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ARTICLE INFO ABSTRACT

Keywords: In this paper, we consider the efficient simulations of dynamic crack propagations based on the
Dynamic crack propagations Extended Finite Element Method (XFEM). For the time discretization, the Generalized—a method is
XFEM

adopted to instead of the commonly used Newmark method in engineering, and the non physical
numerical oscillations can be reduced in the Generalized—a method by choosing appropriate
parameters. Moreover, in order to accelerate the convergence rate of the linear system arising from
XFEM, a special crack-tip domain decomposition preconditioning method is developed, in which
the computational domain is decomposed into regular subdomains and crack tip subdomains.
To construct the Schwarz preconditioners, the subproblems are solved exactly in the crack tip
subdomains and inexactly in the regular subdomains by an incomplete LU factorization. When
cracks propagate, only the subdomains around the crack tips are updated, and all the other
regular subdomains remain unchanged, which can save the computational cost significantly. The
numerical experiments verify that the proposed preconditioning algorithm works well for the
simulations of dynamic crack propagations.

Generalized—a methods
Domain decomposition preconditioner

1. Introduction

The extended finite element method (XFEM) [1,2] is a powerful numerical technique which is widely used to solve fracture prob-
lems with discontinuities, singularities and localized deformations. When simulate crack problems with the standard finite element
method (FEM), special meshes are needed whose element edges should be coincide with the crack surfaces and elements nodes should
be placed on the crack tips. Moreover, the mesh reconstruction is often needed as cracks propagate, which increase the computational
cost significantly. To overcome these difficulties, XFEM introduces some additional enrichment functions to capture the discontinu-
ities along the crack surfaces and the singularities around the crack tips. Then, structured meshes can be adopted to resolve the crack
problems, and mesh reconstructions are not required as cracks propagate.

Although XFEM has many advantages, the major drawback is that the linear system arising from XFEM is very ill-conditioned,
and robust iterative solvers are needed. Generally, the condition number of the stiffness matrix in XFEM for the linear elastic crack
problem is O(h~%), while the condition number of the stiffness matrix in FEM is only O(h~2), h is the mesh size. One way to reduce
the condition number is to modify the enrichment functions, such as the stable generalized finite element methods [3-7] and the
improved XFEM [8,9]. In these modified methods, the condition number can be reduced to O(h~2) for some cases. The other way
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is the preconditioning techniques, which can reduce the condition number even smaller. There are some works in this category, for
example, Luc Berger-Vergiat et al. [10] introduced a multiplicative Schwarz domain decomposition preconditioner for static cracks,
which decomposed the physical domain into several cracked subdomains and a healthy subdomain. Waisman et al. [11] adopted this
domain decomposition strategy to solve quasi-static crack problems, and two adaptive searching algorithms were needed to update
the cracked subdomains. In our previous work, we carefully analysis the small eigenvalues of the stiffness matrix and proposed
effective two-level domain decomposition preconditioners for static cracks problems [12]. Moreover, in order to simulate the quasi-
static cracks, we constructed a recycling preconditioning method with special initial guesses to accelerate the convergence [13].
For dynamic crack simulations, Svolos et al. [14] proposed a domain decomposition preconditioner based on the phase-field method,
which treated all crack regions as a localized subdomain and the remaining part of the computational domain as a healthy subdomain.

The dynamic crack problem considers the crack evolution over time and the corresponding linear system is more complex than the
static crack problem as it involves velocity, acceleration and time integration [15,16]. The Newmark method is a popular choice for
the time discretization, which includes explicit and implicit schemes. The explicit Newmark scheme [17,18] with a special lumping
technique [19,20] is commonly used in the engineering, in which the critical time step size should be small enough to ensure the
stability. The implicit Newmark scheme is unconditionally stable and allows a larger time step, but the linear system is highly ill-
conditioned, which almost cannot be solved directly by standard linear solvers without any preconditioning. Besides, the construction
of the Newmark method is based on the Taylor expansions of smooth functions, if we use the Newmark method for time discretization
in dynamic cracks, obvious non physical numerical oscillations in velocity and acceleration are inevitable. So, another time integration
scheme could be preferred. Réthoré [21] proposed an implicit integration scheme by incorporating enhancement functions into the
time discretization, which is called the time extended finite element method (T-XFEM). T-XFEM has third-order accuracy, allows for
larger time steps, and can reduce numerical oscillations to some extent. But the over-damped behavior in T-XFEM causes serious
the numerical damping and energy dissipations. As we know, the Generalized—a methods [22] with appropriate parameters can be
endowed with stability in an energy sense and guarantee energy decay in the high-frequency range as well as asymptotic annihilation.
Therefore, in the dynamic cracks simulations, we will choose appropriate Generalized—a method for the time discretization to reduce
the non physical numerical oscillations, and construct effective domain decomposition preconditioners to solve the linear system
arise from the corrected XFEM [23].

This paper is organized as follows. Section 2 describes the general mechanism of the dynamic crack problem, which includes
the governing equations, the Generalized—a methods for the time discretization and the criteria for the crack propagation. Section 3
presents the domain decomposition preconditioners. In Section 4, the benchmark problem is adopted to test the computational
accuracy of different Generalized—a methods. Section 5 provides some numerical experiments to investigates the effectiveness of the
algorithm. Finally, some concluding remarks are presented in Section 6.

2. XFEM for dynamic crack propagation problems
2.1. The model problem

In this study, we consider an elastic dynamic crack problem. The domain Q C R? with the boundary 0Q = I ul', Ul Aprescribed
displacement u,, and velocity & are imposed on I';, a boundary force g acts on I',, and the crack surface I, is subject to a constant
pressure p, as shown in Fig. 1. The initial displacement and velocity in the domain are set to zero. The equilibrium equations and
boundary conditions are given as
V.o+ f=pit, inQ,

oc-n=g, on Fg,
o-n=p, onl,,
4 u(x,n)=uy; onl,, 1)
u(x,t)=u,, onl,
u(x,0)=0, in Q\I',,
u(x,00=0, in Q\I,,

where (x, 1) is the coordinates and time, p is the density, u is the velocity, il is the acceleration, f is a given body force acting on the
whole domain, and o is the stress tensor corresponding to the displacement u.
We assume that the strain and the displacement are small, therefore the kinematical equation consists of the strain-displacement
relation is
e=¢€e(u)=Vgu,

where V| is the symmetric part of the gradient operator, and the constitutive relation is given by the Hooke’s law

c=C:¢,
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Fig. 1. Diagram of the two-dimensional crack model (the dotted line is the crack line and it is split into two crack surfaces. n~ and n* are the unit normal vectors to
the upper and bottom surfaces of the crack, p* and p~ are the crack pressure above and below the crack line, respectively).

where C is the Hooke tensor.
The solution of (1) lies in the space of admissible displacement

U={ulue [H] (Q\FC)]z, u=u,onI',, uisdiscontinuous across I', }, 2)

where H'(x) is the standard Sobolev space related to the regularity of the solution. A detailed description for the domain with an

internal boundary can be found in [24]. We note that the space H 1(>x<) allows for discontinuous functions across the crack line. The

test function space is defined similarly as
V={v|ve[HyQ\I')>.v=00nT

.» U is discontinuous across I', }. 3)

The weak form of the governing equation (1) is to find u € U such that

/pu'-de+/e(u):C:e(v)dQ:/f-de+/g~vdF+/p-vdF, YvevV. “4)
Q

Q Q Iy r,

It is shown in Belytschko and Black [1] that the above weak form is equivalent to the strong form (1), including the traction condition
on the crack line.

To discretize (4), the corrected XFEM [23] is applied, which uses level set functions to detect the locations of the nodes around
the crack and its tips, and a ramp function to handle the blending area. There are two types of typical enrichment functions to enrich
the nodes along cracks, see [1,2].

Heaviside enrichment function: all the nodes along the crack, excluding those at the tips, are enriched by the Heaviside function
to incorporate a strong discontinuity

+1 if (x—x,)-n, >0,
H(x)= 5)
-1 otherwise,

where n_ is the unit normal vector to the negative side of the crack surface, and x, is a point on the crack surface that has the shortest
distance to x.

Branch enrichment functions: nodes of the elements containing or near crack tips are enriched with a set of four functions, that
model the near-tip analytical solution by incorporating the tip singularities, i.e., for a = 1, --- , 4,

d*(r(x),0(x)) = { \/;sin (g) s \/;cos (g) s \/;sin (g) sin@,\/rcos (g) sin0} s 6)
where (r(x),0(x)) is a polar coordinate system centered at the crack tip x. In this local polar coordinate system, the crack tip x is
typically chosen as the origin. Here r(x) denotes the radial distance measured from the crack tip to a mesh point, and 6(x) signifies

the angular value between the position of that mesh point and the direction in which the crack propagates.
Then, the general expression of the corrected XFEM solution of the Equation (4) can be written as

4
w= Y o+ Y @) [Hx) —H(x;)]a;+ D D ¢p(x)[6"(x) - ¢ (x,)] RGBS, @
iENg JENg k€N a=1

where Ng, Ny, and N, represent the set of all mesh points, the nodal subset from elements cut by cracks, and the nodal subset from

elements around the crack tips within an enrichment radius r,;,, respectively. ¢;, ¢;, and @, are the standard FEM shape functions.

u; is the unknowns associated with the nodal set N. a; and bl; are the unknowns for the enriched nodal subset Ny and Ny;,. R(x)

represents a ramp function employed to overcome the problem of blending elements [25]. The enrichment strategy is illustrated in
Fig. 2.
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. ® - ' o e Heaviside node
0/;" O e Branch node
o) O O O Blending node
O “/ Enirchment radius
o} -o O — Crack line

Fig. 2. The enrichment scheme for the corrected XFEM on a structured mesh. The red curve represents the crack, the black dots are points enriched by the Heaviside
function, the red dots are points enriched by branch enrichment functions, the little green circles denote the nodes from blending elements, and the dotted green
circles are the area where the branch enrichments are applied. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Replace the infinite displacement u by the finite approximation uj(x) in the weak form (4), we have

MU + KU =F, ()

where M is the mass matrix, KK is the stiffness matrix, F is the force vector, U is the nodal acceleration vector U= [il,-, aj;, BZ], and U

is the displacement vector U= [u,-, a;, b?

k]. The corresponding discretized formulae are

(M)U=/P¢i¢jd97
Q
— T~ T -
J (K)ij—/VsqoiCVS(pde, ©)
Q
(F)i:/P¢idr+/g(_pidr+/f@idQ»
r, Iy Q

where @; can be chosen as ¢;, ¢, H(x) or ¢;¢%(x) according to the different type of the nodes, and the value of ¢, is similar.
2.2. The Generalized—a method

In engineering, the Newmark method [26] is commonly used for the time discretization, which can be represented as an ex-
plicit/implicit method by choosing different parameters. However, the construction of the Newmark method is based on the Taylor
expansions of smooth functions, which can not handle discontinuous problems very well. If we use the Newmark integrators in
dynamic fracture mechanics, both the velocity and the acceleration exhibit obvious numerical oscillations, see details in [21]. So,
another time integration scheme could be preferred.

In this study, the Generalized—a method [22] is adopted for the time discretization. Assume that the displacement vector U and
the velocity vector U are continuous functions at the time ¢, then we can get the Generalized—a method by introducing two new
parameters @,,, a in the Newmark method, namely

MI[.‘Tn+l—oz,,, + |KU;’:+1—0tf = Fn+l—af’ (10a)
. 1 .. ..

U, =U,+ AU, + Atz((E -pU, +pU,. ), (10b)

U,y =U, + 411 =)0, +70,, ). (100)

where

Un+1—af =(1- af)Un+l + anm Un+l—af =(1- af)Un+1 +ann’

Un+1—a,,, =(1- am)ljn+1 + amﬁn’ Fn+1—af =(- af)Fn+l + aan'

For the Generalized—a method, the displacement vector U,,; and acceleration vector U, ; should be computed implicitly. Sub-
stitute equation (10b) into equation (10a) and solve a linear system with unknowns U, ;| to get the acceleration. After that, we get
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Table 1

Relations among the algorithmic parameters in order to achieve first order ac-
curacy for the Newmark method, second-order accuracy for the a-methods and
corresponding unconditional stability conditions.

Method a, a; p 14

Newmark 0 0 %(Y + %)2 >

HHT-a 0 0<—ayyr < % i(l — @) % =yt

WBZ—a aypz <0 0 5(1 —aypz) é —Qypz
1 3

CH—a 3a, -1 <3 (1—a;)? 5 —2a;

Table 2
Relations among the algorithmic parameters of the Newmark method and the a-methods ex-
pressed as functions of the spectral radius p, and corresponding ranges, where f =

1 —
oV =
1320 gor all the methods.
2 Tpy
Method Poo ay %
2y -3
N k - €[0,1 0 0
ewmar 11+27 [0,1] l
tayur _ 1 — P 1
HHT- e[ty o —dy = elo, !
* l—aypr [2 ] XHHT T+ [ 3]
L+aypz P —1
WBZ- €[0,1 ,=——-€[-1,0 0
* l—aypy (.11 wnz 1+p, : !
a5 2p, — 1 1 P 1
CH— €[0,1 el-1,> €0, 5
a l-a;, 0.1] 1+p, L 2] 1+p, L 2]

back to equation (10b) to compute the displacement U, ,, and finally go to equation (10c) to compute the velocity U, ;. The linear
system solved by the single-step Generalized—a method can be written as

IM(1 = &) + (1 — a )BAPK]U,,; = [M(1 - a,,) — a; fAFPK]U,
11

+M( - a,,)Ar0, + %M(l —a, —2H)AU, + ﬂAtzF,,H_af,

where U,,U,, U, are the displacement, velocity and acceleration vectors at the nth time step, respectively, which are known for the
current time step n+ 1.

After get U, ;, U,,, and U, can be calculated by equations (10b)-(10c), namely

U,y — (U, + A1U, + (3 = pAT,)
pAL2 ’
U1 =0, + (1 =p)AMU, +yAMD,,,. (13)

Un+1 =

12)

In equation (10b), the displacement at the time step n + 1 is calculated from the displacement, velocity and acceleration at the
time step n. As the crack propagates, the enrichments at the time step » and »n + 1 are different, that is the number of DOFs at the
time step n+ 1 is usually larger than that of the time step n. To make the formula (10b) computable, the solutions (U,,,U,,,U,,) at the
time step n should be extended to the size of the time step n+ 1.

To avoid accumulate too many DOFs in the linear system (11) when the crack propagates, we use the enrichment strategy in [27].
Suppose that, from time step ¢, to ¢, |, the crack tip propagates from one element to another element, the crack tip area at the time
step ¢, will become an area across the crack line, which is only enriched by the Heaviside function.

Therefore, for the evolution from 7, to ¢, ;, the solutions of the branch enrichment DOFs at ¢, are discarded, the solutions of the
overlapping Heaviside DOFs and regular DOFs are preserved, and the initial values for the newly introduced Heaviside DOFs and
branch enrichment DOFs are set to zero. To sum up, the solutions from ¢, to 7, ; have the following formulation

T
1
0,17 = [10,1%). 0,12, 101, o1 ] 14)

where [U,,]iﬁ;, [U,,];"U)l. refer to the regular DOFs and the Heaviside DOFs at ,,. [O];"I;l) and [O]E:’;’l) are zero vectors, related to the

newly introduced Heaviside DOFs and branch enrichment DOFs at ¢, ;, respectively.

2.3. The parameters in the Generalized—a method

In principle, the parameters «,,, « By in the Generalized—a method are independent of each other. However, in order to guarantee
the compatibility, stability and favorable dissipation in the formula (11), the relationships between these parameters are established
and three typical Generalized—a methods can be achieved, which are shown in Table 1-Table 3, see the details in [22].

Considering the relations among the algorithmic parameters from Table 1-Table 3, we can give the parameters in the Generalized—a
methods, namely
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Table 3
Unconditional stability conditions for the algorithmic parameters of the Generalized—a method, where S denotes
Stability, O.D. denotes Optimal Dissipation and S.0.A. denotes Second Order Accuracy.

Parameter conditions a

'm af p v
S f-(-ap)<a, <1 <: >t >3
S and 0.D. (99) 5—(y—a,)<am<z sg Lo +iy 22
S and S.0.A. (101) <ay <= ;%4.5(,1,._%) %+af+am
S, (99) and (101) <a, 4 Ly — ) tyata,
CH—a method:
1 1 1
=a,==,p=-,y=—,then =1, 15
Ay af 2 4 14 2 P ( )
HHT—«a method:
1 4 5
o =0,0{ =—,f=—, =—,then =0‘5, 16
m r=3P=5r=¢ Poo (16)
WBZ—a method:
3
m=—La;=0,f=1y= E,then Poo =0. a7

where p = p(2),Q — oo is the spectral radius at infinity, p,, € [0,1]. The choice p,, =0 corresponds to the case of asymptotic
annihilation of the high-frequency response, while p,, =1 corresponds to the case of no algorithmic dissipation. Note that, when we
choose @,, = a; =0 in the CH—a method, it degenerates into an implicit Newmark method. In section 4, we will test the performance
of the above Generalized—a methods by a benchmark problem.

2.4. The dynamic crack propagations

In dynamic fracture mechanics, the crack propagation is usually determined by the following steps, and each step may be obtained
with different techniques or criterions. In this paper we choose the popular methods.

+ Step 1: Computation of the dynamic stress intensity factors, e.g., by the J-integral method [28].

We utilize a variant of the J-integral method, known as the interaction integral, to extract the mixed-mode DSIFs (Dynamic Stress
Intensity Factors). The interaction integral /(-2 is defined as

102 = —/qk,,- [(“%x“m,l = piyi"*) & — ("iaj“ koL )] dA

A
[ o[ (ot ) (i + oy ) o as)
A
(ZIIX
- / ILI qdsS,
St+S5-

where the auxiliary fields include the auxiliary displacement field u{**, the auxiliary stress field ai‘;.’”‘, the auxiliary velocity field

X, and their spatial derivatives, see [29] for the details. The relationship between the interaction integral I (1.2) and DSIFs is
102 = 2 (F@KP KR + @K K ). (19)

where Kld " and KHy " are the actual dynamic mode-I and mode-II DSIFs, respectively, K{"** and K{** are the auxiliary SIFs.
f1(a) and f,(a) are two universal functions which are related to the crack velocity ¢ and material parameters,

) _4ad(1—a2) _4as(1—a3)
fl(a)—m fra)= DD

a 2 i\?
ag = 1— — ), a = 1—<—>,
) V Cd N ¢ (20)
U»+2,u \/7
=

D= 4ada—(1+a s

>
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where ¢4 and ¢, are the dilatational and shear wave speeds, respectively [30]. The material constants are determined by the
following equations for plane stress

Ev E 3—v
LU= ——, K= .
1-v2 2(1+v) 1+v

where E is the Young’s modules, v is the Poisson’s ratio.
By assuming the different state of the auxiliary field, the actual dynamic SIFs can be obtained separately in the following way,

E*

E*=E, A=

Kldy" =25 199, when K" =1, and K** =0,
Si(a) @1
%
Idly" - £ — 1Y, when K{** =0, and K{** = 1.
2/»(a)

Step 2: Verification of the crack stability (whether the crack will propagate or not), determined by the fracture toughness or
fracture energy criterions, based on the maximum circumferential (hoop) stress criterion.
The stability criteria are written as

K" > K¢, crack is unstable (will propagate),

{ngy" < K¢, crack is stable (will not propagate),
00

where K is the fracture toughness, and Kgg " is the equivalent stress intensity factor, and can be expressed by

[
Kg;":cos3 <7C>K1dy"—§cos (22)

the crack’s direction 6, is given by

| dyn
1
0, =2arctan| —
4 dyn
KII

— sign (Kﬁy"> 8 (23)

where the “sign” is a signal function.
Step 3: Compute the velocity of the crack propagation.
The speed of the crack tip propagation a is obtained by

dyn
0, K" <Kpc,
1

a= K \" ; 24
n
e | 1- . Ky"'= Ky,

dyn
KGG

where ¢, is the Rayleigh wave velocity [31], m is an arbitrary parameter used to get better agreement with experimental data.
m can be set as m =1, m =2 or other numbers according to prior knowledge, see [17,32] for details.

3. The domain decomposition preconditioners

Because of the singularity of the asymptotic field around the crack tip, the linear system (11) is difficult to solve using the classical
iterative methods [33]. In order to accelerate the convergence, the preconditioning techniques are required. One of the popular
preconditioning methods is the domain decomposition method (DDM), which partitions the global problem into some sub-problems
and solve these sub-problems independently to construct a preconditioner for the global problem.

To apply DDM for the linear systems (11), it is important to choose a suitable strategy to decompose the degrees of freedom into
subsets. In [10], the domain is partitioned into cracked subdomains and a healthy subdomain, in which each crack is involved in a
cracked subdomain. When cracks propagate, not only extra subdomain updating strategies are needed, but also the scales of cracked
subdomains become larger and larger, which increases the computational cost obviously [34]. In this paper, we give a new domain
decomposition strategy, which can separate the DOFs of the branch enrichment functions from the remaining DOFs, and do not need
any extra searching algorithms to update the subdomains when the cracks propagate.

3.1. The crack-tip domain decomposition

As discovered in [35], the tip enhancement has a huge impact on the eigenvalue distribution of the stiffness matrix near zero, and
the small eigenvalues of the stiffness matrix are all associated with the crack tips, then we can propose a special “crack-tip” domain
decomposition.

The computational domain is divided into two types of subdomains: the regular subdomains Q"¢ and the crack-tip subdomains
QP see Fig. 3. The crack-tip subdomains include all the branch enriched nodes, which have strong impact on the convergence of
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o

r==1

' ! Q? reg

'
[

Fig. 3. The “crack-tip” domain decomposition.

the iterative methods; the regular subdomains include the Heaviside enriched nodes and can pass through cracks, which have very
little influence on the convergence rate of the iterative methods. Note that Q%8 N Q/”? = . Extend all the subdomains with § lays of
the nodes from the neighboring subdomains to form the overlapping subdomains Q%7¢¢ and Q%7 then

Nyip
8.t
Q¥
J
1

Nreg Nyip Ny,

Q= 29;* U 29;"" =
i=1 j=1

where the n,,,,n;, are the number of regular subdomains and crack-tip subdomains, respectively. The regular subdomains Q"¢ and
Q¢ only include the regular DOFs and Heaviside DOFs, and the crack tip subdomains Q"7 and Q%" include the regular DOFs, the
Heaviside DOFs and the branch enrichment DOFs.

g
Qe
1

i=

j=

3.2. Additive and restricted additive Schwarz preconditioners

Based on the “crack-tip” domain decomposition, we present additive Schwarz (AS) and restricted additive Schwarz (RAS) precon-
ditioners for the Krylov subspace method GMRES [36] to solve the sequence of linear systems (11).

We first define the subdomain restriction matrix Rf which is a sub-identity matrix whose diagonal entries are one or zero, and
RfU keeps the components of U in Q? unchanged, and zeros at all other components. The regular subdomain stiffness matrix M;
M, =r\7ﬂ|9?, i=1,

sNy0¢) and the crack-tip subdomain stiffness matrix M; (M; = &NA]| o j=1,-,n,,) are defined as follows:

— SNT R Am o _ NT R
M, = (RS)TMR?, M, = (RS MRS,

Where M = M1 - a,) + 1 - af)ﬂAtz[K is the coefficient matrix in equation (11). The AS and RAS preconditioned methods are
described in Algorithm 1 and Algorithm 2, respectively, see [37,38] for details.

Remark 1. In Algorithm 1 and Algorithm 2, incomplete LU factorization (ILU) is utilized to construct the preconditioner for regular
subproblems. Since the regular subdomains Q"¢ do not contain branch enhanced nodes, any inexact solvers can be applied to solve
these regular subproblems. As a result, commonly-used techniques, such as incomplete Cholesky factorization and the algebraic
multigrid method, can be employed as inexact solvers. For example, the authors in [10] made use of the algebraic multigrid method
to construct a multiplicative Schwarz domain decomposition preconditioner for static crack problems.

Remark 2. It is important to note that there exist multiple approaches to applying a preconditioner to a linear system, including left
preconditioning, right preconditioning, and double-sided preconditioning. Given that the right-preconditioned residual is equivalent
to the residual of the original unpreconditioned problem, we have chosen to employ the right-preconditioned GMRES method in this
paper. For more in-depth information regarding the preconditioning technique, readers can refer to Chapter 9 of [36].

Algorithm 1 Additive Schwarz preconditioned Krylov subspace method.

Solve a sequence of systems of varying sizes

MM U* =F, U* =M, U

by a Krylov subspace method, where F is the right-hand term of (11) and the preconditioner is defined by

Mreg i

,
My = Y (ROTMITR? + Y (ROTMR?,
. =

i=1

where (M))"'(i=1,--
are solved exactly.

,M,.,) is @ subspace inverse of M and is solved inexactly as usual (such as ILU), but the subdomain systems corresponding to M;(j = 1, -+, n,)
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Algorithm 2 Restricted additive Schwarz preconditioned Krylov subspace method.

Solve a sequence of systems of varying sizes

cana—1 * T *
MM, U =F, U* = Mg,sU
by a Krylov subspace method, where F is the right-hand term of (11) and the preconditioner is defined by

reg Mip

-1 _ O\T -1 pé ONT -1 po
MM_Z(RA) M R7+Z(Rj) M;'R?,
i=1 j=1

where (M,)"'(i=1,, n,,) is a subspace inverse of M and is solved inexactly as usual (such as ILU), but the subdomain systems corresponding to M;(j = L, -+, n,;,)
are solved exactly, R? is defined similar as Rf, which is from the global domain Q to the local non-overlapping subdomain €;.

JHttetinttttees

Fig. 4. The geometry and boundary conditions for the benchmark crack model (L, H are the length and height of the plate, & is the distance from the crack line to
the top edge, /, is the crack length, and o, is a boundary loading).

4. Verification

In this section, we develop a MATLAB code based on the corrected XFEM to study the computational performance of different
Generalized—a methods in Section 2.3. In order to ensure the correctness and accuracy of the code, a benchmark problem is adopted
to verify the calculation of dynamic SIFs as it is crucial for the propagation of a moving crack.

Considering an infinite plate with a semi-infinite crack as shown in Fig. 4, the left and right edges are fixed on the x-direction. A
uniform tensile traction oy = 500M Pa is applied on the top edge. The plate size is 10m x 4m, and the initial crack with length /[, =5m
is located at the left center of the plate. The material parameters are, the Young’s modules E = 210G Pa, the Poisson’s ratio v = 0.30,
and the density p = 8000K g /m?>.

Assume the crack propagation velocity a(?) is

0 if t<m-t,,
1500 if t>m-t,,

then the analytical solution of the mode I dynamic SIFs for this problem is available in [39] has the form

0 if t<t,,

20y c =t )(1-2v)

1—v b3

2 t—t)(1-2
i‘/wym) if 1.5, <1,
1-v 4

where 7, = h/c; is the time that the stress wave first reaches the crack tip, ¢, is the velocity of the dilatational wave, / is the mesh
size, and y(a) is

Kl (a,t) — if tc <t< 1.5tc, (26)

14

y(@)= —C.’. 27)
_a
2c,

In this calculation, we set 7, = 3.36 X 107*s,¢; = 5944m/s,c, = 2947m/s, the time step At =5 x 10735, and the mesh scale is
50 %x 50. The total number of time steps is set to 20, that the total simulation time is 1ms. We take different values of m in (25), then
calculate the model I dynamic SIFs and the crack tip propagation velocity using different Generalized—a methods, see (15)-(17). In

the Newmark method, we set = %,y = i, which can obtain an implicit scheme.

+ Test 1: choose m = 1, the crack starts propagating when ¢ > ¢, with a constant velocity a = 1500m/s.
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Fig. 5. The model I dynamic stress intensity factors K; obtained by different time discretizations in test 1, normal (K1) denotes K1/(c,h"%).

The crack tip propagation velocity of WBZ and Newmark schemes
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Fig. 6. The crack tip propagation velocity in test 1.

Fig. 5 shows the numerical DSIFs calculated by different time discretizations. We can see that the numerical DSIFs of the CH-«
method and the HHT—a method differ significantly from the analytical DSIF, while the numerical results of the Newmark method
and the WBZ—a method can match well with the analytical DSIF. Moreover, from Fig. 5(a) and 5(d), we clearly see that there exist
obvious numerical oscillations in the Newmark method, but the DSIF curve in the WBZ—a method is much more smooth, which
means that the WBZ—a method can reduce the numerical oscillations effectively.

Fig. 6 shows the crack tip propagation velocity calculated by the Newmark method and the WBZ—a method. It can be seen that the
velocity curve of the WBZ—a method varies smoothly over time, while the velocity in the Newmark method has significant numerical
oscillations.

+ Test 2: choose m = 1.5, the crack starts propagating when ¢ > 1.5¢, with a constant velocity ¢ = 1500m/s.

10



X. Chen and X.-C. Cai

Analytical 2 \nalytical 2
7 7
25 A 25 v
& Pl SR e
v @ '
/\ Z /\ y
2 N P 2 \ P
< ? // \ A § < D / \ )€ v
< / v M P/ \
g 1.5 ‘J,/ g 1.5 “//
g / g /
1 / 1 //
0s 4/ 0s 4/
/ /
/ /
// g //
00—6—0—0 0¢ O—O==
0 0.5 1 1.5 2 25 0.5 1 1.5 2 25
titc titc

Numerical Numerical
Analytical Analytical
7 4
25 4 v 25 N
// //)>
@ \ P4 S
/ 8 <
2 / \ A 2 /\ \ //
/N 7\
< vy \A < / \/
3 s < //
T 15 / T 15 %
: / £ /
) / o /
< / <
1 / 1 /
0s b/ i 4/
f /
/ /
/ /
[ L od . /
0 0.5 1 15 2 25 0.5 1 15 2 25
titc titc

The DSIFs of the Newmark scheme

(a) K7 of the Newmark scheme

The DSIFs of the HHT scheme

(c) K7 of the HHT—a scheme

Journal of Computational Physics 533 (2025) 113992
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Fig. 7. The model I stress intensity factors K, obtained by the different time discretizations in test 2, normal(K1) denotes K 1/(c,h%).

From Fig. 7, we can see that the numerical DSIFs calculated by the Newmark method and the WBZ—a method match better with
the analytical DSIF than the other two methods. Comparing Fig. 7(a) and Fig. 7(d), it is clear that the WBZ—a method can reduce the
numerical oscillations obviously.

Fig. 8 gives the numerical solutions of the crack propagation velocity in the Newmark method and the WBZ—a method. We can
see that the WBZ—a method can still reduce the numerical oscillations obviously in this test.

« Test 3: choose m = 1, use different mesh scales and time steps in the Newmark method and the WBZ—a method.

It is shown in test 1 and test 2 that the Newmark method and the WBZ—a method perform better than the other Generalized — a
methods, so we only compare these two methods under different mesh scales and time steps. First, we fix the time step At = 5e —5s,
the mesh scale varies from 50 x 50, 100 x 100 to 200 x 200. The numerical solutions of the dynamic stress intensity factors and crack
tip propagation velocity are shown in Fig. 9 and Fig. 10, respectively. From these figures, we can see that the numerical solutions
obtained by the Newmark method still exhibit numerical oscillations as mesh refinements, while the WBZ—a method can reduce the
numerical oscillations obviously.

Then, we fix the mesh scale 50 x 50, and the time step is reduced to Az =2.5¢ — 5s. The numerical solutions of the dynamic stress
intensity factors and crack tip propagation velocity are shown in Fig. 11 and Fig. 12, respectively. From these figures, we can see
that the numerical solutions obtained by the Newmark method exhibits significate oscillations when the time step decreases, but the
WBZ—a method can reduce the numerical oscillations and are more consistent with the actual situations.

From test 1 to test 3, we can clearly see that the WBZ—a method can obviously reduce the numerical oscillations both in the
calculations of DSIFs and the crack tip propagation velocity.

Remark 3. Regarding the performance of various Generalized—a methods, Hilber and Hughes [40] conducted an investigation into
the overshooting effect of the HHT—a method through asymptotic analysis. In their work [41], Hilbert and Hughes demonstrated
that the HHT—a scheme is prone to velocity overshoot, and the accuracy of the acceleration calculation in this scheme is only of first
order. Subsequently, it has also been proven that the CH—a method retains these undesirable characteristics. For more comprehensive
and detailed discussions about the Generalized—a method, interested readers can refer to the content presented in [22].

11
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The crack tip propagation velocity of WBZ and Newmark scheme
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Fig. 8. The crack tip propagation velocity in test 2.
The DSIFs of the Newmark scheme, mesh scale is 100*100, The DSIFs of the WBZ scheme, mesh scale is 100*100,
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Fig. 9. The model I stress intensity factors K, obtained under different mesh scales in test 3, normal(K1) denotes K 1/(c,h%>).
5. Numerical experiments
In this section, we test the effect of the additive Schwarz and restricted additive Schwarz preconditioners by the benchmark
problem shown in Fig. 4. Moreover, the computational accuracy of multiple dynamic cracks propagations using different time dis-
cretizations is discussed.

5.1. The performance of the preconditioners

The parameters of the infinite plate with a semi-infinite crack model are the same as in Section 4. We set m = 1 in the crack velocity
a(t), which means the crack starts propagating when ¢ > ¢, with a constant velocity ¢ = 1500m/s. In Section 4, we compared the

12



X. Chen and X.-C. Cai

2700
2600
2500
2400

2300

Velocity
N
N
S
S

2100

The crack tip propagation velocity of WBZ and Newmark schemes,
mesh scale is 100*100, time step is 5e-5.

2700

2600

2500

2400

2300

Velocity
N
N
S
S

2100

Journal of Computational Physics 533 (2025) 113992

The crack tip propagation velocity of WBZ and Newmark schemes,
mesh scale is 200*200, time step is 5e-5.

2000 2000
1900 1900
* *
1800 1800
1700 1700
1 1.5 2 25 3 1 1.5 2 25 3
the the

(a) The crack tip velocity, the mesh scale is 100 = 100 (b) The crack tip velocity, the mesh scale is 200 * 200

Fig. 10. The crack tip propagation velocity under different mesh scales in test 3.
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Fig. 12. The crack tip propagation velocity when Ar =2.5¢ — 5s in test 3.

performance of the Newmark method and the Generalized—a methods, and the WBZ—a method can reduce the numerical oscillations
obviously. So, we will adopt the WBZ—a method for the time discretization.

The parameters in the WBZ—a method are set to a,, = —l,af =0,p=1,y = % and At¢ = 0.01s. The computational domain is
divided into m * m regular subdomains, then the total number of subdomains is m * m + 1. In the AS/RAS preconditioners, we use
direct solvers in the “crack-tip” subdomain, and inexact solvers such as ILU in the regular subdomains. The overlapping size is 6 =2,
and the ILU drop tolerance for the regular subdomain solver is 10~3. The GMRES method is used as the linear solver and the stopping
condition and restart number of GMRES are set 10~ and 100, respectively.
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Table 4
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The number of iterations at different time steps using the A.S preconditioner,
nStep denotes the time step, the number of the regular subdomains is m * m,
and the mesh scale is n X n.

nStep 44 6%6 8§x8
50x50 70x70 50x50 70x70 50x50  70x70
0 15 17 16 18 16 18
1 15 18 17 18 17 19
2 16 18 17 19 17 19
3 16 19 17 19 17 19
4 17 19 18 19 17 19
5 17 19 18 20 17 20
6 17 19 18 20 17 20
7 17 19 18 20 17 20
8 17 18 17 19 17 19
Table 5

The number of iterations at different time steps using the RA.S preconditioner,
nStep denotes the time step, the number of the regular subdomains is m % m,
and the mesh scale is n X n.

nStep 44 6%6 8§x8
50x50 70x70 50x50 70x70 50x50  70x70
0 14 15 14 15 14 16
1 14 16 15 16 15 16
2 15 17 16 16 15 17
3 15 17 16 17 15 17
4 15 17 16 16 15 18
5 15 17 16 17 15 18
6 15 17 16 17 15 18
7 15 17 16 17 15 17
8 15 16 15 16 15 17
Table 6

The number of iterations at different time steps using different drop
tolerance in ILU, nStep denotes the time step, dp/ denotes drop tol-
erance, the number of the regular subdomains is 6 * 6, and the mesh

scale is 50 x 50.

nStep AS RAS
drt=10""  drt=107  drt=10""  drt=107

0 23 12 21 11
1 25 13 22 12
2 26 14 22 13
3 26 15 24 13
4 27 15 25 13
5 27 15 25 13
6 27 15 25 13
7 27 15 25 13
8 27 15 26 12

From Table 4 and Table 5, we can see that the AS/RAS preconditioners can significantly accelerate the convergence rates. When
we fix the mesh scale and increase the number of subdomains, the number of iterations in both the AS and RAS preconditioning
algorithms are stable, which is very hard to achieve in one-level Schwarz preconditioning methods, but we have achieved this good
characteristic by adopting the WBZ—a time discretization method. When we fix the number of subdomains and refine the mesh,
the number of iteration increase very slightly. In addition, the RAS preconditioner needs fewer iterations to converge than the AS

preconditioner.

It should be noted that when the drop tolerance of the ILU solvers within the regular subdomains is altered, the influence on
the computational efficiency can be seen in Table 6. As is evident, with the gradual decrease of the drop tolerance, the number
of iterations of the AS/RAS preconditioners also gradually diminishes. When the drop tolerance is lower than 1073, the number of
iterations does not change substantially. Thus, it suffices to adopt the value of 1073 in ILU.
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Fig. 13. The multiple cracks models.

Table 7

The number of iterations at different time steps for
case 1 and case 2 using the RAS preconditioner,
nStep denotes the time step, the number of the reg-
ular subdomains is 6 * 6 or 8 * 8, and the mesh scale
is 150 x 150.

nStep 6%6 8% 8

case 1 case 2 case 1 case 2

0 8 7 8 8
1 8 8 9 8
2 9 9 9 10
3 9 10 9 10
4 9 10 9 11
5 9 11 9 11
6 9 11 9 12
7 10 13 9 12
8 10 13 10 12

5.2. Multiple cracks simulations

In this section, some complicated multiple cracks cases are used to study the performance of the proposed algorithms. As shown in
Fig. 13, a square domain of size 10m X 10m with some pre-existing cracks inside is considered. In this simulation, the Young’s modulus
E =210G Pa, the Poisson’s ratio v = 0.30, the density of solid p = 8000K g /m>, and the critical stress intensity factor K;c = 0.5M Pa.
In Fig. 13(a), the 4 pre-existing cracks are parallel with an initial crack length /; = 2.0m and the overlapping length is 0.5/,. The
bottom edge is fixed in the y-direction and the bottom-left point is fixed in all directions. A uniform tensile traction o = 10.0M Pa is
applied on the top edge. In Fig. 13(b), 8 pre-existing cracks are located in the domain. The fixed boundary conditions and boundary
force are the same as that in Fig. 13(a).

The problem type for both cases is plain stress. The labels of the crack are denoted by the red number. The linear discretized
system is solved by the GMRES method with the RAS preconditioner proposed in previous sections. The GMRES parameters are set
as follows: the relative convergence tolerance is 1079, the restart number is 50, the ILU drop tolerance for the subdomain solver is
1073, The mesh size is 150 x 150 and the time step is set as At = 10~%s. The total time steps is 50, which means the total simulated
physical time is Sms. The crack propagation velocity a is computed by (24).

We use the Newmark method and the WBZ—a method for the time discretization, respectively. The numerical solutions of the
mode I DSIFs of different cracks in casel and case2 are shown in Fig. 14 and Fig. 15, respectively. From these figures, we can see that
the DSIFs calculated by the Newmark method exhibit significant numerical oscillations, while the DSIFs calculated by the WBZ—«
method are relatively smooth and much more reasonable. Therefore, we adopt the WBZ—a method for the time discretization. The
number of iterations at different time steps for case 1 and case 2 is shown in Table 7, and the multiple cracks propagations and the
Von-Misses stress are plotted in Fig. 16.

6. Conclusions

In engineering, the Newmark method is commonly used for the time discretization. But if we use the Newmark method to discrete
the dynamic cracks, there exist significant non physical numerical oscillations in the simulations. In order to reduce the numerical
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Fig. 14. The DSIFs of the cracks in case 1 by using different time discretizations.
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Fig. 15. The DSIFs of the cracks in case 2 by using different time discretizations.

oscillations, the Generalized—a time discretization methods combined with the corrected XFEM are adopted to solve the elastic
dynamic crack problems in this paper.

The relations of the parameters in the Generalized—a methods are established to ensure the second-order accuracy, stability and
optimal dissipations. Moreover, we choose appropriate parameters in different Generalized—a methods to reduce the non physical nu-
merical oscillations. The benchmark problem shows that the WBZ—a method, can not only reduce non physical numerical oscillations
obviously, but also the achieved numerical DSIFs are much more consistent with the analytical DSIFs during crack propagations.

Beside, in order to accelerate the GMRES solver for the algebraic system, the AS/RAS preconditioners are constructed based on
a special crack-tip domain decomposition. In these preconditioners, the crack-tip subproblems are solved directly, and the regular
subproblems are solved inexactly by ILU. The numerical experiments show that the corresponding preconditioners can significantly
accelerate the convergence arte, and the number of iterations are stable as the mesh refined or the number of subdomains increased.
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Fig. 16. The Von-Misses stress contour for the multiple moving cracks problem, Az is the time step, the left figures are for case 1, and the right figures are for case 2.
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