||avCv
v=1

st. F1=1,0<F,, <1,

~FF .

“4)

where F indicates the consensus clustering probability indica-
tors. Constraints F1 = 1,0 < F;. < 1 ensure that the values
are non-negative and sum to one. Additionally, view weights
in Eq. (3) are utilized to balance the contribution of each view.
Eq. (4) symmetrically decomposes multiple refined graphs into
the consensus clustering probability indicators.

The resulting F effectively captures the semantic infor-
mation of samples across multiple views. Its probability
representation along with the inner product form ensures that
the values of the clustering confidence term remain within
the continuous interval [0, 1]. This is important for accu-
rately reflecting semantic similarity in clustering scenarios.
Therefore, F serves as a suitable intermediate variable for
computing clustering confidence and guiding the learning of
affinity graphs.

D. Overall Objective Function

Combining the two formulas discussed above, the final
objective function of the proposed BPMLD can be formulated
as follows:

Vv
omin Z |a,C* ~ FF | + BICllu.o + AIE"N,
+a ZaVZZHCV C)|2F, ¥,
v=1 =1 i=1
st.8"=C"+E"C">0,C"1=1,

F1=1,0<F;.<l,al=1,4,>0
C=wC,C%4...,C", 5)

where @ are non-negative trade-off parameters.
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Eq. (5) provides an explicit learning objective for both graph
learning and clustering simultaneously. This facilitates the
alignment between refined affinity graphs and underlying data
distribution. This paradigm enables mutual refinement between
both processes, and thus ultimately enhances the clustering
performance.

IV. OPTIMIZATION ALGORITHM
A. Optimization Strategy

It is intractable to optimize the formulation of Eq. (5)
straightforwardly because of the existence of the quartic
term and multiple constraint terms. We design an alternating
optimization algorithm based on alternating direction method
of multipliers (ADMM) [31] to solve each variable by fixing
others. To make Eq. (5) separable, we introduce one auxiliary
variable J = C. The corresponding augmented Lagrangian
function is as follows:

min

Vv
o min Z a,C" = FE" [ + B1IT o + AIE

+aZavZ;Zl: |CV C"HZF FT:

V v
P
+) Z|IS"-C'-E'+
22‘ P llr
s.t. CV >0, Cvl =1,C = \y(cl, C2,...,C",
F1=1,0<F;. <l,al=1,4,>0, (6)

where Y} € R™" and ), € R™V*" are Lagrange multipliers,
and p is penalty factor.
Updating E’: Fixing other variables, we optimize E’ in

each view as follow
v 4 v ‘l)
E-|S-C+ -

It can be solved by the soft-threshold operator [32].
Updating C": Fixing other variables, we update C” in each
view by solving the following problem,

2

A 1
in — ||E = 7
min = 16" + 5 )

: v T2 - - v 2 T

min [ a,C" = FE' [ +aa, 3} [ C; - Cj|, Fi.F],
i=1 i=1

vV vV v YY vV 4

C'—(|S"-E"+ — +Z(1C" =)+
p)lr 2 F

st. C">20,C"1=1. (8)
With the normalized condition C¥ > 0, C'1 = 1, it is difficult to
find the optimal result directly. For efficiency, we introduce an

auxiliary variable C*. By removing the normalized condition,
the problem can be reformulated as

b2

T

min ,C = FF' [ + a0, 30 Y€ - €} FLFY,
=1 i=1
sl (oo B)]2fe-(r- 2]
2 p/lr 2 A,
9
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Taking the derivative with respect to C¥ and setting it to zero,
the optimal solution of Eq. (9) is

C" = (2a,FFT + pQV + pP")(ZaZI +daa,L +2pD7!,  (10)

where Q" =S'—E' + 4 and PP = J' - 2
With the solutlon of CV the optimal C¥ can be obtained by
solving the following problem

min |C' - €[ (an

€v>0,C'1=1

The problem of Eq. (11) is an Euclidean projection problem
on the simplex space. It can be settled as in [33].

Updating 7: Fixing other variables, J can be updated by

. P
minB1T oo + 5 17 = Bl (12)
where B = C + % Based on Definition 6, we transform
Eq. (12) into n3 separated sub-problems in the frequency
domain, and the k-th problem is

oy N N e O
min " Cwoy T + 5 |7V -BY| (13)
Fw — Jol 2 F
=
The optimal solution of 7(k) is
—(k)
J :UEm@gw,(ZE(k))VLm (14)

where UaufﬁmV,m is the SVD of B , and O(-) is the
common Smgular BValue Thresholding (SVT) operator. Once
we obtain j , J can be recovered by inverse FFT operation.

Updating a: Fixing other variables, a can be updated by
solving the following problem,

v 14
min Z “ava —FFT ||; +a Z a,b,
a
v=1 v=1

s.t.al=1,a,>0. (15)
2

where b, = Y L >0, HC{—C;HZF,;;F% Extending the

Frobenius norm with trace and removing the irrelevant term,

Eq. (15) can be rewritten as

1%
- 2 vl v _ v T
mam E_ a,Tr (C C ) 2 a,Tr (C FF ) + aa,b,

s.t.al =1,a, >0. (16)

Eq. (16) is a simple Quadratic Programming (QP) problem.
We employ the off-the-shelf quadratic programming solver to
address this problem.

Updating F: Fixing other variables, we can update F by
the following problem

\4
min ) [a,C" - FE" |} + aa,Tr (D}FF)
v=1

st. F1=1,0<F;. <1, (17)

where D) 1s the measure matrix obtained as (D});; =

HC‘ C“ X It is difficult to find the optimal F directly due
to the ex1stence of the quartic term. Under the consideration
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Algorithm 1 BPMLD

Input: Initial graphs of the multi-view data with V' views
{S!,S82,...,SV} and the number of classes k, parameters
a, B, A, prior knowledge w.
Output: Clustering labels of data points.
1: Initialize EY = C* =Y =0, J =Y, =0, F =0,
p = 0.0001,y = 2, pras = 108

2: Initialize a, with 7.

3: while not converge do

4:  Update EV by solving Eq. (7);

5. Update C" by Eq. (11);

6:  Update J by solving Eq. (14);

7. Update a by solving Eq. (16);

8:  Update F by Algorithm 2;

9:  Update Y7, Y2 and p by Eq.(24) to Eq.(26);
10:  Check the converge conditions:

|S* —C" - E”[| < 107°, ||[C—J|_ <107
11: end while
12: Output the index of max elements of each row in F'.

Algorithm 2 Optimizing F
Input: a, {C"},,, {DZ}L;.
Output: F

1: Initialize F = G =Y3 =0, u = 0.001, p = 1.3, tynaz =

105.

2: while not converge do

3:  Update G by solving Eq. (19);
4. Update F by Eq. (21);
5.
6
7

Update Y3 by Eq. (22);
Update ¢ by Eq. (23);
Check convergence conditions:
IF -~ G, <107

8: end while

of efficiency, we introduce an auxiliary variable G = F, and
use ADMM to solve this sub-problem. The corresponding
augmented Lagrangian function is

v
r%nél ; |a,C" - FG" Hi + aa,Tr (D/FG")

2

+E‘F—G+—
2 Hollp

st. F1=1,0<F;. <1,

(18)

where Y; € R"™ ¥ is Lagrange multiplier, and u is penalty
factor. When F is fixed, G can be solved as follows:

G = RQVFTF + ul)7!, (19)
where R = uF + Ys + YV, 2 a,C'F - oYV, a,D,F.
To solve F with normalization constraint by fixing G, we
reformulate the problem similarly to Eq. (8) by introducing
auxiliary variable F. Thus, we solve F without considering
the normalization constraint as follows:

F=TQVGIG +pul)!, (20)
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where T = G + Y3 + Y.\, 2 ,C,G —a Y.\, a, D G. With
the solution of F, the optimal F can be obtained by solving
the following problem,

. L2
pmin_ [F-F. 21)

It can be easily solved as Eq. (11). The Lagrange multiplier
and penalty factor are updated as follows

Y3 = Y3 +/J(F - G)?
M= mll’l(é/l, llmax)a

(22)
(23)

where 6 > 1 is a learning rate, and y,,,, is the upper bound of
u. We summarize the optimization of F in Algorithm 2.

Updating the rest variables: With the other variables fixed,
the rest variables are alternately updated by

Y =Y +p(S' - C' -E), (24)
V=Y +pC-T), (25)
P = min(yp, Ppax)s (26)

where y > 1 is a learning rate, and p,,, is the upper bound
of p.

Commonly, the penalty parameters u and p should be initial-
ized to a small positive number to achieve an optimal solution
[31]. However, this may lead to a slow convergence rate. To
accelerate the convergence rate, we employ the varying penalty
strategy [34] by introducing extra parameter ¢ and y in Eq. (23)
and Eq. (26). Such that, the penalty parameters y and p are
enlarged with a positive learning rate until the upper bound
is met. Through this strategy, the empirical convergence of
the optimization algorithm is improved and the optimization
performance will be less dependent on the initialization of u
and p.

Since Eq. (6) consists of two constraints, we define the
residuals as follows:

r1 = max{||S" - C" - E"||.},

r2= ”C_J”oos (27)

where |||, indicates the maximum elements in the matrix.

The stopping criterion is that the residuals are small enough
along with the iterative optimization scheme. For clarity, the
overall optimization procedure of Eq. (6) is summarized in
Algorithm 1.

B. Algorithm Analysis

1) Convergence Analysis: In this paper, the proposed
Algorithm 1 involves five blocks of variables, and the objective
function of Eq. (6) is non-smooth with respect to these vari-
ables, making it difficult to prove theoretical convergence [35].
In practice, many methods employ ADMM-based algorithms
to solve problems with more than six variable blocks [19],
[36]. Furthermore, we empirically find that the proposed
Algorithm 1 exhibits good convergence behaviors and gen-
erally converges within dozens of iterations using the
varying penalty strategy when clustering real-world bench-
mark datasets. The residual curves of Algorithm 1 on two
benchmark datasets are plotted in the Experiment section for
detailed illustration.
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2) Complexity Analysis: The proposed BPMLD model is
optimized in an alternating manner. In each iteration, the
optimization process is divided into five sub-problems, along
with the multipliers and penalty update steps. For solving E”, it
costs O(Vn?) for element-wise thresholding. For updating C",
it mainly costs O(Vn?) for Euclidean projection. For solving
J, it mainly costs O(Vn*log(n)) to perform FFT and inverse
FFT on an n x V xn tensor. When updating F in Algorithm 2, it
mainly takes O(t,n’k) on matrix multiplication, where ¢, is the
iteration number. For updating a,, it needs O(V?) to perform
quadratic programming. Therefore, the overall computational
complexity is approximately O(t,(Vn* + Vnlog(n) + tyn*k +
V3)), where ¢, is the iteration number of the above five sub-
problems.

C. Discussion

The proposed method evolves from graph learning but
diverges from conventional graph-based methods. These con-
ventional approaches rely on implicit learning objectives to
learn affinity graphs, followed by spectral analysis of the
Laplacian matrix and discretization to obtain final clustering
results. Unlike previous methods, our method outputs soft
clustering indicators in a single step by directly decomposing
the refined affinity graphs.

Meanwhile, it uses these indicators to reflect clustering
confidence among samples and applies them to effectively
preserve clustering-oriented structure information within the
affinity graph learning process. Both processes are unified in a
single model. Moreover, our approach differs from symmetric
nonnegative matrix factorization. This is because our method
performs probability decomposition of the affinity graphs for
the first time while simultaneously refining affinity graphs
using clustering feedback. Compared with existing learning-
based methods, our method achieves bidirectional interaction
between graph learning and clustering indicator generation,
and thus forms an explicit learning objective for both pro-
cesses to enhance clustering performance. Compared with
deep learning-based methods, our method is deterministic and
easy to deploy.

V. EXPERIMENTS
A. Experimental Settings

1) Datasets: We perform extensive experiments on the
following ten datasets, including human face recognition

databases (Yale, ORL), scene recognition database
(MSRCvl1), object recognition databases (Caltech3, Caltech7,
and 100Leaves), image-text classification database

(Wiki_ fea), gene analysis databases (Prokaryotic, BDGP),
and video analysis database (CCV). These benchmark
datasets are popular and widely adopted in recent multi-view
clustering studies. Among these, six datasets (Yale, Caltech?7,
100Leaves, Wiki_fea, Caltech3, and BDGP) are also utilized
in the original papers of competing methods for evaluation
[16], [25], [33], [37], [38].

Specifically, Yale! [16] is a human face recognition database
with 165 gray-scale facial images across 15 classes, described

Thttps://cvc.yale.edu/projects/yalefaces/yalefaces.html
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by three kinds of descriptors. ORL? [5] is also a human
face recognition database containing 400 images from 40
distinct subjects. Each image is represented by three kinds
of descriptors. MSRCv1? [39] is a scene recognition database
with 210 images from seven scenes. Five kinds of features, i.e.,
LBP, HOG, GIST, CENTRIST, and SIFT are extracted from
each image. Caltech7* [37] is a subset of the famous object
recognition dataset Caltech101 [16]. It contains 1474 pictures
of objects belonging to seven categories, and each picture is
represented by six kinds of extracted features. Caltech3 is
also a subset of Caltech101, containing 512 images of objects
from eleven classes, and three kinds of extracted features are
used. 100Leaves’ [33] is an image identification database of
plant leaves, including 1600 samples from 100 kinds of plants,
represented by shape descriptor, texture histogram and fine-
scale margin. Wiki fea® [37] is an image-text classification
database selected from Wikipedia. It consists of 2866 sections
across ten categories, described by text and images, respec-
tively. Prokaryotic’ [40] is a bacterial classification database
containing 551 prokaryotic species across four categories, pre-
sented in text, proteome, and genomic representation. BDGP?
[38] is a biology gene database collected from 2500 instances
of five varieties. It contains three kinds of Drosophila gut
microbe genome sequences. CCV® [41] is a video analysis
dataset containing 6773 YouTube videos across 20 semantic
categories.

2) Competing Methods: We compare our method with one
baseline method and eleven state-of-the-art methods across
four types: (a) Matrix based full graph methods: SC (best)
[29], GMC [33], CGD [25], EMGC?F [39], and OMVCDR
[38]; (b) Tensor based full graph methods: WTNNM [16],
LTBPL [24]; (c) Anchor graph based methods: EMVGC-
LG [11], MVBGC-NFF [13], and (d) Deep learning method:
DealMVC [37], SCMVC [42], and DIVIDE [43]. We briefly
introduce the methods that are not mentioned in previous
sections. SC (best) is a baseline method that performs standard
spectral clustering on each view, and report the best results.
CGD recovers the unified graph in cross-view graph diffusion
process and performs spectral clustering to obtain final results.
EMGC?F considers the credible consistent information among
multiple views and directly learns a consistent clustering
indicator matrix. DealMVC is a deep model that performs
multi-view contrastive clustering considering local and global
cross-view feature consistency.

Three common metrics, i.e., clustering accuracy (ACC),
normalized mutual information (NMI) and purity, are used
to evaluate the clustering performance. For these evaluation
metrics, higher values indicate better clustering performance.

3) Implementation Details: For fair comparison, we use
the released source codes of competing methods in our

2https://carn—orl.co.uk/facedatabase.html

3https://WWW.microsoft.com/en—us/rese,zurch/proj ect/

4http://www.viSion.mltech.edu/Image7Datasets/Caltech 101/

Shttps://archive.ics.uci.edu/ml/datasets/One-hundred+
plant+species+leaves+data+set

°http ://www.svcl.ucsd.edu/projects/crossmodal/

7https:// github.com/mbrbic/Multi-view-LRSSC/tree/master/datasets

8https://www.fruitfly.org/

9http://WWW.ee.columbia.edu/ln/dvmm/CCV/
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TABLE I

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 34, 2025

CLUSTERING RESULTS OF DIFFERENT METHODS ON TEN DATASETS. THE 1ST/2ND BEST RESULTS ARE MARKED IN BOLD AND UNDERLINE, ‘-> MEANS

EXECUTION FAILURE ON THAT DATASET

Methods Yale Caltech7 100Leaves Wiki_fea  Prokaryotic BDGP CCcv Caltech3 ORL MSRCv1
ACC
SC(best) 0.6461£0.003 0.6811+0.000 0.6861+0.008 0.555+0.000 0.625+0.037 0.4371+0.000 0-207+0.003 0.-358+0.000 0.832+0.008 0.76210.000
GMC 0.6551+0.000 0.692+0.000 0.824+0.000 0.1951+0.000 0.495+0.000 - 0.106+0.000 0.201+0.000 0.632+0.000 0.747+0.000
CGD 0.5314+0.003 0.680+0.000 0.819+0.011 0.547+0.000 0.651+0.000 0.407+0.000 0.216+0.000 0.24940.002 0.662+0.022 0.852+0.000
EMGC?F  |0.667+0.000 0.624+0.000 0.866+0.000 0.27740.000 0.376+0.000 0.201+0.000 0.186+0.000 0.240+0.000 0.805+0.000 0.914-40.000
WTNNM  |0.97940.000 0.519+0.000 0.924+0.005 0.547+0.002 0.572+0.000 0.745+0.000 0.379+0.015 0.433+0.015 0.945+0.021 0.871+0.005
LTBPL 0.93940.000 0.870+0.000 0.914+0.000 0.608+0.000 0.633+0.000 0.202+0.000 0.122+0.000 0.256+0.000 0.957+0.000 0.943+0.000
EMVGC-LG |0.71210.018 0.582+0.000 0.763+0.001 0.537+0.000 0.548+0.034 0.489+0.007 0.243+0.000 0.352+0.003 0.729+40.021 0.808+0.022
MVBGC-NFF [ 0.592+0.048 0.42040.031 0.470+0.014 0.53640.031 0.567+£0.002 0.408+0.039 0.22810.006 0.287+0.015 0.6774+0.039 0.701+0.034
DealMVC  [0.58810.000 0.768+£0.000 0.2441+0.000 0.593+0.000 0.588+0.000 0.3144+0.000 0.165+£0.000 0.309+0.000 0.125+0.000 0.652+0.000
SCMVC  |0.376+0.015 0.529+0.017 0.578+0.035 0.598+0.017 0.72140.061 0.484+0.015 0.257+0.007 0.232+0.004 0.41240.023 0.523+0.005
DIVIDE  |0.594+0.025 0.359+0.023 0.850+0.016 0.545+0.027 0.490+0.032 0.339+0.011 0.224+0.005 0.273+0.010 0.70510.028 0.579+0.039
OMVCDR  [0.648+0.000 0.553+0.000 0.683+0.000 0.534+0.000 0.546+0.000 0.569+0.000 0.151+0.000 0.293+0.000 0.598+0.000 0.624+0.000
Ours 0.982_0.000 0.905+0.000 0.98910.000 0.617+0.000 0.74410.000 0.870+0.000 0.415+0.000 0.605+0.000 0.977+0.000 0.947+0.000
NMI
SC(best) |0.464+0.005 0.583+0.000 0.575+0.006 0.405+0.000 0.334+0.020 0.211+0.000 0.067+0.002 0.142+0.000 0.908+0.006 0.525+0.000
GMC 0.689+0.000 0.660+0.000 0.929+0.000 0.07840.000 0.193+0.000 - 0.004+0.000 0.162+0.000 0.857+0.000 0.771+0.000
CGD 0.608+0.004 0.569+0.002 0.929+0.005 0.54740.000 0.357+0.000 0.207+0.000 0.193+0.001 0.170+0.000 0.798+0.024 0.759+0.000
EMGC?F  |0.69740.000 0.582+0.000 0.939+0.000 0.17540.000 0.123+0.000 0.002+0.000 0.123+0.000 0.134+0.000 0.91040.000 0.833+0.000
WTNNM  |0.97540.000 0.513+0.000 0.980+0.003 0.506+0.001 0.245+0.000 0.-582+0.000 0.331+0.003 0.315+0.012 0.983+0.003 0.827+0.006
LTBPL 0.967+0.000 0.623+£0.000 0.950+£0.000 0.549+0.000 0.256+0.000 0.002+0.000 0.037+0.000 0.1611+0.000 0.986£0.000 0.896+0.000
EMVGC-LG [0.750+0.018 0.603+0.003 0.9051+0.000 0.-470+0.000 0.256+£0.027 0.315+0.002 0.1871+0.000 0-271+0.000 0.875+0.015 0.71710.047
MVBGC-NFF |0.646 10.036 0.427+0.018 0.717+0.007 0.51210.018 0.3131+0.010 0.190+0.046 0.184+0.002 0.198+0.013 0.85140.018 0.62310.032
DealMVC  |0.51540.000 0.472+0.000 0.644+0.000 0.545+0.000 0.230+0.000 0.644+0.000 0.122+0.000 0.193+0.000 0.3504+0.000 0.645+0.000
SCMVC  |0.473+0.053 0.436+0.004 0.800+0.019 0.495+0.044 0.380+0.078 0.235+0.011 0.236+0.004 0.125+0.001 0.64210.028 0.454+0.025
DIVIDE = |0.621+0.024 0.409+0.020 0.932+0.002 0.507+0.014 0.25240.027 0.130+0.014 0.195+0.007 0.213+0.003 0.846+0.011 0.484+0.040
OMVCDR  [0.658+0.000 0.32940.000 0.839+0.000 0.536+0.000 0305+0.000 0.356+0.000 0.116+0.000 0.186+0.000 0.773+0.000 0.475+0.000
Ours 0.9804-0.000 0.81240.000 0.994+0.000 0.49640.000 0.4054+0.000 0.768+0.000 0.423+0.000 0.603+0.000 0.98440.000 0.913+0.000
Purity
SC(best)  0.671+£0.004 0.5961+0.000 0.8361+0.001 0.546+£0.000 0.367+£0.011 0.338+0.000 0-1831+0.002 0.289+0.000 0.851+0.012 0.61210.000
GMC 0.661+0.000 0-885+0.000 0.851+0.000 0.20240.000 0-584+0.000 - 0.106+0.000 0.230+0.000 0.715+0.000 0.790+0.000
CGD 0.549+0.003 0.868+0.001 0.849+0.004 0.62240.000 0.746+0.000 0.407+0.000 0.247+0.001 0.27440.002 0.707+0.023 0.852+0.000
EMGC?F |0.67340.000 0.9204+0.000 0.876+0.000 0.30840.000 0.603+0.000 0.202+0.000 0.197+0.000 0.270-+0.000 0.842+0.000 0.914-40.000
WTNNM  10.97910.000 0.868+0.000 0.94440.004 0.600+0.000 0.666+0.000 0.74540.000 0.399+0.013 0.44110.014 0.95810.014 0.8711+0.004
LTBPL 0.93940.000 0.872+0.000 0.924+0.000 0.621+0.000 0.646+0.000 0.202+0.000 0.124+0.000 0.268+0.000 0.970+0.000 0.943+0.000
EMVGC-LG |0.724+0.018 0.875+0.000 0.793+0.001 0.573+0.000 0.652+0.001 0.512+0.007 0.266+0.000 0.376+0.004 0.767+0.019 0.812140.024
MVBGC-NFF|0.599+0.045 0.809+0.011 0.503+0.014 0.595+0.030 0.652+40.012 0.415+0.039 0.266+0.006 0.317+0.011 0.72310.032 0.729+0.028
DealMVC  |0.5964+0.000 0.824+0.000 0.244+0.000 0.629+0.000 0.588+0.000 0.244+0.000 0.173+0.000 0.315+0.000 0.1254+0.000 0.667+0.000
SCMVC  |0.394+0.017 0.813+0.001 0.61210.037 0.630+0.026 0.77140.080 0.465+0.013 0.287+0.006 0.254+0.000 0.460+0.028 0.54210.012
DIVIDE  |0.600+0.027 0.773+0.044 0.866+0.009 0.599+0.023 0.630+0.026 0.364+0.009 0.256+0.010 0.313+0.005 0.746+0.025 0.594+0.043
OMVCDR  |0.648+0.000 0.811+0.000 0.706+£0.000 0.6121+0.000 0-677+0.000 0.594+0.000 0.185+0.000 0-311+0.000 0.623+0.000 0.624+0.000
Ours 0.98210.000 0.97610.000 0.99310.000 0.727+£0.000 0.795+0.000 0.87010.000 0.75010.000 0.8280.000 0.97710.000 0.94710.000

experiments. We tune their parameters according to the sug-
gestions in original papers, and repeat each algorithm ten times
with the optimal parameters to report the average performance
and standard deviations. For our method, the trade-off param-
eters « is tuned in the range of [0.0001, 1], 8 is tuned in the
range of [0.1, 1000], A is tuned in the range of [0.1, 1000], and
the weight w is tuned in the range of (0,50]. Without loss of
generality, we use the same graph construction algorithm as
GMC [33] to generate the initial view-specific graphs.

B. Performance Evaluation

1) Performance Comparison: Table I demonstrates the
quantitative clustering results of thirteen methods across ten

real benchmark datasets. Note that the proposed method and
some competing methods (including GMC, EMGC?F, LTBPL
and OMVCDR) are deterministic and produce consistent out-
puts across multiple runs, leading to a standard deviation of
zero. The same phenomenon can be observed in the original
papers of competing methods [24], [33], [38]. Besides, the
released source code of DealMVC has a fixed random seed,
making the outputs reproducible and resulting in zero devia-
tion. We can draw the following observations.

a) Full graph-based methods demonstrates superior per-
formance compared to anchor graph-based methods.
This advantage arises from the limitations inherent in
simplified data representation of anchor graph. Such
representations are constrained by the representation
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(a) SC (best) (b) GMC

(c) CGD (d) WTNNM

.
-7
£

(e) LTBPL (f) EMVGC-LG

(g) MVBGC-NFF (h) Ours

Fig. 3. T-SNE visualization of the consensus spectral representations from different methods on the Caltech3 dataset. The visualized representation of our
method is the clustering probability indicator F in our learning model.

b)

c)

d)

capacity of anchors, thereby fail to explore the compre-
hensive relationships among the data. For instance, on
the BDGP and CCV datasets, our method outperforms
EMVGC-LG and MVBGC-NFF by 38.1% and 46.2%,
as well as 17.2% and 18.7% in terms of the ACC metric,
respectively.

Tensor-based full graph methods generally outperform
matrix-based full graph methods in most cases. This
suggests that pursuing global low-rank structures among
multiple affinity graphs is advantageous for enhancing
clustering performance. For example, WTNNM, LTBPL,
and our BPMLD all learn affinity full graphs in a
tensor, achieving top-two performance in most cases.
Although WTNNM and LTBPL integrate multiple priors
into their learning processes, they still fail to achieve
optimally refined affinity graphs for clustering. This may
be because they rely on implicit learning objectives,
which are insufficient for addressing issues related to
inadequate prior information. For bacterial classifica-
tion in the Prokaryotic dataset that has complicated
underlying data distributions and significant differences
among text, proteome, and genomic views, our method
outperforms WTNNM and LTBPL by 17.2% and 11.1%
in terms of the ACC metric, respectively.

Our BPMLD achieves the best performance in terms of
three metrics against all baseline algorithms in most cir-
cumstances, which presents its superiority in multi-view
datasets. Compared with deep learning-based methods,
our method has deterministic optimization procedures
and is easy to deploy. Moreover, our method fully lever-
ages the spatial structural information among views. For
example, our method achieves an ACC value of 61.7%
on the Wiki fea dataset, while DealMVC, SCMVC, and
DIVIDE obtain 59.3%, 59.8%, and 54.5%, respectively.
Compared with other learning-based methods, our
method establishes a bidirectional learning pipeline and
introduces clustering confidence to refine graph learning,

(b) Confidence matrix

(a) Consensus graph

Fig. 4. Visualization of the consensus affinity graph and confidence matrix
learned by our BPMLD on the Yale dataset.

and thus effectively aligns affinity graphs with underly-
ing data structure. For object recognition (e.g., Caltech3
and 100Leaves datasets), our method outperforms GMC
by 40.4% and 16.5% in terms of the ACC metric.
For human face recognition (e.g., ORL database) and
scene recognition (e.g., MSRCv1 database), our method
surpasses CGD by 31.5% and 9.5%. By introducing
the probability indicators, our method can well address
sample uncertainty problem in various applications.

To provide an intuitive comparison with the aforemen-
tioned competitors, we plot their learned consensus spectral
embeddings in Fig. 3 using the t-SNE technique [44], where
EMGC?F and DealMVC are ignored since they directly pro-
duce discrete cluster indicators. We observe that our BPMLD
learns more discriminative representations for the Caltech3
dataset.

Additionally, a block-diagonal structure in the refined affin-
ity graph is desirable for graph-based clustering methods,
ensuring that intra-cluster samples are densely connected while
inter-cluster samples are disconnected. We plot the consen-
sus affinity graph and confidence matrix learned from the
Yale dataset in Fig. 4. The clear block-diagonal structures
observed demonstrate the effectiveness of our proposed clus-
tering confidence-driven strategy.
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(a) original ¢ = 0.4 (b) original ¢ = 0.6

(c) Recovered a; = 0.5213 (d) Recovered ag = 0.4787

Fig. 5. Toy example with two views of varying noise levels. The upper row
displays the similarity of samples on two views, each with a different level
of noise. The lower row presents the recovered graphs with different weights.
i.e.a; = 0.5213 for view 1 and ay = 0.4787 for view 2.

2) Graph Structure Refinement: To provide an intuitive
visual illustration of the capability of our BPMLD, we create a
two-view synthetic toy dataset, where each view is represented
as a 100 x 100 matrix containing four 25 x 25 diagonal blocks
[45]. The toy dataset is shown in Fig. 5(a) and Fig. 5(b).
The values within each block represent the pairwise similarity
of samples within a cluster, while points outside the blocks
represent noise. Points in the blocks are randomly generated
with the range of 0 and 1, and noise is generated within the
range of 0 and y, with ¢ set to 0.4 and 0.6, respectively. To
increase the challenge, we introduce 25 randomly generated
noisy points with an intensity of 1. Fig. 5(c) and Fig. 5(d)
are the corresponding affinity graphs for these views after
optimization. Our method effectively learns the clean block
diagonal structure from the noisy input graphs. The highlights
in different locations of the two recovered graphs indicate
the model’s ability to integrate complementary information
from both views. Furthermore, the method assigns appropriate
weights to each view based on their clustering capacity. For
example, our BPMLD assigns a weight of 0.5213 to the view
with a noise level of ¢ = 0.4, while it assigns a weight of
0.4787 to the view with a noise level of ¢ = 0.6. This further
demonstrates the efficacy of our BPMLD model in integrating
information.

C. Computational Efficiency Analysis

1) Time Complexity Comparison: To analyze the compu-
tational efficiency of the competing and proposed methods,
we display their time complexities in Table II, excluding
deep learning-based methods. Here, d, V, ¢, n, k, |E| present
the data dimension, number of views, number of neighbors,
number of samples, number of clusters, and number of edges,
respectively. As can be observed, EMVGC-LG, MVBGC-
NFF, and OMVCDR show the linear time complexity for the
number of samples, while SC, GMC and EMGC?F represent
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TABLE I
COMPARISON OF TIME COMPLEXITY

Methods Detailed Time Complexity
SC O(Vn?d + Vn?k)
GMC O(te(Ven + Vn2 + kn + kn?) + Vedn)
CGD O(Vn2d + tgn® + n2k)
EMGC?F O(|E| +taVn?)
WTNNM O(ta(Vn® + nd + Vn2log(n)) + n2k)
LTBPL O(ta(Vn? 4+ kn? + t,V2n? 4+ Vn2log(n) + t.Vn?))
EMVGC-LG O(ta(n(mdV + m?3) + Vm3) + nmk)
MVBGC-NFF O(tg(nm(m + Vd+ Vd?) + m2Vd) + nmk)
OMVCDR O(taVd(nmd + md?))
Ours O(ta(Vn? + Vn2log(n) + tyn?k + V3))

tq presents the iteration number of outer loop, while ¢ and ¢. indicate
the iteration number in sub-problems. d, V, ¢, n, k, |E| denote the
dimension of data, number of views, number of neighbors, number of
samples, number of clusters, and number of edges respectively.

the quadratic time complexity for the number of samples.
Besides, CGD and WTNNM exhibit cubic time complexity
for the number of samples. Our BPMLD and LTBPL show the
efficiency between the quadratic and cubic time complexity for
the number of samples.

2) Running Time Comparison: The proposed BPMLD rep-
resents the geometric structure among samples using full
graphs. This requires higher computational costs and longer
optimization times. Table III presents the running times
across ten datasets. Compared to some competing methods,
the proposed BPMLD may take longer runtimes to achieve
improved performance. Undoubtedly, larger datasets require
longer running times. The EMGC?F algorithm exhibits the
shortest runtimes in most cases due to its relatively simple cal-
culations. However, these heuristic algorithms may not provide
competitive clustering performance. On the other hand, deep
learning-based approaches often require high computational
costs due to their complicated optimization processes. For
instance, SCMVC method takes substantial time on most
datasets. The proposed BPMLD, WTNNM and LTBPL uti-
lize full tensor graphs to explore the spatial correlations
among multiple views, making them highly time-consuming.
Nonetheless, the proposed BPMLD separates graph construc-
tion from graph learning, resulting in lower computational
costs compared to WTNNM and LTBPL on the Wiki fea and
BDGP datasets.

D. Model Analysis

1) Parameter Sensitivity Analysis: The proposed BPMLD
has three trade-off parameters, i.e., @, 8, and A. To thoroughly
investigate their parameter sensitivity, we conduct sensitiv-
ity analyses on the 100Leaves, Yale, ORL, and Prokaryotic
datasets. The clustering results of the ACC metric are illus-
trated in Fig. 6. As can be seen, BPMLD exhibits distinct
parameter sensitivity across datasets due to different prop-
erties. Nevertheless, the broad optimal regions across these
datasets indicate BPMLD’s robustness to parameter selection
in various clustering scenarios. For plant image identification
in the 100Leaves dataset, BPMLD performs optimally when
a € [0.001,1], and shows little sensitivity to B and A.
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TABLE III
RUNNING TIME COMPARISON OF DIFFERENT METHODS ON TEN MULTI-VIEW DATASETS. THE 1ST/2ND BEST RESULTS ARE MARKED
IN BOLD AND UNDERLINE. (MEASURED BY SECOND)
Datasets Yale Caltech7 100Leaves Wiki_fea Prokaryotic BDGP CCV Caltech3 ORL MSRCv1
SC(best) 4.38 37.74 30.47 6.46 1.67 23.51 42.44 2.49 10.16 2.69
GMC 0.25 6.04 641 29.86 0.93 2.14 13.38 0.73 0.75 0.45
CGD 0.86 39.58 86.51 136.02 2.83 89.73 1729.7 491 5.51 0.89
EMGCZ2F 0.05 0.88 0.24 0.68 0.08 4.15 4.44 0.06 0.22 0.26
WTNNM 34.07 547.23 290.18 1002.98 116.42 885.37 5933.85 25.62 122.14 41.08
LTBPL 6.37 255.28 192.86 1054.50 41.47 540.89 10639.00 38.50 15.19 10.32
EMVGC-LG 4.27 7.99 48.77 17.58 2.15 16.12 33.24 7.57 8.32 5.87
MVBGC-NFF 6.60 4.04 10.38 1.79 0.45 2.69 9.87 0.99 17.26 0.56
DealMVC 55.78 378.95 875.71 219.96 72.07 407.85 983.50 83.23 165.41 97.92
SCMVC 249.96 1297.88 5317.31 1196.42 340.96 235.24 7164.74 597.98 839.67 228.94
DIVIDE 216.03 230.19 216.88 218.69 193.52 228.44 402.57 173.06 175.39 190.73
OMVCDR 1.68 25.98 75.58 39.67 3.36 32.25 178.18 7.15 7.43 0.55
Ours 9.15 307.54 310.48 500.37 129.15 338.94 6218.5 226.88 23.30 7.47

N By

(e) 100Leaves

(i) 100Leaves (j) Yale

(k) ORL (1) Prokaryotic

Fig. 6. Parameter sensitivity analyses: ACC scores obtained using different trade-off parameters @, S and A across four datasets.

Metrics

[0.1,20,40][0.2,20,25][0.3,20,25](0.5,10,20] ~ [1,1,1]

(a) Caltech3

[0.1,5.20] [0.1,5.35] [0.5,5,35] [1.1.1] [1.10.35]
(b) 100Leaves

Fig. 7. Parameter sensitivity analysis: Performance in terms of ACC and
NMI with varying weighting factors w on the three views of the Caltech3
and 100Leaves benchmark datasets.

For human face recognition in the ORL and Yale datasets,
a higher value of g (like 10, and 100) generally yields a
higher identification rate (as shown in Fig. 6(c)). However,
when A is set to a low value (like 0.01, and 0.1), a high
value of S degrades the model performance (as shown in

Fig. 6(j) and 6(k)). This is because human face recognition
datasets are sensitive to noise [46]. A low value of A fails
to remove noise effectively, and thus results in the failure of
tensor graph learning to explore the spatial structure among
views. For bacterial classification in the Prokaryotic dataset,
our method demonstrates stability when a € [0.001, 1], with
slight sensitivity to 8 and A. Overall, these results highlight
BPMLD’s robustness across various real-world applications.
Practically, tuning @ within [0.0001, 1], 8 within [0.1, 1000],
and A within [0.1,1000] is usually feasible for achieving
promising performance across different clustering scenarios.
In addition, to study the weighting factor w, we present the
w’s varying choices on the Caltech3 and 100Leaves datasets
in Fig. 7. We record the clustering performances in terms of
ACC and NMI at different weight values. The results indicate
that the weighting factor is crucial for improving clustering
performance.
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Fig. 8. Empirical convergence of our BPMLD model on the Yale and
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Fig. 9. Ablation study on two benchmark datasets. The clustering results
in terms of the ACC metric for the proposed BPMLD and its two degraded
models on the Yale and prokaryotic datasets.

2) Convergence Study: While providing a theoretical con-
vergence proof for the proposed optimization algorithm under
the ADMM framework is challenging, it is essential to analyze
its empirical convergence on real-world benchmark datasets.
According to Eq. (27), we plot the residual value curves
across the Yale and 100Leaves datasets in Fig. 8. The results
demonstrate that the proposed algorithm exhibits robust con-
vergence behavior. Notably, the residuals become sufficiently
small after approximately 25 iterations, indicating the high
efficiency of the method. Overall, the empirical convergence
analysis presented in Fig. 8offers valuable insights into the
practical performance of the proposed algorithm, showcasing
its reliability in converging within a reasonable number of
iterations across diverse benchmark scenarios.

3) Ablation Study: The bidirectional refining pipeline is a
primary contribution of this paper, and the view weighting
scheme may also impact clustering performance. To further
demonstrate the effectiveness of these two techniques i.e.,
adaptive view weighting and the bidirectional refining pipeline,
we present the results of the ablation study in Fig. 9. We
conduct ablation experiments on the Yale and Prokaryotic
benchmark datasets. We devise two degraded models: ‘no
view weighting’ and ‘no bidirectional pipeline’. The ‘no
view weighting’ model assigns equal weights to all views,
while the ‘no bidirectional pipeline’ model is formulated as
follows:

|4
min Zlﬁncuw,@HnE"nl

5.8 =C"+E",C">0,C'1=1,

C=wC,C%...,c". (28)

This model requires computing the affinity matrix using
Eq. (2) and performing additional spectral clustering to obtain

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 34, 2025

the final clustering results. From the experimental results in
Fig. 9, we can conclude that the proposed method significantly
outperforms both degraded models. This finding highlights the
effectiveness of the proposed strategy and model.

VI. CONCLUSION

This paper proposed a bidirectional probabilistic multi-
graph learning and decomposition (BPMLD) method for
multi-view clustering. BPMLD establishes a bidirectional
refining pipeline between graph learning and the clustering
indicator generation. Specifically, we introduced a novel multi-
graph probability decomposition module to generate clustering
probability indicators in a single step. A clustering confidence
matrix was constructed from these clustering probability indi-
cators to reflect the clustering confidence among samples.
Using this matrix, we proposed a clustering confidence driven
graph learning module. These two modules are seamlessly
integrated within a framework and alternately optimized to
improve clustering performance. Extensive experiments on ten
real-world benchmark datasets demonstrated the superiority
of the proposed BPMLD model compared to state-of-the-art
methods. Our future work will focus on employing compres-
sion techniques to address the scalability limitations.
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