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ABSTRACT
Block implicit method (BIM) is a family of time discretization schemes with desirable stability properties, high order of accuracy,
and requires a single initial value. Moreover, BIM is also time-parallel since the solutions at several time steps can be computed
simultaneously at a time. However, its resulting linear system is often large and highly ill-conditioned. In this paper, we present a
multilevel additive Schwarz preconditioner for solving the large sparse system of algebraic equations arising from the discretization
by BIM in time and finite element in space. Under some mild assumption, we prove an optimal convergence theory showing that
the convergence rate is bounded independently of the spatial mesh sizes, the time step size, the number of subdomains, and the
number of levels. Numerical experiments carried out on a parallel computer with thousands of processors confirm the optimality
and scalability of the method, which performs better than the low-order schemes in terms of the compute time.

1 | Introduction

Additive Schwarz (AS) preconditioners have been widely used for
solving a large sparse linear system of algebraic equations arising
from the implicit discretization of time-dependent partial differ-
ential equations (PDEs) on parallel computers. As examples, we
mention the parabolic convection–diffusion equations [1], linear
and nonlinear elasticity equations [2], Navier–Stokes equations
[3, 4], Bidomain model of the heart [5, 6], magnetic reconnec-
tion problem [7], and shallow water equations [8, 9]. We note
that all the applications of AS are for time-dependent prob-
lems discretized by low-order schemes like backward Euler and
Crank–Nicolson. High-order implicit schemes, such as linear
multistep methods, are seldom used in practice because they
require multiple initial values and are subject to the Dahlquist
order stability barrier [10]. Another example is the fully implicit
Runge–Kutta (IRK) schemes that have all the desirable stability
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properties, but at each step, a large, coupled linear system of
equations needs to be solved. The diagonal IRK (DIRK) scheme
is widely used in practice due to its low computational cost
per time step, but it suffers from the reduction of the order of
accuracy and the maximum stage order is only two [11]. For
these implicit methods to be useful for practical applications, it
is important to have an efficient and robust preconditioner, and
AS is a good candidate with a provable optimality theory when
it is used with low-order methods such as backward Euler and
Crank–Nicolson schemes. Unfortunately, the optimality theory
cannot be extended to IRK.

In this paper, we introduce and study a multilevel AS algorithm
for solving parabolic equations discretized by a family of block
implicit method (BIM) in time and finite element in space.
BIM was first proposed in [12] and further studied in [13–16].
Recently, some 𝐴-stable BIM with up to order 10 was proposed
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and studied in [17], where the scheme with block size 𝑟 is
described by a tableau

𝑨 𝑩

𝒂𝑇 𝒃𝑇

where 𝑨,𝑩 ∈ ℝ𝑟×𝑟 are BIM matrices and 𝒂 = −𝑨(1, 1, . . . , 1)𝑇 ,
𝒃 = 𝑨(1, 2, . . . , 𝑟)𝑇 − 𝑩(1, 1, . . . , 1)𝑇 . Similar to the IRK, BIM
results in a large and ill-conditioned algebraic system of
equations when applied to parabolic equations, and some pre-
conditioning techniques have been proposed to solve such lin-
ear systems [18–24]. Different from these preconditioners, we
present a parallel multilevel AS preconditioner in the tensor form
with a theoretically guaranteed optimal convergence rate. Since
BIM matrices 𝑨 and 𝑩 are positive definite and positive diago-
nal, respectively, the corresponding variational form is also pos-
itive and satisfies the conditions required by the Lax–Milgram
theorem; the optimal convergence theory of the multilevel AS
algorithm can be established in the framework of the Galerkin
finite element method. To obtain the optimal convergence, it is
necessary to assume that 𝐻∕

√
𝜏 is sufficiently small, where 𝐻

and 𝜏 denote the coarse spatial mesh size and time step size,
respectively. It seems reasonable since high-order BIM allows
larger time step size. Note that the optimality theory does not hold
for fully IRK since the Runge–Kutta matrix is only positive stable
but not positive definite [20].

One important merit of BIM is that it is time-parallel since the
solutions at several time steps are computed simultaneously at
a time. The multilevel AS algorithm based on BIM increases
the space–time concurrency and is suitable for large-scale par-
allel computers. In the past few years, parallel-in-time (PinT)
algorithms have attracted a lot of attention for applications on
high-performance parallel computers; see, for examples, [25–27]
and the references therein. In [28, 29], the authors presented
some space–time AS algorithms with provable optimal conver-
gence for parabolic equations discretized by backward Euler in
time and finite elements in space. Unfortunately, the optimal
convergence theory cannot be extended to higher-order time dis-
cretization methods such as Crank–Nicolson and IRK schemes.
In this paper, we develop an optimal convergence theory for BIM,
which outperforms AS for low-order schemes numerically.

The rest of the paper is organized as follows. In Section 2, we
first review the AS algorithm for parabolic equations discretized
by the backward Euler scheme and introduce the multilevel AS
algorithms based on BIM. In Section 3, a detailed convergence
analysis of the proposed multilevel AS algorithm is given. Some
numerical results are reported in Section 4 to illustrate the per-
formance of the proposed algorithm. Finally, some concluding
remarks are given in Section 5.

2 | Block Implicit Additive Schwarz Algorithms

We consider a parabolic problem

⎧⎪⎨⎪⎩
𝑢𝑡 − ∇ ⋅ (𝛼(𝒙)∇𝑢) + 𝛽(𝒙) ⋅ ∇𝑢 + 𝛾(𝒙)𝑢 = 𝑓 (𝒙, 𝑡), in Ω × (0, 𝑇 ],
𝑢(𝒙, 𝑡) = 0, on 𝜕Ω × (0, 𝑇 ],
𝑢(𝒙, 0) = 𝑢0(𝒙), in Ω

(1)

whereΩ ⊂ ℝ𝑑 (𝑑 = 2 or 3) is a bounded, open polygonal (or poly-
hedra) domain, (0, 𝑇 ] is the temporal interval, 𝑓 (𝒙, 𝑡) ∈ 𝐿2(Ω ×
[0, 𝑇 ]), and 𝑢0(𝒙) is the initial value. Assume all the coefficients
are sufficiently smooth, 0 < 𝛼0 ≤ 𝛼(𝒙) ≤ 𝛼1 < +∞ and 𝛾(𝒙) −
1
2
∇ ⋅ 𝛽(𝒙) ≥ 0. For brevity, we omit the variable 𝒙 in the following

discussion. In this paper,𝐶 > 0 denotes a generic constant, which
is independent of any variables and may take different values at
different occurrences.

2.1 | Multilevel Additive Schwarz
Preconditioning for the Backward Euler Scheme

Let 0 = 𝑡0 < 𝑡1 < · · · < 𝑡M = 𝑇 be a uniform partition of [0, 𝑇 ] and
set 𝜏 = 𝑡𝑘 − 𝑡𝑘−1. Suppose 𝑢𝑘 is the solution at time 𝑡𝑘. By using
the backward Euler scheme for the time discretization, the weak
form of the semi-discretized problem at each time step is

𝐷𝜏 (𝑢, 𝑣) ≡ (𝑢, 𝑣) + 𝜏𝐷(𝑢, 𝑣) = 𝑔(𝑣) (2)

where 𝑢 = 𝑢𝑘, 𝑔(𝑣) = (𝑢𝑘−1, 𝑣) + 𝜏(𝑓𝑘, 𝑣), 𝑓𝑘 = 𝑓 (𝒙, 𝑡𝑘) and

𝐷(𝑢, 𝑣) = ∫Ω
(𝛼∇𝑢 ⋅ ∇𝑣 + 𝛽 ⋅ ∇𝑢𝑣 + 𝛾𝑢𝑣)𝑑𝒙 ∀𝑢, 𝑣 ∈ 𝐻1

0 (Ω)

Define 𝐴(𝑢, 𝑣) = ∫Ω 𝛼∇𝑢 ⋅ ∇𝑣𝑑𝒙 and 𝑆(𝑢, 𝑣) = ∫Ω(𝛽 ⋅ ∇𝑢𝑣 +
𝛾𝑢𝑣)𝑑𝒙, it is clear that 𝐷(𝑢, 𝑣) = 𝐴(𝑢, 𝑣) + 𝑆(𝑢, 𝑣). From the
assumptions on the coefficients of (1), there exist constants
𝐶 > 0 and 𝑚0 > 0 such that

𝐷(𝑣, 𝑣) ≥ 𝑚0||𝑣||21 ∀𝑣 ∈ 𝐻1
0 (Ω) (3)

and
𝐷(𝑢, 𝑣) ≤ 𝐶||𝑢||1||𝑣||1 ∀𝑢, 𝑣 ∈ 𝐻1

0 (Ω) (4)

where ||𝑣||1 =
(∫Ω(𝑣2 + ∇𝑣 ⋅ ∇𝑣)𝑑𝒙

) 1
2 is the 𝐻𝑘0 (Ω) norm in the

Sobolev space.

To describe the finite element discretization and the domain
decomposition method, we define a sequence of nested conform-
ing meshes 𝑙 = {𝑙

𝑖
}𝑁𝑙
𝑖=1 (𝑙 = 1, 2, . . . , 𝐿) obtained by the uniform

refinement of an initial mesh 0. Let ℎ𝑙 = max𝑖 diam(𝑙
𝑖
). Now,

we introduce an overlapping decomposition Ω=
⋃𝑁𝑙
𝑖=1Ω

′
𝑙𝑖

on each
level 𝑙 (𝑙 ≥ 1), where Ω′

𝑙𝑖
is extended from the nonoverlapping

subdomains Ω𝑙𝑖 by adding several layers of fine mesh elements,
and the corresponding overlap is denoted by 𝛿𝑙; that is, 𝛿𝑙 = 𝑂(ℎ𝑙).
We assume the decomposition satisfies Assumption 2.1 in [30].
Denote the diameter of Ω′

𝑙𝑖
by 𝐻𝑙 such that 𝐻𝑙 = 𝑂(ℎ𝑙−1). Then,

we denote 𝑉𝑙 = 𝑉ℎ𝑙 (𝑙 = 0, 1, . . . , 𝐿) as the space of continuous
piecewise linear functions associated with the partition 𝑙. For
brevity, let 𝐻 = ℎ0 and ℎ = ℎ𝐿 be the mesh sizes of the coarsest
space 𝑉0 and the finest space 𝑉ℎ = 𝑉ℎ𝐿 , respectively. Hence, 𝑉ℎ
can be represented as

𝑉ℎ = 𝑉0 +
𝐿∑
𝑙=1
𝑉𝑙 = 𝑉0 +

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1
𝑉 𝑖
𝑙

where 𝑉 𝑖
𝑙
= 𝑉𝑙 ∩𝐻1

0 (Ω
′
𝑙𝑖
) is the finite element subspace defined

on Ω′
𝑙𝑖

. The standard Galerkin approximation of (2) is to find 𝑢∗
ℎ
∈

𝑉ℎ such that
𝐷𝜏 (𝑢∗ℎ, 𝑣ℎ) = 𝑔(𝑣ℎ), ∀𝑣ℎ ∈ 𝑉ℎ (5)
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ALGORITHM 1 | (MAS-BE).

Find the finite element solution 𝑢∗
ℎ

of (5) or (9) by solving the
operator equation (13) with GMRES,where the action of the pre-
conditioner 𝑃 −1 on the global residual 𝑟 = 𝑔ℎ − (𝑀 + 𝜏𝐾)𝑢ℎ is
carried out as follows:
𝑧 ← 𝑅𝑇0 (𝑀0 + 𝜏𝐾0)−1𝑅0𝑟

For 𝑙 = 1, 2,… , 𝐿
𝑧 ← 𝑧 +

∑𝑁𝑙
𝑖=1(𝑅

𝑖
𝑙
)𝑇 (𝑀𝑙𝑖 + 𝜏𝐾𝑙𝑖)−1𝑅𝑖𝑙𝑟

End

Define the linear operators 𝑀0, 𝐾0 ∶ 𝑉0 ↦ 𝑉0, 𝑀,𝐾 ∶ 𝑉ℎ ↦
𝑉ℎ and𝑀𝑙𝑖, 𝐾𝑙𝑖 ∶ 𝑉 𝑖

𝑙
↦ 𝑉 𝑖

𝑙
by

(𝐾0𝑢0, 𝑣0) = 𝐷(𝑢0, 𝑣0) ∀𝑣0 ∈ 𝑉0

(𝑀0𝑢0, 𝑣0) = (𝑢0, 𝑣0) ∀𝑣0 ∈ 𝑉0 (6)

(𝐾𝑢ℎ, 𝑣ℎ) = 𝐷(𝑢ℎ, 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉ℎ
(𝑀𝑢ℎ, 𝑣ℎ) = (𝑢ℎ, 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉ℎ (7)

(𝐾𝑙𝑖𝑢𝑖𝑙, 𝑣
𝑖
𝑙
) = 𝐷(𝑢𝑖

𝑙
, 𝑣𝑖
𝑙
) ∀𝑣𝑖

𝑙
∈ 𝑉 𝑖

𝑙

(𝑀𝑙𝑖𝑢𝑙𝑖, 𝑣𝑙𝑖) = (𝑢𝑖
𝑙
, 𝑣𝑖
𝑙
) ∀𝑣𝑖

𝑙
∈ 𝑉 𝑖

𝑙
(8)

Then, (5) can be rewritten as the linear operator equation

(𝑀 + 𝜏𝐾)𝑢∗
ℎ
= 𝑔ℎ (9)

Let 𝑃0 ∶ 𝑉ℎ ↦ 𝑉0 and 𝑃 𝑖
𝑙
∶ 𝑉ℎ ↦ 𝑉 𝑖𝑙 be projections defined by

𝐷𝜏 (𝑃0𝑣ℎ, 𝑣0) = 𝐷𝜏 (𝑣ℎ, 𝑣0) ∀𝑣ℎ ∈ 𝑉ℎ, 𝑣0 ∈ 𝑉0 (10)

𝐷𝜏 (𝑃 𝑖𝑙 𝑣ℎ, 𝑣
𝑖
𝑙
) = 𝐷𝜏 (𝑣ℎ, 𝑣𝑖𝑙) ∀𝑣ℎ ∈ 𝑉ℎ, 𝑣𝑖𝑙 ∈ 𝑉

𝑖
𝑙

(11)

The multilevel additive Schwarz operator 𝑃 ∶ 𝑉ℎ ↦ 𝑉ℎ can be
defined by

𝑃 = 𝑃0 +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1
𝑃 𝑖
𝑙

(12)

Therefore, (9) is equivalent to the preconditioned operator
equation

𝑃𝑢ℎ = 𝑏ℎ (13)

where 𝑏ℎ = 𝑃𝑢∗ℎ = 𝑃
−1(𝑀 + 𝜏𝐾)𝑢∗

ℎ
= 𝑃 −1𝑔ℎ and

𝑃 −1 = 𝑅𝑇0 (𝑀0 + 𝜏𝐾0)−1𝑅0 +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

(𝑅𝑖
𝑙
)𝑇 (𝑀𝑙𝑖 + 𝜏𝐾𝑙𝑖)−1𝑅𝑖

𝑙

where 𝑅0 ∶ 𝑉ℎ → 𝑉0 and 𝑅𝑖
𝑙

∶ 𝑉ℎ → 𝑉 𝑖𝑙 denote the restric-
tion matrices. The classical multilevel additive Schwarz precon-
ditioner for the backward Euler (MAS-BE) scheme for solving (1)
is formally described as follows [1, 31].

2.2 | Multilevel Additive Schwarz
Preconditioning for Block Implicit Methods

Now, we present an additive Schwarz algorithm by replacing the
backward Euler scheme in Algorithm 1 by the BIMs in the tempo-
ral discretization. The weak form of the semi-discretized problem
at each time-block of size 𝑟 is to find 𝑢𝑖 ∈ 𝐻1

0 (Ω), 𝑖 = 1, 2, . . . , 𝑟,
such that

⎧⎪⎪⎨⎪⎪⎩

∑𝑟
𝑗=1𝑎1𝑗 (𝑢𝑗 , 𝑣1) + 𝜏

∑𝑟
𝑗=1𝑏1𝑗𝐷(𝑢

𝑗 , 𝑣1) = 𝑔1(𝑣1), ∀𝑣1 ∈ 𝐻1
0 (Ω),∑𝑟

𝑗=1𝑎2𝑗 (𝑢𝑗 , 𝑣2) + 𝜏
∑𝑟
𝑗=1𝑏2𝑗𝐷(𝑢

𝑗 , 𝑣2) = 𝑔2(𝑣2), ∀𝑣2 ∈ 𝐻1
0 (Ω),

⋮∑𝑟
𝑗=1𝑎𝑟𝑗 (𝑢

𝑗 , 𝑣𝑟) + 𝜏
∑𝑟
𝑗=1𝑏𝑟𝑗𝐷(𝑢

𝑗 , 𝑣𝑟) = 𝑔𝑟(𝑣𝑟), ∀𝑣𝑟 ∈ 𝐻1
0 (Ω)

(14)

where the bilinear forms (⋅, ⋅) and𝐷(⋅, ⋅) are defined as that in (2)
and the operator

𝑔𝑖(𝑣𝑖) = −𝑎𝑖0(𝑢0, 𝑣𝑖) + 𝜏𝑏𝑖0(𝑓 0, 𝑣𝑖) − 𝜏𝑏𝑖0𝐷(𝑢0, 𝑣𝑖)

+ 𝜏
𝑟∑
𝑗=1
𝑏𝑖𝑗(𝑓𝑗, 𝑣𝑖), ∀𝑣𝑖 ∈ 𝐻1

0 (Ω)

Let 𝒖 = (𝑢1, 𝑢2, · · · , 𝑢𝑟)𝑇 ∈ 𝑯1
0(Ω) ≡ (𝐻1

0 (Ω))
𝑟, 𝒇 = (𝑓 1, 𝑓 2, · · · ,

𝑓 𝑟)𝑇 ∈ 𝑳2(Ω × [0, 𝑇 ]) ≡ (𝐿2(Ω × [0, 𝑇 ]))𝑟. Set ∇𝒖 = (∇𝑢1,

∇𝑢2, · · · ,∇𝑢𝑟)𝑇 , 𝒂 = (𝑎10 𝑎20 · · · 𝑎𝑟0)𝑇 and 𝒃 = (𝑏10 𝑏20 · · ·
𝑏𝑟0)𝑇 . For any 𝒗 ∈ 𝑯1

0(Ω), the equivalent variational form of
(14) is

𝜏 (𝒖, 𝒗) ≡ (𝑨𝒖, 𝒗) + 𝜏𝐷(𝒖, 𝒗) = 𝒈(𝒗) (15)

where

𝐷(𝒖, 𝒗) = ∫Ω
(𝛼𝑩∇𝒖 ⋅ ∇𝒗 + 𝑩(𝛽 ⋅ ∇𝒖)𝒗 + 𝛾𝑩𝒖𝒗)𝑑𝒙

∀𝒖, 𝒗 ∈ 𝑯1
0(Ω)

and

𝒈(𝒗) = 𝜏(𝑩𝒇 , 𝒗) − (𝒂⊗ 𝑢0, 𝒗) + 𝜏(𝒃⊗ 𝑓 0, 𝒗)

− 𝜏(𝒃⊗ 𝛼∇𝑢0,∇𝒗) − 𝜏
(
𝒃⊗ (𝛽 ⋅ ∇𝑢0 + 𝛾𝑢0), 𝒗

)
Here, 𝒂⊗ 𝑢 = (𝑎1𝑢, 𝑎2𝑢, . . . , 𝑎𝑛𝑢)𝑇 denotes a vector-valued func-
tion for the vector 𝒂 ∈ ℝ𝑛 and the function 𝑢.

Define

𝜏 (𝒖, 𝒗) = (𝒖, 𝒗) + 𝜏(𝛼𝑩∇𝒖,∇𝒗),  (𝒖, 𝒗) = ((𝑨 − 𝑰)𝒖, 𝒗)

𝜏 (𝒖, 𝒗) = 𝜏(𝑩(𝛽 ⋅ ∇𝒖) + 𝛾𝑩𝒖, 𝒗) ∀𝒖, 𝒗 ∈ 𝑯1
0(Ω)

where 𝑰 ∈ ℝ𝑟×𝑟 is the identity matrix. Then, (15) is equivalent to

𝜏 (𝒖, 𝒗) ≡ 𝜏 (𝒖, 𝒗) + 𝜏 (𝒖, 𝒗) + (𝒖, 𝒗) = 𝒈(𝒗) (16)

Now, we consider a family of BIM with positive definite matrix 𝑨

and positive diagonal matrix 𝑩, that is,

0 < 𝜆𝑚𝑖𝑛(𝑨𝐻 ) ≤ (𝑨𝒗, 𝒗)
(𝒗, 𝒗)

≤ 𝜆𝑚𝑎𝑥(𝑨𝐻 ) and 0 < min
𝑖
{𝑏𝑖𝑖}

≤ (𝑩𝒗, 𝒗)
(𝒗, 𝒗)

≤ max
𝑖

{𝑏𝑖𝑖} (17)
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where 𝑨𝐻 = (𝑨 +𝑨𝑇 )∕2 is the Hermitian part of the matrix 𝑨,
𝜆𝑚𝑖𝑛(𝑨𝐻 ) and 𝜆𝑚𝑎𝑥(𝑨𝐻 ) are the minimum and the maximum
eigenvalues of 𝑨𝐻 , 𝑏𝑖𝑖 is the 𝑖𝑡ℎ diagonal element of 𝑩. Let || ⋅ ||
and | ⋅ |1 be the 𝑳2(Ω) norm and 𝑯1

0(Ω) seminorm in the Sobolev
space, respectively. Define the 𝜏-norm of 𝒗 by ||𝒗||2

𝜏
= ||𝒗||2 +

𝜏|𝒗|21, it is clear that

𝑐0||𝒗||2𝜏 ≤ 𝜏 (𝒗, 𝒗) ≤ 𝑐1||𝒗||2𝜏 (18)

where 𝑐0 = min{1, 𝛼0∕min𝑖{𝑏𝑖𝑖}}, 𝑐1 = max{1, 𝛼1 max𝑖{𝑏𝑖𝑖}}.

Remark 1. Generally speaking, the stability of BIM is uniquely
determined by 𝑩−1𝑨 and is independent of the individual matri-
ces 𝑨 and 𝑩 [13, 16, 17]. Therefore, various BIMs can be con-
structed by choosing the BIM matrices 𝑨 and 𝑩. Here, we only
focus on some BIM with special 𝑨 and 𝑩. For example, for a
fourth-order 𝐿-stable BIM defined by the BIM matrices

𝑨 =

⎛⎜⎜⎜⎜⎜⎝

19∕6 −3∕2 5∕6 −1∕6
− 56∕15 12∕5 −8∕15 2∕15

1∕4 −3∕4 5∕12 1∕8
− 1∕15 3∕20 −1∕5 5∕48

⎞⎟⎟⎟⎟⎟⎠
, 𝑩 =

⎛⎜⎜⎜⎜⎜⎝

1 0 0 0
0 4∕5 0 0
0 0 1∕2 0
0 0 0 1∕20

⎞⎟⎟⎟⎟⎟⎠
and the BIM vectors 𝒂 = −𝑨𝒆, 𝒃 = 𝑨𝒙̃ − 𝑩𝒆, where 𝒙̃ =
(1, 2, 3, 4)𝑇 , 𝒆 = (1, 1, 1, 1)𝑇 , it is easy to verify that 𝑨 is positive
definite and

||𝒗||2 + 𝛼0

20
𝜏|𝒗|21 ≤ 𝜏 (𝒗, 𝒗) ≤ ||𝒗||2 + 𝛼1𝜏|𝒗|21

Then, (18) holds with 𝑐0 = min{1, 𝛼0∕20}, 𝑐1 = max{1, 𝛼1}.

Some basic estimates for the bilinear forms involved 𝜏 (⋅, ⋅) are
summarized as follows:

Lemma 1. There exists a constant𝐶 > 0 independent of 𝜏 such
that

1. |𝜏 (𝒖, 𝒗)| ≤ 𝐶𝜏||𝒖||1||𝒗|| ∀𝒖, 𝒗 ∈ 𝑯1
0(Ω),

2. 𝜏 (𝒖, 𝒗) ≤ 𝐶||𝒖||𝜏 ||𝒗||𝜏 ∀𝒖, 𝒗 ∈ 𝑯1
0(Ω),

3. 𝜏 (𝒖, 𝒖) ≥ 𝑐0||𝒖||2𝜏 ∀𝒖 ∈ 𝑯1
0(Ω),

where 𝑐0 = min{𝜆𝑚𝑖𝑛(𝑨𝐻 ), 𝑚0}∕min𝑖{𝑏𝑖𝑖} is a constant.

Proof. 1. It follows from (14), (16), (17) and the
Cauchy–Schwarz inequality that

𝜏 (𝒖, 𝒗) = 𝜏
𝑟∑
𝑖,𝑗=1
𝑏𝑖𝑗(𝛽 ⋅ ∇𝑢𝑖 + 𝛾𝑢𝑖, 𝑣𝑗) ≤ 𝜏

𝑟∑
𝑖=1

(𝛽 ⋅ ∇𝑢𝑖 + 𝛾𝑢𝑖, 𝑣𝑖)

≤ 𝐶𝜏
𝑟∑
𝑖=1

|𝑢𝑖|1||𝑣𝑖|| ≤ 𝐶𝜏||𝒖||1||𝒗||
2. Combining (4), (14), (17) and the Cauchy–Schwarz inequality

𝜏 (𝒖, 𝒗) =
𝑟∑
𝑖,𝑗=1
𝑎𝑖𝑗(𝑢𝑖, 𝑣𝑗) + 𝜏

𝑟∑
𝑖,𝑗=1
𝑏𝑖𝑗𝐷(𝑢𝑖, 𝑣𝑗)

≤ max
𝑖,𝑗

{|𝑎𝑖𝑗 |} 𝑟∑
𝑖,𝑗=1

(𝑢𝑖, 𝑣𝑗) + 𝜏max
𝑖

{|𝑏𝑖𝑖|} 𝑟∑
𝑖=1
𝐷(𝑢𝑖, 𝑣𝑖)

≤ 𝐶
(||𝒖||||𝒗|| + 𝜏 𝑟∑

𝑖=1
||𝑢𝑖||1||𝑣𝑖||1)

≤ 𝐶||𝒖||𝜏 ||𝒗||𝜏
3. From (3), (14) and (17), we have

𝜏 (𝒖, 𝒖) =
𝑟∑
𝑖,𝑗=1
𝑎𝑖𝑗(𝑢𝑖, 𝑢𝑗) + 𝜏

𝑟∑
𝑖,𝑗=1
𝑏𝑖𝑗𝐷(𝑢𝑖, 𝑢𝑗)

≥ 𝜆𝑚𝑖𝑛(𝑨𝐻 )||𝒖||2 + 𝜏

min
𝑖
{𝑏𝑖𝑖}

𝑟∑
𝑖=1
𝐷(𝑢𝑖, 𝑢𝑖)

≥ 𝜆𝑚𝑖𝑛(𝑨𝐻 )||𝒖||2 + 𝑚0𝜏

min
𝑖
{𝑏𝑖𝑖}

||𝒖||21
≥ 𝑐0||𝒖||2𝜏

where 𝑐0 = min{𝜆𝑚𝑖𝑛(𝑨𝐻 ), 𝑚0}∕min𝑖{𝑏𝑖𝑖}. ◽

Assume that the time interval [0, 𝑇 ] is divided into M𝑡 time blocks
and there are 𝑟 time steps in each block, we have 𝑟M𝑡 = M and
M𝜏 = 𝑇 . The partitions of the domain Ω for BIM is described
in Figure 1. Define the coarse space 𝑽 0 = (𝑉0)𝑟, subspaces 𝑽 𝑖

𝑙
=

(𝑉 𝑖
𝑙
)𝑟, the finite element space 𝑽 ℎ = (𝑉ℎ)𝑟 can be represented as

𝑽 ℎ = 𝑽 0 +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝑽 𝑖
𝑙

The Galerkin approximation of (15) is to find 𝒖∗
ℎ
∈ 𝑽 ℎ such that

𝜏 (𝒖∗ℎ, 𝒗ℎ) = 𝒈(𝒗ℎ), ∀𝒗ℎ ∈ 𝑽 ℎ (19)

which can be rewritten as the linear operator equation in the ten-
sor form:

𝒖∗
ℎ
≡ (𝑨⊗𝑀 + 𝜏𝑩 ⊗𝐾) 𝒖∗

ℎ
= 𝒈ℎ (20)

where𝐾 and𝑀 are defined in (7). Let 0 ∶ 𝑽 ℎ ↦ 𝑽 0 and  𝑖
𝑙

∶
𝑽 ℎ ↦ 𝑽 𝑖

𝑙
be projections defined by

𝜏 (0𝒗ℎ, 𝒗0) = 𝜏 (𝒗ℎ, 𝒗0) ∀𝒗ℎ ∈ 𝑽 ℎ, 𝒗0 ∈ 𝑽 0 (21)

𝜏 ( 𝑖𝑙𝒗ℎ, 𝒗𝑖𝑙) = 𝜏 (𝒗ℎ, 𝒗𝑖𝑙) ∀𝒗ℎ ∈ 𝑽 ℎ, 𝒗
𝑖
𝑙
∈ 𝑽 𝑖

𝑙
(22)

The multilevel additive Schwarz (MAS) operator  ∶ 𝑽 ℎ ↦ 𝑽 ℎ
for BIM can be defined by

 = 0 +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙

(23)

Therefore, (20) is equivalent to the preconditioned operator
equation

𝒖ℎ = 𝒃ℎ (24)

where 𝒃ℎ = 𝒖∗
ℎ
= ̃−1𝒖∗

ℎ
= ̃−1𝒈ℎ and the additive Schwarz

preconditioner

̃−1 = 𝑇0 −1
0 0 +

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

(𝑖
𝑙
)𝑇−1

𝒍𝒊
𝑖
𝑙
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FIGURE 1 | Partition of the space–time domain and subdomains on level 𝑙. Here, Ω𝑙𝑖 denotes the subdomains in space, 𝛿𝑙 is the overlapping size
on the mesh level 𝑙, 𝑚 = 4𝑗 (𝑗 = 0, 1, 2, . . . ,M𝑡 − 1) and M𝑡 denotes the number of blocks.

ALGORITHM 2 | (MAS-BIM).

Find the finite element solution 𝒖∗
ℎ

of (20) by solving the opera-
tor equation (24) with GMRES,where the action of the precondi-
tioner ̃−1 on the global residual 𝒓 = 𝒈ℎ −𝒖ℎ is carried out as
follows:

𝒛 ← 𝑇0−1
0 0𝒓

For 𝑙 = 1, 2,… , 𝐿
𝒛 ← 𝒛 +

∑𝑁𝑙
𝑖=1(𝑖𝑙)𝑇𝒍𝒊

−1𝑖
𝑙
𝒓

End

Here, 0 = 𝑨⊗𝑀0 + 𝜏𝑩 ⊗𝐾0, 𝒍𝒊 = 𝑨⊗𝑀𝑙𝑖 + 𝜏𝑩 ⊗𝐾𝑙𝑖,𝑀0,
𝐾0,𝑀𝑙𝑖 and 𝐾𝑙𝑖 are defined in (6) and (8). The block restriction
matrices 0 ∶ 𝑽 ℎ → 𝑽 0 and 

𝑖
𝑙

∶ 𝑽 ℎ → 𝑽 𝑖
𝑙

are defined as
0 = 𝑰 ⊗𝑅0 and 𝑖

𝑙
= 𝑰 ⊗𝑅𝑖

𝑙
.

Now, we present the multilevel additive Schwarz algorithm
for BIM.

Assume the solution of the elliptic problem 𝐷(𝒗, 𝒖) = 𝒈(𝒗) is
𝐻2(Ω)-regular; that is ||𝒖||2 ≤ ||𝒈||, we have the following lemma:

Lemma 2. For any 𝒈 ∈ 𝑳2(Ω), the problem

𝜏 (𝒗,𝒘) = 𝒈(𝒗), 𝒗 ∈ 𝑯1
0(Ω)

has a solution such that ||𝒘||2 ≤ 𝐶||𝒈||∕𝜏.
Proof. From (15), we have

(𝑨𝒘,𝒘) + 𝜏𝐷(𝒘,𝒘) = (𝒈,𝒘)

It follows from (3) and the positive definiteness of 𝑨 that ||𝒘|| ≤||𝒈||∕𝜆𝑚𝑖𝑛(𝑨𝐻 ), which implies that

||𝒈 −𝑨𝒘|| ≤ ||𝒈|| + ||𝑨𝒘|| ≤ (
1 +
𝜆𝑚𝑎𝑥(𝑨𝐻 )
𝜆𝑚𝑖𝑛(𝑨𝐻 )

)||𝒈|| ≤ 𝐶||𝒈||

Therefore, we have 𝐷(𝒗,𝒘) = ((𝒈 −𝑨𝒘)∕𝜏, 𝒗), combining the
regularity assumption yields

||𝒘||2 ≤ ||𝒈 −𝑨𝒘||∕𝜏 ≤ 𝐶||𝒈||∕𝜏
This completes the proof. ◽

Then, we obtain the following error estimate:

Lemma 3. There exists a positive constant 𝐶 independent of
𝐻 , ℎ and 𝜏, such that

||0𝒖ℎ − 𝒖ℎ|| ≤ 𝐶 𝐻√
𝜏

√
𝐻2

𝜏
+ 1||0𝒖ℎ − 𝒖ℎ||𝜏

and ||0𝒖ℎ − 𝒖ℎ||𝜏 ≤ 𝐶||𝒖ℎ||𝜏
Proof. Consider an auxiliary problem: Find 𝒘 ∈ 𝑯1

0(Ω),
such that

𝜏 (𝒗,𝒘) = (𝒖ℎ − 0𝒖ℎ, 𝒗) 𝒗 ∈ 𝑯1
0(Ω)

Let 𝒘𝐻 ∈ 𝑽 0 be the finite element approximation of 𝒘, it follows
from (21) and Lemma 1 that

||𝒖ℎ − 0𝒖ℎ||2 = 𝜏 (𝒖ℎ − 0𝒖ℎ,𝒘) = 𝜏 (𝒖ℎ − 0𝒖ℎ,𝒘 −𝒘𝐻 )

≤ 𝐶||𝒖ℎ − 0𝒖ℎ||𝜏 ||𝒘 −𝒘𝐻 ||𝜏 (25)

From the definition of the 𝜏-norm and the a priori error estimates
for the classical elements, we obtain

||𝒘 −𝒘𝐻 ||𝜏 = √||𝒘 −𝒘𝐻 ||2 + 𝜏||𝒘 −𝒘𝐻 ||21
≤
√
𝐶𝐻4||𝒘||22 + 𝐶𝜏𝐻2||𝒘||22 ≤ 𝐶𝐻√

𝐻2 + 𝜏||𝒘||2
5 of 12
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Combining the above inequality with (25) and Lemma 2 implies

||𝒖ℎ − 0𝒖ℎ||2 ≤ 𝐶𝐻√
𝐻2 + 𝜏||𝒖ℎ − 0𝒖ℎ||𝜏 ||𝒘||2

≤ 𝐶 𝐻√
𝜏

√
𝐻2

𝜏
+ 1||𝒖ℎ − 0𝒖ℎ||𝜏 ||𝒖ℎ − 0𝒖ℎ||

which yields

||𝒖ℎ − 0𝒖ℎ|| ≤ 𝐶 𝐻√
𝜏

√
𝐻2

𝜏
+ 1||𝒖ℎ − 0𝒖ℎ||𝜏

From (21) and Lemma 1, we obtain

𝑐0||𝒖ℎ − 0𝒖ℎ||2𝜏 = 𝜏 (𝒖ℎ − 0𝒖ℎ, 𝒖ℎ − 0𝒖ℎ)

= 𝜏 (𝒖ℎ − 0𝒖ℎ, 𝒖ℎ) ≤ 𝐶||𝒖ℎ − 0𝒖ℎ||𝜏 ||𝒖ℎ||𝜏
Hence, ||0𝒖ℎ − 𝒖ℎ||𝜏 ≤ 𝐶||𝒖ℎ||𝜏 . ◽

3 | Optimality of the Multilevel Additive
Schwarz Algorithm

In this section, we present an optimal convergence theory for
the multilevel additive Schwarz algorithm for parabolic equations
discretized by BIM. We first prove the following two important
properties of the decomposition of 𝑽 ℎ.

Lemma 4. (Stable decomposition) For any 𝒗ℎ ∈ 𝑽 ℎ, there exist
𝒗0 = 𝒗0 ∈ 𝑽 0 and 𝒗𝑖

𝑙
∈ 𝑽 𝑖

𝑙
such that 𝒗ℎ = 𝒗0 +

∑𝐿
𝑙=1

∑𝑁𝑙
𝑖=1𝒗

𝑖
𝑙

and

||𝒗0||2𝜏 + 𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

||𝒗𝑖
𝑙
||2
𝜏
≤ 𝐶max

1≤𝑙≤𝐿
(
1 + ℎ𝑙−1∕𝛿𝑙

)||𝒗ℎ||2𝜏 (26)

where 𝐶 > 0 is a constant independent of 𝐻 , ℎ, 𝜏, and 𝐿.

Remark 2. The upper bound for the multilevel stable decom-
position in 𝐻1(Ω)-norm and 𝐿2(Ω)-norm is established in [30]
and [31], respectively. And the results can be extended easily to|| ⋅ ||𝜏 norm. For more details, we refer to [5, 29].

Lemma 5. (Strengthened Cauchy–Schwarz inequalities)
There exist constants 0 ≤ 𝜃𝑙𝑘

𝑖𝑗
≤ 1 (1 ≤ 𝑖 ≤ 𝑁𝑙, 1 ≤ 𝑗 ≤ 𝑁𝑘, 1 ≤

𝑙, 𝑘 ≤ 𝐿) independent of 𝐻 , ℎ, 𝜏, and 𝐿, such that

(𝒖𝑖
𝑙
, 𝒖
𝑗

𝑘
) ≤ 𝜃𝑙𝑘

𝑖𝑗
(𝒖𝑖
𝑙
, 𝒖𝑖
𝑙
)

1
2 (𝒖𝑗
𝑘
, 𝒖
𝑗

𝑘
)

1
2 ∀𝒖𝑖

𝑙
∈ 𝑽 𝑖

𝑙
, 𝒖
𝑗

𝑘
∈ 𝑽

𝑗

𝑘
(27)

𝜏 (𝒖𝑖𝑙 , 𝒖𝑗𝑘) ≤ 𝜃𝑙𝑘𝑖𝑗𝜏 (𝒖𝑖𝑙 , 𝒖𝑖𝑙)
1
2 𝜏 (𝒖𝑗𝑘, 𝒖𝑗𝑘)

1
2 ∀𝒖𝑖

𝑙
∈ 𝑽 𝑖

𝑙
, 𝒖
𝑗

𝑘
∈ 𝑽

𝑗

𝑘
(28)

Proof. The inequality (27) can be obtained directly from
Lemma 3.3 of [31]. Since 𝑩 is positive diagonal, it follows from
Lemma 3.2 of [30] and Cauchy–Schwarz inequality that

𝜏 (𝒖𝑖𝑙, 𝒖𝑗𝑘) = (𝒖𝑖
𝑙
, 𝒖
𝑗

𝑘
) + 𝜏(𝛼𝑩∇𝒖𝑖

𝑙
,∇𝒖𝑗

𝑘
)

≤ 𝜃𝑙𝑘
𝑖𝑗
(𝒖𝑖
𝑙
, 𝒖𝑖
𝑙
)

1
2 (𝒖𝑗
𝑘
, 𝒖
𝑗

𝑘
)

1
2 + 𝜏𝜃𝑙𝑘

𝑖𝑗
(𝛼𝑩𝒖𝑖

𝑙
, 𝒖𝑖
𝑙
)

1
2 (𝛼𝑩𝒖

𝑗

𝑘
, 𝒖
𝑗

𝑘
)

1
2

≤ 𝜃𝑙𝑘
𝑖𝑗
𝜏 (𝒖𝑖𝑙, 𝒖𝑖𝑙) 1

2 𝜏 (𝒖𝑗𝑘, 𝒖𝑗𝑘) 1
2

This completes the proof. ◽

It has been proven that 𝜃𝑙𝑘
𝑖𝑗
≤ 𝐶𝜂𝑑|𝑘−𝑙−1|∕2 in [30], where 𝐶 > 0 is

a constant and 𝜂 denotes the ratio of the spatial mesh sizes from
one level to the next coarser level. Set Θ = {Θ𝑙𝑘}1≤𝑙,𝑘≤𝐿 and Θ̃ =
{||Θ𝑙𝑘||0}1≤𝑙,𝑘≤𝐿, where Θ𝑙𝑘 = {𝜃𝑙𝑘

𝑖𝑗
}1≤𝑖≤𝑁𝑙,1≤𝑗≤𝑁𝑘 . It shows that

||Θ||0 ≤ ||Θ̃||0 ≤ 𝐶𝑁𝑐 1
1 −

√
𝜂

(29)

Here, || ⋅ ||0 denotes the 𝑙2-norm (the Euclidean norm),𝑁𝑐 is the
number of colors of the decompositions {Ω′

𝑙𝑖
}, that is, if 𝑥 ∈ Ω,

then it belongs to at most𝑁𝑐 subdomains in {Ω′
𝑙𝑖
}.

In Algorithm 2, the preconditioned operator equation is solved
by GMRES. Following [32, 33], the convergence rate of the mul-
tilevel additive Schwarz preconditioned GMRES method can be
estimated by the ratio of minimal eigenvalue of the symmetric
part of the operator to the norm of the operator, and the residual
at the 𝑘𝑡ℎ iteration is bounded as

||𝑟𝑘||𝜏 ≤ (
1 −
𝑐2
𝑝

𝐶2
𝑝

) 𝑘

2 ||𝑟0||𝜏 (30)

where 𝑟𝑘 = 𝒃ℎ − 𝒖
(𝑘)
ℎ

, and the two quantities are defined by

𝑐𝑝 = inf
𝒖ℎ≠0

𝜏 (𝒖ℎ, 𝒖ℎ)
𝜏 (𝒖ℎ, 𝒖ℎ) and 𝐶𝑝 = sup

𝒖ℎ≠0

𝜏 (𝒖ℎ,𝒖ℎ)
1
2

𝜏 (𝒖ℎ, 𝒖ℎ) 1
2

(31)
where  is defined by (23).

Remark 3. The convergence bounds (30) for preconditioned
GMRES are originally derived using the Euclidean inner product
and the associated norm [32, 34]. For the additive Schwarz pre-
conditioned GMRES method applied to the linear systems arising
from discretizations of elliptic problems, the optimal bounds are
obtained in the energy norm (or the equivalent Sobolev 𝐻1(Ω)
norm) [35, 36]. However, some numerical examples are con-
structed to show that the bounds in 𝑙2-norm may not be optimal
[37], that is, the quantities appearing in the bounds may depend
on the mesh size ℎ. In [33], an asymptotic optimality of the above
method in 𝑙2-norm was obtained. By using an a posteriori bound
for GMRES in [38], the authors prove that the additive Schwarz
preconditioned GMRES without coarse grid correction is either
optimal or close to be optimal; see [39]. Following the idea of [1,
31], we prove below that the bounds in (30) are optimal in the|| ⋅ ||𝜏 norm.

Assumption 1. Let 0 and  𝑖
𝑙

be defined as in (21) and (22),
respectively, for any 𝒖ℎ ∈ 𝑽 ℎ, there exist constants 𝐾1 and 𝐾2
such that

𝐾2𝜏 (𝒖ℎ, 𝒖ℎ) ≤ 𝜏 (0𝒖ℎ,0𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)
≤ 𝐾1𝜏 (𝒖ℎ, 𝒖ℎ) (32)

where𝐾1 = 𝐶||Θ||0𝑐2
1∕(𝑐0𝑐0)

2,𝐾2 = 𝐶𝑐0 max1≤𝑙≤𝐿
(
1 + ℎ𝑙−1∕𝛿𝑙

)−1

∕𝑐1, 𝐶 is a constant independent of𝐻 , ℎ, 𝜏 and 𝐿.

Theorem 1. Let  be defined as in (23), if Assumption 1 holds,
we have

6 of 12 Numerical Linear Algebra with Applications, 2025
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1. there exists a constant 𝐶𝑝 such that

𝜏 (𝒖ℎ,𝒖ℎ) ≤ 𝐶𝑝𝜏 (𝒖ℎ, 𝒖ℎ) ∀𝒖ℎ ∈ 𝑽 ℎ

where 𝐶2
𝑝
= 2𝐾1

(
1 + ||Θ||0) and 𝐶 is a constant independent

of 𝐻 , ℎ, 𝜏 and 𝐿;

2. there exists a constant 𝑐𝑝 > 0 such that

𝜏 (𝒖ℎ,𝒖ℎ) ≥ 𝑐𝑝𝜏 (𝒖ℎ, 𝒖ℎ) ∀𝒖ℎ ∈ 𝑽 ℎ

where 𝑐𝑝 =
(
𝐾2 − 𝐶(

√||Θ||0 + 1)𝐾1𝐻
√
𝐻2∕𝜏 + 1∕(𝑐0

√
𝜏)
)

and 𝐶 is a constant independent of 𝐻 , ℎ, 𝜏 and 𝐿.

Proof. 1. It follows from (23), (28) and (32) that

𝜏 (𝒖ℎ,𝒖ℎ)

= 𝜏
(
0𝒖ℎ +

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ,0𝒖ℎ +

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

)

≤ 2𝜏 (0𝒖ℎ,0𝒖ℎ) + 2𝜏
(
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ,

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

)

= 2𝜏 (0𝒖ℎ,0𝒖ℎ) + 2
𝐿∑
𝑙,𝑘=1

𝑁𝑙∑
𝑖,𝑗=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑗𝑘𝒖ℎ)
≤ 2𝜏 (0𝒖ℎ,0𝒖ℎ)

+ 2
𝐿∑
𝑙,𝑘=1

𝑁𝑙∑
𝑖,𝑗=1
𝜃𝑙𝑘
𝑖𝑗
𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) 1

2 𝜏 ( 𝑗𝑘𝒖ℎ, 𝑗𝑘𝒖ℎ) 1
2

≤ 2𝜏 (0𝒖ℎ,0𝒖ℎ) + 2||Θ||0 𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)
≤ 2𝐾1

(
1 + ||Θ||0)𝜏 (𝒖ℎ, 𝒖ℎ)

the first inequality holds because 2𝑥𝑦 ≤ 𝑥2 + 𝑦2 for 𝑥, 𝑦 ∈ 𝑅.

2. Since
√
𝜏||𝒖ℎ||1 ≤ 𝐶||𝒖ℎ||𝜏 , it follows from the inequality (1) in

Lemmas 1 and 3, we have

|𝜏 (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)| ≤ 𝐶𝜏||0𝒖ℎ||1||𝒖ℎ − 0𝒖ℎ||
≤ 𝐶𝐻√

𝐻2∕𝜏 + 1||0𝒖ℎ||𝜏 ||𝒖ℎ||𝜏
≤ 𝐶𝐻√

𝐻2∕𝜏 + 1||𝒖ℎ||2𝜏 (33)

Similarly,

| (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)| = ((𝑨 − 𝑰)𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

≤ 𝐶||0𝒖ℎ||||𝒖ℎ − 0𝒖ℎ||
≤ 𝐶 𝐻√

𝜏

√
𝐻2

𝜏
+ 1||𝒖ℎ||2𝜏 (34)

Combining (18), (21), (33) and (34) implies

𝜏 (𝒖ℎ,0𝒖ℎ) = 𝜏 (0𝒖ℎ,0𝒖ℎ) +𝜏 (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

= 𝜏 (0𝒖ℎ,0𝒖ℎ) +𝜏 (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

− 𝜏 (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ) − (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

= 𝜏 (0𝒖ℎ,0𝒖ℎ) − 𝜏 (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

− (𝒖ℎ − 0𝒖ℎ,0𝒖ℎ)

≥ 𝜏 (0𝒖ℎ,0𝒖ℎ) − 𝐶
𝐻√
𝜏

√
𝐻2

𝜏
+ 1||𝒖ℎ||2𝜏

≥ 𝜏 (0𝒖ℎ,0𝒖ℎ) − 𝐶
𝐻

𝑐0
√
𝜏

√
𝐻2

𝜏
+ 1𝜏 (𝒖ℎ, 𝒖ℎ) (35)

Since the support of  𝑖
𝑙
𝒖ℎ lies in a region of diameter 𝐻𝑙, it fol-

lows from Friedrichs’ inequality and the definition of the norm|| ⋅ ||𝜏 that

|| 𝑖
𝑙
𝒖ℎ|| ≤ 𝐶𝐻𝑙| 𝑖𝑙𝒖ℎ|1 ≤ 𝐶𝐻𝑙∕√𝜏|| 𝑖𝑙𝒖ℎ||𝜏 (36)

Combining (27) and (36) implies

‖‖‖‖‖‖
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

‖‖‖‖‖‖
2

=
𝐿∑
𝑙,𝑘=1

𝑁𝑙∑
𝑖,𝑗=1

( 𝑖
𝑙
𝒖ℎ,𝑗𝑘𝒖ℎ)

≤
𝐿∑
𝑙,𝑘=1

𝑁𝑙∑
𝑖,𝑗=1
𝜃𝑙𝑘𝑖𝑗 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)

1
2 (𝑗

𝑘
𝒖ℎ,𝑗𝑘𝒖ℎ)

1
2

≤ 𝐶||Θ||0𝐻2

𝜏

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏 (37)

It follows from Lemmas 1, (18), (32), (36), and (37) that

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ −  𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

= 𝜏
(
𝒖ℎ,

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

)
−
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)

≤ 𝐶𝜏||𝒖ℎ||1‖‖‖‖‖‖
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

‖‖‖‖‖‖ + 𝐶𝜏
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||1|| 𝑖𝑙𝒖ℎ||

≤ 𝐶√||Θ||0𝐻||𝒖ℎ||𝜏( 𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

) 1
2

+ 𝐶𝐻
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

≤ 𝐶(√||Θ||0 + 1)𝐾1𝐻∕𝑐0𝜏 (𝒖ℎ, 𝒖ℎ) (38)

Similarly, we have

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 (𝒖ℎ −  𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

= 
(
𝒖ℎ,

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

)
−
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 ( 𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

≤ 𝐶||𝒖ℎ||‖‖‖‖‖‖
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

‖‖‖‖‖‖ + 𝐶
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2

≤ 𝐶√||Θ||0 𝐻√
𝜏
||𝒖ℎ||𝜏( 𝐿∑

𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

) 1
2

+ 𝐶𝐻
2

𝜏

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

≤ 𝐶(√||Θ||0 + 1)𝐾1
𝐻

𝑐0
√
𝜏
𝜏 (𝒖ℎ, 𝒖ℎ) (39)
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From (22), (38), and (39), we have

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ, 𝑖𝑙𝒖ℎ)

=
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ −  𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

=
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) −
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ −  𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

−
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 (𝒖ℎ −  𝑖
𝑙
𝒖ℎ, 𝑖𝑙𝒖ℎ)

≥
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)

− 𝐶(
√||Θ||0 + 1)𝐾1

𝐻

𝑐0
√
𝜏
𝜏 (𝒖ℎ, 𝒖ℎ) (40)

Combining (32), (35), and (40) implies

𝜏 (𝒖ℎ,𝒖ℎ) = 𝜏 (𝒖ℎ,0𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ, 𝑖𝑙𝒖ℎ)

≥ 𝜏 (0𝒖ℎ,0𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)

− 𝐶(
√||Θ||0 + 1)𝐾1

𝐻

𝑐0
√
𝜏

√
𝐻2

𝜏
+ 1𝜏 (𝒖ℎ, 𝒖ℎ)

≥
(
𝐾2 − 𝐶(

√||Θ||0 + 1)𝐾1
𝐻

𝑐0
√
𝜏

√
𝐻2

𝜏
+ 1

)
×𝜏 (𝒖ℎ, 𝒖ℎ)

This completes the proof. ◽

Next, we shall verify Assumption 1.

Lemma 6. Let  be defined as in (23), then Assumption
1 is satisfied with 𝐾1 = 𝐶||Θ||0𝑐2

1∕(𝑐0𝑐0)
2 and 𝐾2 =

𝐶𝑐0 max1≤𝑙≤𝐿
(
1 + ℎ𝑙−1∕𝛿𝑙

)−1∕𝑐1.

Proof. Upper bound. From the inequality (3) of Lemmas 1 and
(18), we have

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) ≥ 𝑐0|| 𝑖𝑙𝒖ℎ||2𝜏 ≥ 𝑐0∕𝑐1𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) (41)

It follows from the inequality (3) of Lemmas 1, (22), (28), and
(41) that

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) ≤ 𝑐1∕𝑐0
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)

= 𝑐1∕𝑐0
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 (𝒖ℎ, 𝑖𝑙𝒖ℎ) ≤ 𝐶𝑐1∕𝑐0||𝒖ℎ||𝜏‖‖‖‖‖‖
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

 𝑖
𝑙
𝒖ℎ

‖‖‖‖‖‖𝜏
≤ 𝐶𝑐1√||Θ||0∕(𝑐0𝑐0)𝜏 (𝒖ℎ, 𝒖ℎ) 1

2

(
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)
) 1

2

It is clear that

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ) ≤ 𝐶||Θ||0𝑐2
1∕(𝑐0𝑐0)

2𝜏 (𝒖ℎ, 𝒖ℎ) (42)

By Lemmas (3) and (18), we have

𝜏 (0𝒖ℎ,0𝒖ℎ) ≤ 𝐶𝑐1∕𝑐0𝜏 (𝒖ℎ, 𝒖ℎ) (43)

Then, combining (42) and (43) implies

𝜏 (0𝒖ℎ,0𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)
≤ 𝐶||Θ||0𝑐2

1∕(𝑐0𝑐0)
2𝜏 (𝒖ℎ, 𝒖ℎ)

Lower bound. Using the Cauchy–Schwarz inequality, it follows
from Lemmas 1 and 4 that

𝜏 (𝒖ℎ, 𝒖ℎ) = 𝜏(𝒖ℎ, 𝒖0
)
+𝜏

(
𝒖ℎ,

𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝒖𝑖
𝑙

)

= 𝜏(0𝒖ℎ, 𝒖0
)
+
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏( 𝑖𝑙𝒖ℎ, 𝒖𝑖𝑙)
≤ 𝐶||0𝒖ℎ||𝜏 ||𝒖0||𝜏 + 𝐶 𝐿∑

𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||𝜏 ||𝒖𝑖𝑙||𝜏

≤ 𝐶
(||0𝒖ℎ||2𝜏 + 𝐿∑

𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

) 1
2

×

(||𝒖0||2𝜏 + 𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

||𝒖𝑖
𝑙
||2
𝜏

) 1
2

≤ 𝐶max
1≤𝑙≤𝐿

(
1 + ℎ𝑙−1∕𝛿𝑙

) 1
2 ||𝒖ℎ||𝜏

×

(||0𝒖ℎ||2𝜏 + 𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

|| 𝑖
𝑙
𝒖ℎ||2𝜏

) 1
2

(44)

From the inequality (3) of Lemma 1, it is clear that 𝜏 (𝒖ℎ, 𝒖ℎ) ≥
𝑐0||𝒖ℎ||2𝜏 . Then, combining (18) and (44) yields

𝜏 (0𝒖ℎ,0𝒖ℎ) +
𝐿∑
𝑙=1

𝑁𝑙∑
𝑖=1

𝜏 ( 𝑖𝑙𝒖ℎ, 𝑖𝑙𝒖ℎ)
≥ 𝐶𝑐0 max

1≤𝑙≤𝐿
(
1 + ℎ𝑙−1∕𝛿𝑙

)−1∕𝑐1𝜏 (𝒖ℎ, 𝒖ℎ)
This completes the proof. ◽

4 | Numerical Experiments

In this section, some numerical results are reported to illus-
trate the optimal convergence and the parallel performance of
the proposed algorithm. The algorithm is implemented using
PETSc [40], and all the examples are tested on a supercom-
puter with 16,000 compute nodes, each comprising two Intel Ivy
Bridge Xeon processors and 88 gigabytes of memory. We only
use the CPU cores in our tests. In the experiments, the parabolic
equations are discretized by the fourth-order BIM (presented in
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TABLE 1 | The numerical results for Example 1 obtained with Algorithm 2 (two-level) with𝑁𝑝 = 64, ℎ2 = 1∕1024 and 𝜏 =
√
ℎ2.

1∕16 1∕32 1∕64

𝒉1 𝜹 = 0 𝜹 = 1 𝜹 = 2 𝜹 = 0 𝜹 = 1 𝜹 = 2 𝜹 = 0 𝜹 = 1 𝜹 = 2

ILU(0) IT 12 11 10 8 7 6 7 6 5
Time (s) 2.32 2.15 2.05 1.86 1.81 1.82 1.84 1.80 1.78

ILU(1) IT 11 9 8 8 8 8 7 6 5
Time (s) 2.52 2.39 2.29 2.25 2.10 2.13 2.27 2.22 2.16

ILU(2) IT 10 8 7 8 6 6 8 6 6
Time (s) 2.93 2.56 2.51 2.55 2.39 2.45 2.52 2.48 2.54

LU IT 11 8 8 9 7 7 8 7 7
Time (s) 7.91 6.32 6.45 7.51 6.16 6.28 7.68 6.22 6.40

TABLE 2 | The number of GMRES iterations for Example 1 with 𝛿 = 2,𝑁𝑝 = 64 and 𝜏 =
√
ℎ𝐿).

𝒉𝑳 1/64 1/128 1/256 1/512 1/1024

𝑳 2 3 2 3 4 2 3 4 5 2 3 4 5 6 2 3 4 5 6 7

ILU (0) 10 12 9 11 13 7 10 12 13 7 9 10 11 13 6 8 9 11 12 12
ILU (1) 9 12 8 11 13 8 10 11 13 7 9 10 12 13 6 8 9 10 11 12
ILU (2) 10 12 8 11 13 8 10 11 13 7 9 10 12 12 6 8 9 11 11 12
LU 10 12 9 11 13 8 10 12 13 8 10 11 12 14 7 9 10 12 13 14

Remark 1) in time and piecewise linear conforming finite ele-
ments in space, the spatial domain Ω is initially partitioned into
a coarse mesh of size ℎ1, and the fine meshes are obtained by
refining the coarsest mesh uniformly. We divide Ω into 𝑁𝑝 sub-
domains on each level and assign each subdomain to one pro-
cessor. The resulting linear system is solved by a preconditioned
GMRES(30) method, and the stopping condition is set to be 𝑟𝑡𝑜𝑙 =
1.0 × 10−8 (the relative convergence tolerance). The subdomain
problems are solved by LU factorization or ILU(𝑘). For simplic-
ity, the notations “𝛿 ∶= 𝛿𝑙∕ℎ𝑙”, “IT”, and “Time(s)” denote the
overlapping size, the number of iterations, and the compute time
(seconds), respectively.

Example 1. We consider an advection–diffusion equation

⎧⎪⎨⎪⎩
𝑢𝑡 − Δ𝑢 + 𝛽(𝑥, 𝑦) ⋅ ∇𝑢 = 𝑓, in Ω × (0, 𝑇 ],
𝑢(𝑥, 𝑦, 𝑡) = 0, on 𝜕Ω × (0, 𝑇 ],
𝑢(𝑥, 𝑦, 0) = 𝑥(1 − 𝑥)𝑦(1 − 𝑦), in Ω

where 𝛽(𝑥, 𝑦) =
(
𝑦(1 − 𝑥2),−𝑥(1 − 𝑦2)

)
, Ω = [0, 1] × [0, 1], and 𝑓

is chosen such that the exact solution is 𝑢(𝑥, 𝑦, 𝑡) = 𝑥(1 − 𝑥)𝑦(1 −
𝑦)𝑒−𝑡.

In the first test, we fix the number of subdomains to 𝑁𝑝 = 64,
the fine spatial mesh size ℎ2 = 1∕1024, the time step size 𝜏 =√
ℎ2, and vary the coarse spatial mesh size ℎ1, the overlapping

size 𝛿 as well as the subdomain solver. The numerical results
in Table 1 show that both the iteration counts and the compute
time decrease if we vary the overlapping size from 𝛿 = 0 to 𝛿 = 1.
And the change of the iteration counts is not sensitive to differ-
ent coarse mesh sizes. Additionally, if we increase 𝛿 = 1 to 𝛿 = 2,

the iteration counts do not change for some cases, but the total
compute time grows since the communication time increases. It
is clear that the iteration counts decrease slightly, but the com-
pute time increases as the level of fill-ins increases for the case
ℎ1 = 1∕16. The iteration counts stay the same for different fill-in
levels 𝑘 if we choose smaller coarse mesh sizes. Moreover, the
ILU(𝑘) performs better than LU in terms of the compute time for
this test example.

Next, we show how the convergence rate depends on the num-
ber of levels and the subdomain solver. The number of subdo-
mains is 𝑁𝑝 = 64, and the coarsening factor is fixed as 2. The
results listed in Table 2 show that the number of iterations is
not sensitive to the subdomain solvers LU and ILU with differ-
ent fill-ins. For the fixed finest mesh size, the iteration counts
increase a little with the number of levels since the coarsest mesh
sizes are different. However, the iteration counts are almost the
same with different mesh levels if we fix the coarse mesh size;
see the last column of ℎ𝐿 = 1∕64, ℎ𝐿 = 1∕128, ℎ𝐿 = 1∕256, ℎ𝐿 =
1∕512 and ℎ𝐿 = 1∕1024. This illustrates that the convergence rate
of MAS-BIM is independent of the finest mesh size and the num-
ber of levels.

Finally, we investigate the strong parallel scalability for
Example 1. In the experiment, the finest spatial mesh size is
fixed as ℎ3 = 1∕8192 and ℎ3 = 1∕10, 240, respectively, the num-
ber of levels and the coarsening factor are 𝐿 = 3 and 4, the time
step size and the overlapping size are fixed as 𝜏 = 1∕256 and
𝛿 = 1, and the subdomain solver is set ILU(1). We increase the
number of processors from 256 to 4096; Table 3 shows that the
number of iterations changes very little, and the total compute
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time decreases. Moreover, Figure 2 also shows that Algorithm
(2) has a nearly linear speedup with up to 4096 processors.

Example 2. Consider a convection dominated parabolic
equation

⎧⎪⎪⎨⎪⎪⎩

𝑢𝑡 − 𝜀Δ𝑢 + 𝛽(𝑥, 𝑦, 𝑧) ⋅ ∇𝑢 = 𝑓, in Ω × (0, 1],
𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 0, on 𝜕Ω × (0, 1],
𝑢(𝑥, 𝑦, 𝑧, 0) = sin(𝜋𝑥) in Ω,
sin(𝜋𝑦) sin(𝜋𝑧)

where 𝜀 > 0 is a constant, 𝛽(𝑥, 𝑦, 𝑧) = (1, 1, 1),Ω = [0, 1] × [0, 1] ×
[0, 1], 𝑓 is chosen such that the exact solution is 𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧) cos 𝑝𝑡, where 𝑝 is a constant to be specified
later.

TABLE 3 | Strong scaling results of Algorithm 2 (three-level) on
Tianhe-2 for Example 1 with 𝛿 = 1 and 𝜏 = 1∕256.

𝒉3 = 1∕8192 𝒉3 = 1∕10, 240

𝑵𝒑 IT Time (s) IT Time (s)

256 8 34.8 8 52.8
512 9 21.7 8 31.6
1024 9 13.3 9 20.7
2048 9 8.4 9 12.6
4096 9 5.8 9 8.9

FIGURE 2 | Strong scaling results of Algorithm 2 (three-level) on
Tianhe-2 for Example 1.

We test a three-dimensional problem to compare the perfor-
mance of BIM with the backward Euler and the Crank–Nicolson
schemes. In the experiments, we set 𝜀 = 0.1 and fix the num-
ber of levels 𝐿 = 2, the coarse mesh size ℎ1 = 1∕32, the fine
mesh size ℎ2 = 1∕128, and the number of subdomains on each
level 𝑁𝑝 = 512. In [29], we showed that space–time additive
Schwarz algorithm based on the backward Euler scheme is more
efficient than Algorithm 1 when the number of processors is
large. To make a fair comparison, we compare Algorithm 2 and
the two-level space–time additive Schwarz algorithm based on
the backward Euler scheme as well as Crank–Nicolson scheme
for the case when the window size is 4. So, the solutions at
four time steps are solved simultaneously for these three algo-
rithms denoted by “MAS-BE”, “MAS-CN”, and “MAS-BIM”,
respectively.

Table 4 shows that the average number of GMRES iterations and
the total compute time of all three algorithms increase with the
increase of the parameter 𝑝. Moreover, the average number of
iterations for MAS-BE is smaller than MAS-CN and MAS-BIM.
However, MAS-BE requires a smaller time step size and larger
number of blocks to achieve the same error at the final time. It
is clear that the total compute time of MAS-BE is much more
than MAS-CN and MAS-BIM. Since a larger time step size can
be used for higher-order schemes, the increase of the iteration
counts is subordinate to the decrease in the number of blocks.
Therefore, we see that the higher-order methods are superior to
lower-order methods when the solution has the required regular-
ity. Finally, we choose 𝜀 = 10−4 and list the numerical results in
Table 5. Compared with Tables 4 and 5, we see that both the aver-
age number of iterations and the compute time of MAS-BE and
MAS-CN decrease with smaller 𝜀, but the errors increase with the
same stopping condition. On the contrary, the average number of
iterations and the compute time of MAS-BIM grow, which means
that we should choose smaller 𝜏 for this case. However, MAS-BIM
still takes less compute time than MAS-BE and MAS-CN when
achieving the same error.

5 | Conclusion

We introduced and studied a multilevel additive Schwarz
algorithm for parabolic equations discretized by a family of BIM
in time and finite element in space. An optimal convergence the-
ory is proved for the multilevel additive Schwarz method for BIM
with positive definite matrix 𝑨 and positive diagonal matrix 𝑩.

TABLE 4 | Numerical results for Example 2 obtained by MAS-BE, MAS-CN, MAS-BIM with 𝜀 = 0.1,𝑁𝑝 = 512, 𝛿 = 1, ℎ1 = 1∕32 and ℎ2 = 1∕128.

𝒑 = 2.5𝝅 𝒑 = 5.5𝝅 𝒑 = 11𝝅

𝝉 IT Time (s) ||𝒖− 𝒖𝒉|| IT Time (s) ||𝒖− 𝒖𝒉|| IT Time (s) ||𝒖− 𝒖𝒉||

MAS-BE 1/4096 2.1 273.71 1.80e−4 2.2 291.40 2.25e−5 2.4 301.31 3.80e−4
1/2048 2.8 167.03 5.71e−4 2.9 175.80 5.37e−5 3.0 199.92 5.26e−4

MAS-CN 1/256 6.5 45.39 3.64e−5 6.9 47.46 4.20e−5 7.4 49.74 5.23e−4
1/128 7.6 27.13 4.52e−5 8.2 28.69 1.60e−4 8.6 30.57 2.17e−3

MAS-BIM 1/64 7.7 15.20 4.65e−5 8.1 15.78 5.33e−5 9.0 17.15 5.14e−4
1/32 8.1 9.40 5.30e−5 8.6 9.80 9.51e−5 8.9 10.11 8.32e−3
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TABLE 5 | Numerical results for Example 2 obtained by MAS-BE, MAS-CN, and MAS-BIM with 𝜀 = 10−4, 𝑁𝑝 = 512, 𝛿 = 1, ℎ1 = 1∕32 and ℎ2 =
1∕128.

𝒑 = 2.5𝝅 𝒑 = 5.5𝝅 𝒑 = 11𝝅

𝝉 IT Time (s) ||𝒖− 𝒖𝒉|| IT Time (s) ||𝒖− 𝒖𝒉|| IT Time (s) ||𝒖− 𝒖𝒉||

MAS-BE 1/4096 2.0 221.41 5.50e−4 2.0 213.53 8.85e−4 2.0 208.15 3.10e−4
1/2048 2.0 105.69 1.09e−3 2.0 123.49 1.76e−3 2.0 113.77 6.13e−4

MAS-CN 1/256 2.9 25.49 3.14e−4 3.1 25.98 1.02e−4 3.3 26.82 5.41e−4
1/128 4.6 18.67 1.66e−4 4.9 19.26 3.05e−4 5.2 20.52 2.20e−3

MAS-BIM 1/128 4.0 16.25 1.71e−4 4.5 18.03 2.22e−4 5.0 19.50 2.98e−4
1/64 8.6 16.37 1.43e−4 9.3 17.40 1.85e−4 10.3 18.96 5.09e−4

The numerical results for a fourth-order BIM with 𝐿-stability
confirm the theory in terms of the convergence rate and accuracy.
The linear speedup is obtained on a parallel computer using up
to 4096 processor cores. The numerical comparisons also demon-
strate that our algorithm outperforms the multilevel additive
Schwarz algorithm for low-order schemes in terms of the com-
pute time.
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