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Learning Orthogonal Latent Representations for
Multi-View Clustering

Xiaolin Xiao , Member, IEEE, Yue-Jiao Gong , Senior Member, IEEE, and Yicong Zhou , Senior Member, IEEE

Abstract—In the field of multi-view clustering, latent
representations are often employed to address the challenge
posed by low-quality data. Traditional approaches typically
assume that multiple views are fully dependent, directly learning
a common latent representation from the observed data. However,
this assumption is overly restrictive in real-world scenarios and
may overlook valuable information, as the independence of
different views can reveal critical view-specific characteristics. To
overcome this limitation, we propose learning Orthogonal Latent
Representations for Multi-View Clustering (OLR-MVC), which
jointly captures both cross-view dependence and independence.
Specifically, our model maps multi-view data into shared
and private latent spaces using distinct projection bases. To
accurately capture both dependence and independence, we
enforce orthogonality between the shared and private latent
representations while also encouraging pairwise orthogonality
among private representations. Furthermore, we leverage the
self-expressive property of these latent representations to capture
global data structures. Extensive experimental evaluations
demonstrate that OLR-MVC outperforms state-of-the-art
multi-view clustering methods.

Index Terms—Dependence, independence, orthogonal latent
representation, multi-view clustering, self-expressiveness.

I. INTRODUCTION

FOR data clustering, relying on a single feature often in-
troduces bias, as feature extraction is typically an unsu-

pervised process that may not align with the underlying cluster
memberships. To address this issue, an emerging research field
focuses on reducing bias by leveraging the complementary in-
formation present in multiple views. Typically, these views are
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TABLE I
THE RAW DATA IS GROUPED INTO 16 CLASSES BASED ON THE VALUES OF

FOUR DIMENSIONS

collected either from the same sensor with different parameters
or from different modalities. The core of multi-view learning
is to fully exploit the cross-view complementarity to enhance
performance [1], [2], [3].

Due to the presence of noise and redundancy, directly using
the observed multi-view data may result in suboptimal perfor-
mance. To mitigate this issue, latent representation learning as-
sumes that the observed views are generated from a common
latent space [4], [5], [6], [7], [8]. The goal of these methods is
to find transformations from individual views to a shared latent
representation. This latent representation provides a compact
interpretation of the observed data, helping to uncover the un-
derlying data structures.

While latent representation learning has demonstrated strong
empirical performance, most existing methods inherently as-
sume that multi-view features are fully dependent [9]. How-
ever, this assumption is overly restrictive and may overlook
valuable view-specific information. Recently, the complemen-
tarity of view-specific characteristics has garnered increasing re-
search attention. For instance, Wan et al. proposed exploring la-
tent representations under diverse dimensions to enhance model
expressiveness and capture cross-view complementarity [10].
Zhou et al. learned shared and view-specific dictionaries to sepa-
rately exploit the cross-view correlations and view-specific prop-
erties [11]. However, the dependence and independence between
views are not accurately modeled, leading to inadequate repre-
sentation capabilities.

To address the aforementioned issues, a pragmatic approach
involves simultaneously modeling both cross-view dependence
and independence. We demonstrate this with a simulation ex-
ample that highlights the significance of jointly considering
dependent and independent information. First, we generate a
raw dataset from a 4-D space represented by [a, b, c, d], where
{(a, b)|a2 + b2 = 1}, and c and d are independently set to ei-
ther 0 or 1. As shown in Table I, these samples are grouped
into 16 classes (L1, . . . , L16) based on the four quadrants of
the a− b plane and the values of c and d. In this case, a and b
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Fig. 1. Illustration of the importance of jointly modeling dependence [a, b] and independence [c, d]: A two-view dataset with 16 classes is generated, where each
view consists of two dependent dimensions and one independent dimension, namely, x(1) = [a, b, c] and x(2) = [a, b, d]. (a) Only four classes are identified using
the dependent information, i.e., [a, b]. (b) Eight classes are identified by incorporating the independent information in x(1), i.e., dimension c. (c) Eight classes are
identified by incorporating the independent information in x(2), i.e., dimension d.

are dependent, whereas c and d are independent of each other
and also independent from the a− b plane. Next, we construct a
two-view dataset from the raw data, where the first view is repre-
sented by x(1) = [a, b, c], and the second view is represented by
x(2) = [a, b, d]. As depicted in Fig. 1(a), if only the cross-view
dependence (i.e., the a− b plane) is utilized, four classes are
mixed within each quadrant. By simultaneously leveraging both
the cross-view dependence and the independence inherent in
either x1 or x2, eight classes can be correctly identified (see
Fig. 1(b) and 1(c)). Although visualizing the dataset in 4-D space
is challenging, it is reasonable to expect that all 16 classes can
be correctly identified by integrating both the cross-view depen-
dence and the independence within both views.

Building on this insight, we propose Orthogonal Latent Rep-
resentations for Multi-View Clustering (OLR-MVC), which
jointly exploits cross-view dependence and independence.
Specifically, the multi-view data are factorized into shared
and private components using respective projection bases. The
shared representation encodes dependent information across dif-
ferent views, while the private representations capture indepen-
dent information specific to individual views. We introduce or-
thogonal constraints to separate the cross-view dependence and
independence. Additionally, the self-expressive property of the
latent representations is leveraged to reveal clear data structures
with global constraints. The main novelty and contributions of
OLR-MVC are summarized as follows.

1) We propose factorizing latent representations into orthog-
onal shared and private components to accurately capture
cross-view dependence and independence. Compared to
existing models that transform multiple views into a com-
mon latent representation, our framework is more flexible
and comprehensive, opening up new avenues for design-
ing latent representation learning approaches.

2) We explore orthogonal latent representations for multi-
view clustering. To the best of our knowledge, OLR-MVC
is the first model to accurately model both dependence
and independence, resulting in significant performance
improvements across a range of datasets.

3) We design an efficient optimization algorithm to solve the
OLR-MVC model within the framework of the alternating
direction method of multipliers.

4) Extensive experiments comparing OLR-MVC with state-
of-the-art methods demonstrate its superiority.

The remainder of this article is organized as follows.
Section II reviews existing multi-view clustering algorithms.
Section III introduces the core idea of orthogonal latent repre-
sentation learning and then proposes the OLR-MVC model. The
optimization algorithm for OLR-MVC is also elaborated in this
section. Section IV presents experimental results on real-world
databases. Finally, Section V concludes the article.

II. RELATED WORK

Drawing partially on [2], [3], we classify modern multi-view
clustering methods into four technological approaches: (1) ker-
nel learning methods, (2) graph learning methods, (3) subspace
learning methods, and (4) deep learning methods.

As real-world data may not be linearly separable, kernel learn-
ing methods exploit the kernel trick to address data nonlinear-
ity [12]. Typically, these methods apply different predefined ker-
nels to process various views and then combine the results to
obtain a unified kernel. The core challenge is selecting appro-
priate kernel functions and designing an optimal fusion strat-
egy. For instance, Huang et al. [13] learned data similarity in
kernel space to improve the quality of base kernels. Based on
the kernel alignment criterion, Liu et al. [14], [15] and Zhang
et al. [16] proposed multi-kernel clustering methods that guar-
antee good theoretical and empirical performance. Additionally,
Huang et al. [17] enriched affinity matrix learning with iterative
clustering in the kernel space. Recently, Liu et al. [18] intro-
duced contrastive learning with kernel generation to better ex-
plore cross-view complementarity.

Graph learning is a popular technique in multi-view cluster-
ing [19], [20]. Typically, these methods either construct view-
specific graphs from raw features and leverage graph fusion tech-
niques to obtain a unified graph, or directly learn view-specific
graphs during the optimization procedure. For example, Huang
et al. [21] captured multi-view consistency and diversity in a
unified framework and fused the consistent graphs, allocating
cluster labels without post-processing. Li et al. [22] constructed
initial graphs based on the inner products of normalized spectral
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embedding matrices and enforced high-order cross-view rela-
tionships using a weighted tensor nuclear norm. Huang et al. [23]
proposed learning a latent graph from view-specific graphs, con-
sidering both global and local data structures. Wang et al. [24]
used the Hilbert-Schmidt independence criterion to learn a
consensus graph without predefined similarity matrices. Bipar-
tite graph-based methods have also been proposed to improve
efficiency in multi-view clustering [25], [26], [27]. While graph
learning methods have demonstrated strong empirical perfor-
mance, they can struggle when the initial graph quality is poor.

Subspace learning-based methods assume that the underlying
data structures can be uncovered in low-dimensional compact
spaces. Most models either regularize view-specific representa-
tions using a common structure (i.e., self-expressiveness learn-
ing [28]) or directly find a shared latent space from multiple
observations (i.e., latent representation learning [4]). In the first
category, self-expressive matrices are generated for each view,
and various techniques are used to align view-specific repre-
sentations to achieve consensus. For example, tensor decom-
position techniques have been used to regularize the stacked
self-expressive matrices via third-order tensor ranks [29], [30],
[31]. The second type of methods, latent representation learning,
focuses on finding a common compact representation across all
views. Commonly used techniques for learning low-dimensional
representations include (non-negative) matrix factorization [32],
[33], [34], projection learning [4], [6], [8], and mapping matrix
learning [5], [7]. Note that projection learning methods enforce
orthonormal constraints on the transformation matrix, while
mapping matrix learning models replace these constraints with
spherical constraints. Both approaches assume that the shared
latent representation captures cross-view relationships by mod-
eling cross-view dependencies [9]. However, this assumption
may be too rigid, overlooking important view-specific informa-
tion. Recently, mining cross-view complementarity has gained
increasing research attention. For instance, Wan et al. [10] and
Zhou et al. [11] explored the diverse and view-specific proper-
ties to uncover the underlying data structures. However, their
models do not accurately capture the dependence and inde-
pendence between views, resulting in limited representation
capabilities.

Recently, the advancement of deep learning models has facil-
itated the development of multi-view learning [35]. Multi-view
learning tasks have been integrated with autoencoders [36],
generative adversarial networks [37], graph neural net-
works [38], deep belief nets [39], and contrastive learning [40],
[41], leading to excellent results. While these deep learning
methods often deliver enhanced performance, they require sub-
stantial computational resources. Therefore, in this work, we
focus on mathematical modeling approaches.

III. LEARNING ORTHOGONAL LATENT REPRESENTATIONS FOR

MULTI-VIEW CLUSTERING

A. Orthogonal Shared-Private Latent Representations

Since multi-view features represent data from different per-
spectives, assuming that they only share dependent information
that projects to a common space is impractical. As illustrated
in Fig. 1, independence also provides valuable insights for data

TABLE II
SUMMARY OF COMMONLY USED NOTATIONS

clustering. Based on this insight, we introduce a more flexible
and comprehensive method that accurately models cross-view
dependence and independence in a unified framework. As shown
in Fig. 2, each view is mapped into shared and private spaces
using their respective projection bases. The shared latent rep-
resentation captures cross-view dependence, while the private
latent representations portray independent information. We then
learn the self-expressive matrices from the latent representations
to uncover the underlying data structures. The key challenge
is accurately distinguishing between shared and private latent
representations in an unsupervised manner. To address this, we
enforce orthogonality between the shared and private latent rep-
resentations. Additionally, the private latent representations are
encouraged to be pairwise orthogonal to model independence.

The commonly used notations are presented in Table II. For-
mally, given multi-view features {X(i) ∈ Rdi×N}Vi=1, where di
is the observed dimension in the i-th view and N is the num-
ber of samples, let {H(i) ∈ Rk×N}Vi=1 be the set of multi-view
latent representations, with k indicating the latent dimension.
The j-th column of H(i) represents the latent representation
of the j-th sample in X(i). To illustrate the main concept, we
decompose the latent representations as {H(i) = Hs +

H
(i)
p }Vi=1, whereHs and {H(i)

p } are the shared and private latent
representations, respectively. By encouraging orthogonality, we
factorize the shared and private latent representations as follows:

V∑
i=1

‖H ′
sH

(i)
p ‖2F +

V∑
i=1

V∑
j �=i

‖H(i)′
p H(j)

p ‖2F ,

s.t. {H(i) = Hs +H(i)
p }Vi=1, (1)

where ‖ · ‖F denotes the Frobenius norm. Orthogonality is
achieved by minimizing the squared Frobenius norm of the
inner products between latent representations. Specifically, let
M = H ′

sH
(i)
p . If Hs and H

(i)
p are orthogonal, each pair of

columns in Hs and H
(i)
p will be perpendicular, and hence all

elements in M approach zero. To simplify the optimization pro-
cess, we use the squared Frobenius norm of the inner products
as the cost function.

By introducing orthogonal constraints, (1) can accurately
model both dependence and independence across different
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Fig. 2. The framework of the proposed OLR-MVC model. The multi-view data are mapped into a shared latent space and V private latent spaces using their
respective projection bases, with self-expressive matrices learned from individual latent spaces. The latent representations are mutually orthogonal to model
independence, while the self-expressive matrices are encouraged to be low-rank to capture global data structures. The final affinity matrix is obtained by integrating
the shared and private self-expressive matrices.

views. This approach uncovers valuable cross-view complemen-
tarity, enabling more accurate modeling of data relationships.
Moreover, the shared and private latent representations remain
independent of each other, enhancing the interpretability.

However, directly solving (1) may lead to a trivial solution
where one of the latent representations approaches zero. In the
next section, we introduce a more realistic framework to avoid
this issue.

B. Learning Orthogonal Latent Representations for
Multi-View Clustering

We explore orthogonal latent representations for multi-view
clustering. Given the multi-view data {X(i)}Vi=1, we assume that
each view is factorized into shared and private latent represen-
tations by projecting onto respective bases. Our method offers
greater flexibility and comprehensiveness compared to previ-
ous latent representation learning models by jointly considering
cross-view consistency and complementarity.

Specifically, we use two sets of bases, {P (i)
s }Vi=1 and

{P (i)
p }Vi=1, to project the observed data into different latent

spaces. We then apply the self-expressive property of latent
representations to clearly capture data affinities. To avoid po-
tential trivial solutions, we minimize the reconstruction errors
associated with both projection learning and self-expressiveness
learning. Formally, the Orthogonal Latent Representation-based
Multi-View Clustering (OLR-MVC) model is formulated as
follows:

min
E,Z,Hs,{P (i)

s ,

P
(i)
p ,H

(i)
p }

‖E‖2,1+α‖Z‖∗+β

⎛
⎝ V∑

i=1

‖H ′
sH

(i)
p ‖2F +

V∑
i=1

V∑
j �=i

‖H(i)′
p H(j)

p ‖2F

⎞
⎠ ,

s.t. E = {E(1)
x , . . . , E(V )

x , Es, E
(1)
p , . . . , E(V )

p },

Z = {Zs, Z
(1)
p , . . . , Z(V )

p },
{ P (i)′

s P (i)
s = I, P (i)′

p P (i)
p = I }Vi=1,

{ X(i) = P (i)
s Hs + P (i)

p H(i)
p + E(i)

x }Vi=1,

Hs = Hs ∗ Zs + Es,

{ H(i)
p = H(i)

p Z(i)
p + E(i)

p }Vi=1, (2)

where α and β are hyper-parameters that balance the relative
importance of different modules. For conciseness, the swash
letters E andZ denote the sets of variables. The l2,1-norm ‖E‖2,1
and the nuclear norm ‖Z‖∗ are imposed on each element in E
and Z , respectively.

To improve understanding, we make the following remarks:
� The i-th view is factorized as X(i) = P

(i)
s Hs +

P
(i)
p H

(i)
p + E

(i)
x , where P

(i)
s and P

(i)
p are constrained by

P
(i)′
s P

(i)
s = I and P

(i)′
p P

(i)
p = I . Thus, the observed data

are projected into shared and private latent spaces.
� By incorporating orthogonal constraints, we can effectively

model both cross-view dependence and independence. The
shared representation captures the dependent information
shared by different views, whereas the private representa-
tions reflect the independent information unique to each
view.

� We use the l2,1 norm ‖ · ‖2,1 to model sample-specific cor-
ruptions. Since sample-wise inconsistency may occur in
both projection learning and self-expressiveness learning,
the l2,1 norm is utilized in both stages and is expressed as

‖E‖2,1 =
∑V

i=1 ‖E(i)
x ‖2,1 + ‖Es‖2,1 +

∑V
i=1 ‖E(i)

p ‖2,1.
� The coefficient matrices are encouraged to be low-

rank by minimizing the nuclear norm ‖Z‖∗ = ‖Zs‖∗ +∑V
i=1 ‖Z(i)

p ‖∗. This encourages the self-expressiveness of
the latent representations, imposing global constraints on
affinity learning and improving overall accuracy.
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C. Solution

The variables in Z = {Zs, Z
(1)
p , . . . , Z

(V )
p } are coupled in

(2), making direct optimization challenging. To address this, we
introduce an auxiliary variable set W = Z to separate coupled
variables as follows:

min
E,Z,W,Hs,

{P (i)
s ,P

(i)
p ,H

(i)
p }

‖E‖2,1+α‖W‖∗+β

⎛
⎝ V∑

i=1

‖H ′
sH

(i)
p ‖2F +

V∑
i=1

V∑
j �=i

‖H(i)′
p H(j)

p ‖2F

⎞
⎠ ,

s.t. E = {E(1)
x , . . . , E(V )

x , Es, E
(1)
p , . . . , E(V )

p },
Z = {Zs, Z

(1)
p , . . . , Z(V )

p }, W = Z,

{ P (i)′
s P (i)

s = I, P (i)′
p P (i)

p = I }Vi=1,

{ X(i) = P (i)
s Hs + P (i)

p H(i)
p + E(i)

x }Vi=1,

Hs = Hs ∗ Zs + Es,

{ H(i)
p = H(i)

p Z(i)
p + E(i)

p }Vi=1. (3)

Next, we apply the Alternating Direction Method of Multipli-
ers (ADMM) [42], [43] to optimize (3). ADMM provides an ef-
ficient approach for solving constrained optimization problems
by forming an unconstrained augmented Lagrangian function
and iteratively updating one variable at a time while keeping the
others fixed. The unconstrained augmented Lagrangian function
of (3) is given by:

L(E ,W,Z, Hs, {P (i)
s , P (i)

p , H(i)
p }) = ‖E‖2,1+α‖W‖∗

+ β

⎛
⎝ V∑

i=1

‖H ′
sH

(i)
p ‖2F +

V∑
i=1

V∑
j �=i

‖H(i)′
p H(j)

p ‖2F

⎞
⎠

+
ρ

2

V∑
i=1

‖X(i) − P (i)
s Hs − P (i)

p H(i)
p − E(i)

x +
Y

(i)
1

ρ
‖2F

+
ρ

2
‖Hs −HsZs − Es +

Y2

ρ
‖2F +

ρ

2

V∑
i=1

‖H(i)
p −

H(i)
p ∗ Z(i)

p − E(i)
p +

Y
(i)
3

ρ
‖2F +

ρ

2
‖W − Z +

Y4

ρ
‖2F ,

s.t. {P (i)′
s P (i)

s = I, P (i)′
p P (i)

p = I}Vi=1, (4)

where {Y (i)
1 }, Y2, {Y (i)

3 }, and Y4 are the Lagrange multipliers,
and ρ > 0 is the penalty parameter. Within the ADMM frame-
work, the iterative optimization scheme involves seven variables
(or variable sets) and consists of the following steps:

argmin
E

‖E‖2,1+ ρ

2

V∑
i=1

‖X(i)−P (i)
s Hs−P (i)

p H(i)
p −E(i)

x

+
Y

(i)
1

ρ
‖2F +

ρ

2
‖Hs−HsZs−Es+

Y2

ρ
‖2F+

ρ

2

V∑
i=1

‖H(i)
p −H(i)

p Z(i)
p

− E(i)
p +

Y
(i)
3

ρ
‖2F ; (5)

argmin
W

α‖W‖∗ + ρ

2
‖W − Z +

Y4

ρ
‖2F ; (6)

argmin
Z

‖Hs −HsZs − Es +
Y2

ρ
‖2F +

V∑
i=1

‖H(i)
p −H(i)

p Z(i)
p

− E(i)
p +

Y
(i)
3

ρ
‖2F + ‖W − Z +

Y4

ρ
‖2F ; (7)

arg min
{P (i)

s }

V∑
i=1

‖X(i) − P (i)
s Hs − P (i)

p H(i)
p − E(i)

x +
Y

(i)
1

ρ
‖2F ,

s.t. {P (i)′
s P (i)

s = I}Vi=1; (8)

arg min
{P (i)

p }

V∑
i

‖X(i) − P (i)
s Hs − P (i)

p H(i)
p − E(i)

x +
Y

(i)
1

ρ
‖2F ,

s.t. {P (i)′
p P (i)

p = I}Vi=1; (9)

argmin
Hs

β

V∑
i=1

‖H ′
sH

(i)
p ‖2F +

ρ

2

V∑
i

‖X(i)−P (i)
s Hs−P (i)

p H(i)
p −

E(i)
x +

Y
(i)
1

ρ
‖2F +

ρ

2
‖Hs −HsZs − Es +

Y2

ρ
‖2F ; (10)

arg min
{H(i)

p }
β

V∑
i=1

V∑
j �=i

‖H(i)′
p H(j)

p ‖2F +
ρ

2

V∑
i=1

‖X(i)−P (i)
s Hs−

P (i)
p H(i)

p −E(i)
x +

Y
(i)
1

ρ
‖2F+

ρ

2

V∑
i=1

‖H(i)
p −H(i)

p Z(i)
p −E(i)

p

+
Y

(i)
3

ρ
‖2F ; (11)

More specifically, one iteration of the optimization algorithm is
updated as follows.

Step 1. E–subproblem: (5) with respect to E = {E(1)
x , . . . ,

E
(V )
x , Es, E

(1)
p , . . . , E

(V )
p } can be separated into 2V + 1 inde-

pendent l2,1-norm minimization problems, each corresponding
to an element in the set E . Taking the optimization of Es as an
example:

argmin
Es

1

ρ
‖Es‖2,1 + 1

2
‖Es −

(
Hs −HsZs +

Y2

ρ

)
‖2F .

(12)
(12) is a typical group lasso problem, solvable by column-wise
thresholding. Let T1 = Hs −HsZs +

Y2

ρ be a temporal matrix.
The optimal E∗

s is achieved by setting

E∗
s(:, k) =

(
1− 1

ρ‖T1(:, k)‖F

)
+

T1(:, k), (13)

where Es(:, k) and T1(:, k) are the k-th columns of Es and T1

respectively, and (·)+ = max(·, 0) denotes the positive part of
(·).
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Step 2. W–subproblem: Let W = {Ws,W
(1)
p , . . . ,W

(V )
p }.

The optimization of (6) with respect to W consists of V + 1 in-
dependent nuclear norm minimization problems. Here, we take
the optimization of Ws as an example:

argmin
Ws

α

ρ
‖Ws‖∗ + 1

2
‖Ws −

(
Zs − Y4

ρ

)
‖2F , (14)

where Y4 is the element in Y4 corresponding to Ws. The nuclear
norm minimization problem can be solved by singular value
thresholding [44]. Specifically, if the Singular Value Decompo-
sition (SVD) of Zs − Y4

ρ is UWΣWV ′
W , the optimal solution to

(14) is obtained as:

W ∗
s = UW

(
ΣW − diag(

α

ρ
)

)
+

V ′
W , (15)

where diag(αρ ) denotes a diagonal matrix whose elements are
filled with α

ρ .

Step 3. Z–subproblem: (7) with respect to Z = {Zs, Z
(1)
p ,

. . . , Z
(V )
p } can be separated into V + 1 independent F-norm

minimization problems. We take the optimization of Zs as an
example:

argmin
Zs

‖HsZs−
(
Hs−Es+

Y2

ρ

)
‖2F +‖Zs−

(
Ws+

Y4

ρ

)
‖2F .
(16)

(16) can be efficiently computed by setting the derivation with
respect to Zs to zero. Specifically, let the temporary matrices
T2 = Hs − Es +

Y2

ρ and T3 = Ws +
Y4

ρ . The optimal Z∗
s is

given by:

Z∗
s = (H ′

sHs + I)−1(H ′
sT2 + T3). (17)

Step 4. {P (i)
s }–subproblem: (8) with respect to {P (i)

s } can be
decoupled into V independent orthogonal Procrustes problems.
Here, we take the optimization of P (i)

s as an example. Eq (8) is
thus reduced to

argmin
P

(i)
s

‖P (i)
s Hs −

(
X(i) − P (i)

p H(i)
p − E(i)

x +
Y

(i)
1

ρ

)
‖2F ,

s.t. P (i)′
s P (i)

s = I. (18)

We solve the orthogonal Procrustes problem using the follow-
ing Theorem 1 [45].

Theorem 1: Given two matrices A and B, the solution to
equation

argmin
Ω

‖ΩA−B‖2F , s.t. Ω′Ω = I, (19)

is obtained as follows. LetBA′ = UΩΣΩV
′
Ω be the SVD ofBA′.

The optimal solution is given by Ω∗ = UΩV
′
Ω.

Step 5. {P (i)
p }–subproblem: Similar to the optimization of

{P (i)
s }, the optimization of {P (i)

p } reduces to solving V orthog-

onal Procrustes problems. Specifically, the optimization of P (i)
p

is formulated as follows:

argmin
P

(i)
p

‖P (i)
p Hp −

(
X(i) − P (i)

s H(i)
s − E(i)

x +
Y

(i)
1

ρ

)
‖2F ,

s.t. P (i)′
p P (i)

p = I. (20)

Step 6.Hs–subproblem: The optimization ofHs reduces to an
F-norm minimization problem. Let {T (i)

4 = X(i) − P
(i)
p H

(i)
p −

E
(i)
x +

Y
(i)
1

ρ }, T5 = I − Zs, and T6 = Es − Y2

ρ be temporary
variables. The derivation of (10) with respect to Hs is:

2β

V∑
i=1

H(i)
p H(i)′

p Hs+ρ

V∑
i=1

P (i)′
s (P (i)

s Hs−T
(i)
4 )

+ρ(HsT5−T6)T
′
5. (21)

By setting (21) to zero, the optimalH∗
s can be calculated using

an off-the-shelf Lyapunov equation solver.
Step 7. {H(i)

p }–subproblem: The optimization of {H(i)
p } can

be solved separately by calculating the derivations. We takeH(i)
p

as an example. Fixing {H(j)
p }Vj �=i, the derivation of (11) with

respect to H
(i)
p is:

2β

V∑
j �=i

H(j)
p H(j)′

p H(i)
p +ρP (i)′

p (P (i)
p H(i)

p −T7)

+ρ(H(i)
p T8−T9)T

′
8, (22)

where T7 = X(i) − P
(i)
s Hs − E

(i)
x +

Y
(i)
1

ρ , T8 = I − Z
(i)
p , and

T9 = Es − Y2

ρ are temporary variables used for conciseness.

Similar to the optimization of Hs, the optimal H(i)∗
p is obtained

by setting (22) to zero and then solving it using a Lyapunov
equation solver.

Step 8. update Lagrange multipliers and the penalty parame-
ter After updating all variables/variable sets, the Lagrange mul-
tipliers and the penalty parameter are updated according to⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

{Y (i)
1 = Y

(i)
1 + ρ(X(i) − P

(i)
s Hs − P

(i)
p H

(i)
p − E

(i)
x )},

Y2 = Y2 + ρ(Hs −HsZs − Es,

{Y (i)
3 = Y

(i)
3 + ρ(H

(i)
p −H

(i)
p Z

(i)
p − E

(i)
p )},

Y4 = Y4 + ρ(W −Z),

ρ = min(ϕ ∗ ρ, ρmax).
(23)

In the context of ADMM, a small value of the penalty param-
eter ρ tends to minimize the objective function at the expense of
increasing the residuals. Conversely, a large value of ρ places a
strong penalty on violations of primal feasibility and hence pro-
duces small residuals. Theoretical analysis suggests initializing
ρ to a small positive number and then increasing it by a positive
factor ϕ. This approach enables superlinear convergence as ρ
grows towards infinity during the iteration process [42], [43].
Furthermore, this strategy reduces the dependence of optimiza-
tion performance on the specific choice of a fixed ρ value, which
is advantageous for machine learning algorithms. The iterative
scheme is repeated until the convergence condition is satisfied,
which is defined by the residuals related to the four constraints:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ1=max({‖X(i)−P
(i)
s Hs−P

(i)
p H

(i)
p −E

(i)
x )‖max}) ≤ ε;

γ2 = ‖Hs −HsZs − Es‖max ≤ ε;

γ3 = max({‖H(i)
p −H

(i)
p Z

(i)
p − E

(i)
p )‖max}) ≤ ε;

γ4 = ‖W − Z‖max ≤ ε,
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Algorithm 1: OLR-MVC.

where ‖ · ‖max denotes the maximum norm and max(·) denotes
the maximum value in current set. Once the algorithm converges,
the affinity matrix is given by:

A =
|Zs|+ |Z ′

s|
2

+
1

V

(
V∑
i=1

|Z(i)
p |+ |Z(i)′

s |
2

)
. (25)

We then apply the spectral clustering algorithm [46] on A to
obtain the final clustering results. The entire optimization pro-
cedure is summarized in Algorithm 1.

D. Complexity Analysis

Algorithm 1 exhibits an iterative behavior, comprising seven
block variables. The main computational costs in each iteration
are analyzed as follows: (1) E subproblem: This step consists
of 2V + 1 group Lasso problems, each involving column-wise
thresholding. The computational cost of these operations is neg-
ligible compared with other steps; (2) W subproblem: This
step involves V + 1 singular value shrinkage operations, with
a computational cost of O(N3) for each operation; (3) Z sub-
problem: This step requires matrix inversion and multiplica-
tion, with a cost of O(N3) for each of the V + 1 subtasks;
(4) {P (i)

s } and {P (i)
p } subproblems: This step involves solv-

ing 2V orthogonal Procrustes problems, requiring SVD oper-
ations with a computational cost of O(max(D,N)3), where
D = max({di}) is the maximum dimension of observed fea-
tures; (5) Hs and {H(i)

p } subproblems: These optimizations
rely on solving Lyapunov equations, which require a cost of
O(D3 +N3) for each subtask. Overall, the computational cost
of Algorithm 1 is O(D3 +N3).

IV. EXPERIMENTS

In this section, we evaluate the performance of OLR-MVC
and present an in-depth analysis to enhance the understanding
of our model.

A. Experimental Setup

We compare OLR-MVC against 12 state-of-the-art peer al-
gorithms, as well as the standard spectral clustering algorithm.
The experimental details are outlined as follows.

1) Dataset Overview:
� ORL:1 It contains 400 face images from 40 persons. Three

types of features are extracted: intensity (4096-D), LBP
(3304-D), and Gabor (6750-D).

� Yale:2 This dataset includes 165 face images from 15 indi-
viduals. It also includes intensity, LBP, and Gabor features.

� MSRC-v1 [47]: This database consists of 210 scene im-
ages from seven classes. Each image is represented by
five different features: LBP (256-D), HOG (100-D), GIST
(512-D), CENTRIST (1302-D), and SIFT (210-D).

� 3sources:3 This dataset contains 169 news documents from
three organizations. The multi-view features included term
frequencies (3560-D), content-bearing terms (3631-D),
and story identifiers (3068-D).

� BBC4views:4 It collects 685 documents belonging to five
classes. Four features are extracted, with dimensions 4659,
4633, 4665, and 4684.

� Flower17:5 It consists of 17 flower categories, with 80 im-
ages per category. The χ2 distance matrices of seven fea-
tures constitute the multiple views, each with a dimension
equal to the number of samples (1360-D).

� Scene15 [48]: It contains 4485 images from 15 categories,
described by three features: pyramid histograms (1800-D),
PRI-CoLBP (1180-D), and centrist features (1240-D).

� Caltech-101 [49]: It contains 9144 generic object images.
Six features are extracted: Gabor (48-D), wavelet moments
(40-D), census transform histogram (254-D), HOG (1984-
D), Gist (512-D), and LBP (928-D).

2) Competitors: The competitors includes six latent
representation-based methods and six algorithms from other cat-
egories. Additionally, the standard spectral clustering algorithm
is included to establish a baseline. Specifically,
� SPC: standard spectral clustering algorithm [46]. It pro-

cesses each individual view, and the best-performing re-
sults are reported.

� LMSC: latent multi-view subspace clustering [4]. It
seeks the latent representation by concatenating all
views and simultaneously performs self-expressiveness
learning.

1[Online]. Avilable: http://www.uk.research.att.com/facedatabase. html
2[Online]. Avilable: http://cvc.cs.yale.edu/cvc/projects/yalefaces/yalefaces.

html
3[Online]. Avilable: http://mlg.ucd.ie/datasets/3sources.html
4[Online]. Avilable: http://mlg.ucd.ie/datasets/segment.html
5[Online]. Avilable: https://www.robots.ox.ac.uk/vgg/data/flowers/17/index.

html
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� MCLES: multi-view clustering in latent embedding
space [5]. It clusters multi-view data in a latent embed-
ding space while simultaneously learning the global data
structure and the cluster indicator matrix.

� LCRSR: latent complete row space recovery for multi-
view subspace clustering [6]. It aims to recover the
row space of the common latent representation for
clustering.

� RMCLES: relaxed multi-view clustering in latent embed-
ding space [7]. It learns latent embedding, global similarity,
and cluster indicator matrix in a unified framework.

� LRMVC: latent representation guided multi-view cluster-
ing [8]. It accomplishes three subtasks: latent representa-
tion extraction, similarity graph learning, and cluster allo-
cation.

� OMVCDR: one-step multi-view clustering with diverse
representation [10]. It projects data into latent spaces, and
incorporates multi-view learning and k-means into a uni-
fied model.

� FSMSC: fast self-guided multi-view subspace cluster-
ing [50]. It integrates view-shared anchor and global-local
self-guidance learning into a unified model.

� MLRR: multi-view low-rank representation [51]. It con-
siders symmetric low-rank representations and uses the
angular information of principal directions to construct the
affinity matrix.

� UOMvSC: unified one-step multi-view spectral cluster-
ing [52]. It integrates spectral embedding and k-means into
a unified framework to obtain the clustering results.

� SGF: similarity graph fusion [53]. It models multi-view
consistency and inconsistency in a unified model and fuses
the consistent parts for clustering.

� DGF: distance (dissimilarity) graph fusion [53]. It uses the
same learning paradigm as SGF but generates initial graphs
based on distance/dissimilarity.

� TSSR: tensorized scaled simplex representation for multi-
view clustering [31]. It leverages a low-rank tensor con-
straint to capture the consensus and complementary infor-
mation.

3) Evaluation Metrics: To comprehensively compare all
competing algorithms, we employ six commonly used evalu-
ation metrics to assess the clustering performance, including the
normalized mutual information (NMI), accuracy (ACC), ad-
justed rand index (ARI), F-score, precision, and recall. Experi-
ments were conducted using MATLAB R2022a on a server with
an Intel Core i9-9920X 12-core CPU and a 128 GB RAM. Each
algorithm was run ten times, and the average results are reported.
For each run, the order of data samples was randomly shuffled,
and all competitors used the same shuffling seed to avoid random
disturbances. Since the NMI score provides a more comprehen-
sive understanding of the clustering results [54], we report the
clustering results with the highest NMI values when the optimal
results do not align with a single parameter configuration.

4) Parameter Settings: For all competing algorithms, we
obtained the source codes from the respective authors and
used the default settings as recommended in their published

Fig. 3. Average runtime of different latent representation-based methods on
real-world datasets. The empty bar indicates that MCLES encounters problems
with the respective datasets.

papers. Our OLR-MVC model has three hyper-parameters:
the trade-off parameters α, β, and the dimension of latent
representations, hdim. Empirically, we tune α and β from
{0.001, 0.01, 0.1, 1, 10, 100, 1000}, and the optimal hdim is
chosen from [60,200] with a step size of 20.

B. Experimental Results

1) Numerical Comparison: We evaluate the performance
of OLR-MVC compared to state-of-the-art methods. The
clustering results, assessed using six evaluation metrics, are pre-
sented in Tables III and IV. Overall, our OLR-MVC model
achieves the best or near-optimal performance in most cases.
From the experimental results, we derive the following key find-
ings:
� The proposed OLR-MVC model achieves the best results

across all databases according to four out of six evaluation
metrics: NMI, ACC, precision, and F-score. This demon-
strates the robust performance of OLR-MVC. We attribute
the success of OLR-MVC to its flexible latent representa-
tion learning framework.

� OLR-MVC performs best on seven out of eight databases
based on the ARI score, securing third place on the Cal-
tech101 database. The ARI score evaluates pairs of samples
that are assigned to the same or different clusters in two
clustering results. Variations in the ARI score can occur
if categories are particularly small or large. The slightly
lower ARI score on Caltech101 can be attributed to the
imbalanced class sizes.

� OLR-MVC achieves the highest recall scores on ORL and
Yale, and ranks second or third on MSRC-V1, 3Sources,
BBC4Views, Flower17, and Caltech101. It ranks fourth in
recall on Scene15. This may be due to imbalanced class dis-
tributions, which cause the spectral clustering algorithm to
disproportionately prioritize the larger classes. As a result,
samples from smaller classes may be incorrectly assigned
to larger classes, potentially leading to a lower recall. Since
there is an inherent trade-off between recall and preci-
sion, we focus on the F-score, which balances both metrics
to provide a comprehensive evaluation. OLR-MVC con-
sistently achieves the highest F-scores, demonstrating its
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TABLE III
AVERAGE CLUSTERING RESULTS AND THE CORRESPONDING STANDARD DEVIATIONS FOR COMPETING METHODS ON ORL, YALE, MSRC-V1, AND 3SOURCES

DATABASES. (THE BEST RESULTS AND THE SECOND BEST RESULTS ARE MARKED IN BOLD AND ITALIC BOLD, RESPECTIVELY).

strong overall performance. However, in certain applica-
tions, false negatives have more severe consequences than
false positives, making high recall preferable. This is evi-
dent in tasks such as cancer prediction and scene graph gen-
eration [55]. To improve recall by reducing false negatives,
we can apply a smaller weight to the low-rank constrained
term to capture more potential relationships. Additionally,

post-processing techniques can be employed to prioritize
the recall score.

� The competitors, MLRR, SGF, and DGF, exhibit sub-
optimal performance on most smaller databases. This is
likely because these databases have relatively clear graph
structures, making the predefined similarity graphs useful
for uncovering underlying data relationships. Additionally,
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TABLE IV
AVERAGE CLUSTERING RESULTS AND THE CORRESPONDING STANDARD DEVIATIONS FOR COMPETING METHODS ON BBC4VIEWS, FLOWER17, SCENE15, AND

CALTECH101 DATABASES. (THE BEST RESULTS AND THE SECOND BEST RESULTS ARE MARKED IN BOLD AND ITALIC BOLD, RESPECTIVELY) MCLES
ENCOUNTERS PROBLEMS ON RELATIVELY LARGE DATABASES, I.E., FLOWER17, SCENE15, AND CALTECH101.

these graph learning-based methods experience slight per-
formance declines when processing larger databases.

� The Scene15 and Caltech101 databases have relatively
complex data structures. UOMvSC achieves the second-
best results on Scene15, likely benefiting from its inte-
grated use of graphs, embedding matrices, and a one-step
learning strategy without post-processing. FSMSC shows
the second-best results on Caltech101, accounting for noisy
views with unclear clustering structures and cross-view di-
versity.

These findings highlight the effectiveness and robustness of
OLR-MVC, outperforming or matching state-of-the-art peer al-
gorithms. More experiments one the statistical significance and
visualization results of the comparisons are provided in our sup-
plementary materials.

2) Runtime Comparison: We also examine the empirical ef-
ficiency of all latent representation-based methods, namely,
LMSC [4], MCLES [5], LCRSR [6], RMCLES [7], LRMVC [8],
OMVCDR [10], and the proposed OLR-MVC. The average run-
time of different algorithms is presented in Fig. 3. Generally
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Fig. 4. Visualization of the learned latent representations via t-SNE.

TABLE V
ABLATION STUDY OF OLR-MVC

speaking, (1) the proposed OLR-MVC method incurs a mod-
erate runtime cost compared to other competing methods. (2)
Existing latent representation-based methods do not scale well
to large datasets, as the average runtime increases exponentially
with dataset size. To improve the computation efficiency, we can
apply dimension reduction methods to the multi-view data, as
detailed in our supplementary materials.

C. Model Discussion

1) Ablation Study: Multi-view learning is inherently an ill-
posed problem, and additional assumptions are necessary to
distinguish between dependent and independent information in
noisy data. In this work, we assume that the observed data can be
divided into three components: the shared representation, which
captures the dependent information; the private representations,
which encode the independent information; and noise, which is
eliminated through sparsity constraints. We introduce orthogo-
nality constraints to eliminate the coupling between dependent
and independent information, which is a simple yet efficient ap-
proach. For comparison, if we allow only shared information
across views, our OLR-MVC model degenerates to:

min
E,Zs,Hs,{P (i)

s }
‖E‖2,1 + α‖Zs‖∗,

s.t. E = {E(1)
x , . . . , E(V )

x , Es}, {P (i)′
s P (i)

s = I}Vi=1,

{X(i) = P (i)
s Hs + E(i)

x }Vi=1, Hs = Hs ∗ Zs + Es. (26)

Conversely, if we only allow private information between the
views, the model degenerates to:

min
E,Z,{P (i)

p },{H(i)
p }

‖E‖2,1+α‖Z‖∗,

s.t. E = {E(1)
x , . . . , E(V )

x , E(1)
p , . . . , E(V )

p },
Z = {Z(1)

p , . . . , Z(V )
p }, {P (i)′

p P (i)
p = I}Vi=1,

{X(i)=P (i)
p H(i)

p +E(i)
x }Vi=1, {H(i)

p =H(i)
p Z(i)

p +E(i)
p }Vi=1.

(27)

We compare the clustering performance of these two strate-
gies with that of OLR-MVC in Table V. Experiments show that
OLR-MVC achieves either much better or slightly worse perfor-
mance than models that admit only shared or private informa-
tion, thereby validating the effectiveness of our joint modeling
strategy.

2) Visualization of the Learned Latent Representations: To
better demonstrate the effectiveness of jointly modeling depen-
dence and independence, we apply the t-distributed Stochas-
tic Neighbor Embedding (t-SNE) method [56] for visualiza-
tion. The t-SNE method uses the Kullback-Leibler divergence
to measure the difference between the similarity distributions
in the observed data and the learned representations. These
low-dimensional representations are then visualized to reveal
the clustering structure. We use BBC4views as a representative
example and plot the t-SNE results for the shared latent repre-
sentation, private latent representations, and their combinations
in Fig. 4. It is evident that the clustering structures of differ-
ent components vary significantly based on feature quality. The
combined representations exhibit a better clustering structure,
with the clustering boundaries being much clearer, validating the
effectiveness of our OLR-MVC model. In addition, we visualize
the t-SNE results on Scene15 in our supplementary materials for
further comparison.

3) Block-Diagonal Structure of the Self-Expressive Ma-
trices: In data clustering, a block-diagonal structure of the
self-expressive matrix is highly desirable, as it indicates
dense connections within each cluster and sparse connections
between different clusters [57]. We provide visual results
of self-expressive matrices learned by OLR-MVC on ORL,
using the first five classes to enhance visibility. As shown in
Fig. 5, the block-diagonal structures of self-expressive matrices
learned from either shared or private latent representations are
suboptimal. Specifically, in the first four columns of Fig. 5, it is
evident that many within-cluster samples are poorly connected,
and between-cluster samples are misconnected. However, by
jointly exploring both shared and private latent representations,
a clear block-diagonal structure emerges in the last column of
Fig. 5, demonstrating the effectiveness of OLR-MVC. We also
visualize the block-diagonal structure of the self-expressive
matrices learned on Yale in our supplementary materials for
further comparison.

4) Empirical Convergence Analysis: Ensuring the theoret-
ical convergence of the ADMM method is generally infeasi-
ble when the number of optimization blocks exceeds two [58].
Instead, we demonstrate the empirical convergence of our op-
timization algorithm by plotting the convergence curves on
real-world databases. As observed in Fig. 6, the four residuals
(defined in (24)) approach relatively small values within dozens
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Fig. 5. Visualizations of the self-expressive matrices learned from the shared and private latent representations, as well as the final affinity matrix.

Fig. 6. Residuals of Algorithm 1 on representative databases.

Fig. 7. NMI scores across different combinations of parameters α and β on
representative databases.

Fig. 8. NMI scores over different settings of the latent dimension hdim on
representative databases.

of iterations, highlighting the excellent empirical convergence
of our optimization algorithm.

5) Parameter Sensitivity Analysis: Our OLR-MVC model
includes three hyper-parameters: α, β, and hdim. α controls
the weight of the low-rank term for learning the self-expressive
coefficient matrices, β balances the importance of the orthog-
onal latent representation learning module, and hdim deter-
mines the latent dimensions. We tune the parameters using
grid search and present parameter sensitivity analysis on rep-
resentative databases. The NMI scores obtained by OLR-MVC
for different combinations of α and β are shown in Fig. 7.
The relatively smooth NMI surfaces indicate that OLR-MVC
achieves robust performance on these datasets. The NMI scores
of OLR-MVC across different setting of hdim are also provided

in Fig. 8. OLR-MVC obtains consistently stable performance
across large numerical intervals, demonstrating the robustness
of our model. Additionally, we provide the parameter sensi-
tivity analysis on all the other databases in our supplementary
materials.

V. CONCLUSION

Latent representation learning is a powerful approach for
multi-view clustering, but its performance is often limited by
the rigid assumption that multiple views share only dependent
information. To address this limitation, we propose to factorize
the latent representations into shared and private components,
and accordingly, introduce the Orthogonal Latent Representa-
tions for Multi-View Clustering (OLR-MVC). In contrast to tra-
ditional latent representation learning methods, our approach
offers a more flexible and comprehensive framework for mod-
eling complex relationships between different views, providing
new insights into the design of advanced latent representation
learning methods.

While OLR-MVC has shown promising results, its complex-
ity is cubic with respect to the number of samples, which limits
its performance when applied to large-scale or online databases.
Inspired by the novel work in [59], our future work will incor-
porate prototype learning to efficiently handle large-scale and
online databases.
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