Generalized Phi Number System and its Applications for Image
Decomposition and Enhancement

Sarkis Agaian® and Yicong Zhou™*
"Department of Electrical Engineering, Stanford University, Stanford, CA 94305
bInterdisciplinary Solutions, LLC, San Antonio, TX 78215;

ABSTRACT

Technologies and applications of the field-programmable gate array (FPGAs) and digital signal processing (DSP)
require both new customizable number systems and new data formats. This paper introduces a new class of
parameterized number systems, namely the generalized Phi number system (GPNS). By selecting appropriate
parameters, the new system derives the traditional Phi number system, binary number system, beta encoder, and other
commonly used number systems. GPNS also creates new opportunities for developing customized number systems,
multimedia security systems, and image decomposition and enhancement systems. A new image enhancement algorithm
is also developed by integrating the GPNS-based bit-plane decomposition with Parameterized Logarithmic Image
Processing (PLIP) models. Simulation results are given to demonstrate the GPNS’s performance.

Keywords: Number system, Rational number system, Phi number system, Parameterized Logarithmic Image
Processing, Bit-plane decomposition, Image enhancement

1. INTRODUCTION

The development of computer technologies is how to utilize the hardware and software to perform computation. Digital
computer arithmetic is based on data or numbers represented as a string of zeroes and ones. The hardware of digital
computers can execute the simple and primitive formats of Boolean operations. The size of the digits is called radix r:

_ k (k=1)
X=ar +a_r" ' +..+ar+a, 1)

The radix » could be an integer, positive or a constant. A very useful radix case is »=2, also called the base-2 number
system. It represents numbers by a combination of two numerals: g, € {0,1} , zero (0) and one (1). All modern computers

are based on the binary system. The computer architecture is from embedded processors to supercomputers. The binary
system is also used for parallel programming and parallel architectures, computer arithmetic, custom computing,
algorithms and programming methodologies as well. Binary arithmetic operations are implemented by Boolean logics
which are easily realized with digital electronics. In other words, binary number system was selected for computer
systems because of its straightforward and one-to-one mapping in logic circuits.

Due to the long carry/borrow propagation paths extending from the least-significant bit to the most-significant bit
position, the binary number systems are limited in the computing speed [1, 2]. This motivates researchers to develop
alternative approaches to design high-speed arithmetic units. Using unconventional number representations has brought
much attention in recent years. Using non-binary number representations, several schemes have been presented in order
to obtain efficient arithmetic operations. Examples include the multiple-valued fixed radix-number residue number [3],
Logarithmic Number System (LNS) [4, 5], Residue Number System (RNS) [6, 7], signed-digit [8], and some hybrid
number systems [9, 10]. An appropriate number representation is very important for different FPGA applications since it
significantly affects the performance and accuracy of the FPGA systems. Recently several encoders have been
developed for different number systems such as rational number system [5], beta or Golden ratio encoders [11, 12]
which are used on analog to digital (A/D) conversion system [13].

The golden ratio (¢=(1++/5)/2) sometimes refers to base-¢ (the Greek letter “phi”). It has been used as the base of a

number system called golden mean base, phi number system (PNS), or phinary. This number system was developed by
Bergman in 1957. It is a non-integer positional number system in which the base-¢ is an irrational number.
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Every non-negative real number can be represented as a base-¢ sequence using digits 0 and 1, and avoiding the digit
sequence “11” — this called a standard form [14-16]. In this number system, every non-negative integer is represented by
a finite base-¢ sequence of distinct integers k,,k,,...,k, such that [15, 17-19].

X:(pk' +¢k2 +...+¢’"” 2)

Every non-negative integer has a base-¢ representation using two digits 0 and 1. This representation is unique if the
following condition is satisfied [14, 15].

1) It contains no consecutive s or has a standard form.
2) It does not become “01010101...” after some finite number of digits.

Using the arithmetic properties of the base-¢ that ¢p+1 = ¢”, a base-¢ numeral containing the digit sequence "11" can
always be rewritten as a standard form. For example, 11, = 100,

Due to the fact of that all integers have a unique representation as a finite expansion of the irrational base-¢, the phi
number system is a remarkable number system. Other numbers have unique standard representations in base-¢ as well.
Rational numbers have recurring expansions. The numbers with a terminating expansion also have a non-terminating
representation [20]. Similar cases could be found in base-10 system, for example, 1=0.9999....[21]. This property can be
extended into the negative of a base-¢ representation by negating each digit, standardizing the result, and then marking it
as negative. For example, use a minus sign, or some other significance to denote negative numbers. If the arithmetic is
being performed on a computer, an error message may be returned.

Detail discussions of the phi number system can be found in [16, 19, 22]. Ternary t-representation [23, 24] is another
irrational base number system which the base is the square of the “golden ratio”, ¢* =(3++/5)/2, with the ternary
numerals {-1,0,1} . This number system have been used in computers for arithmetical operation control [23, 24]

FPGA technologies make application-specific number representations available with customizable bit-widths. However,
they require a new “customized” number system and new data treatment [10, 25]. In this paper, we introduce a new
generalized Phi number system (GPNS). By selecting appropriate parameters, The GPNS can be specified to the
traditional PNS, the binary number system (base-2), and other integer base number systems. We investigate the
applications of the new GPNS in image processing. We introduce a new parameter bit-plane decomposition method
using the new GPNS. Integrating this new decomposition method with the chaotic logistic map, a new image encryption
algorithm is introduced. Experimental results are given to demonstrate that the GPNS shows excellent performance in
image decomposition and encryption.

The rest of the paper is organized as followed. Section 2 introduces the new GPNS and discusses its properties. Section 3
introduces an image bit-plane decomposition method using the GPNS. Section 4 draws a conclusion.

2. GENERALIED PHI NUMBER SYSTEM

In this section, we introduce a new class of parameterized number system, namely the generalized phi number system
(GPNS). We show that, by selecting appropriate parameters, the new system can derive other commonly used number
systems including the Phi number system, binary number system, and beta encoder. Some GPNS properties are also
presented.

By extending the concept of the base-¢ representation, we introduce a new number system defined in the definition 2.1.

Definition 2.1: Ify is a root of x*—bx—c=0(whereb,c>0), w= % , each non-negative integer X can be
represented by a finite sum,
X=ay" +a,_y"“ " +a_y"“ "+ +ay +ay” +a,ta y " ray " a T + (3)

where a,,m,k are integers andm >0,i=0,1,2,3,.... a, € (—y,y) . This is called the generalized phi number system (GPNS).
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The new GPNS has following properties:
1) The sequence/coefficient a, can be calculated by using the following iteration
v =y X; a =0W);
izl:v, =y, —-a);
for ai+1 = Q(VH-])

) {—1 v<0
while O(v) =

1 v>0
2) The new GPNS is either a rational or irrational number system. The coefficients of x* — bx — ¢ = 0 determine that
the base-y is a rational or irrational number.

3) It can be shown that

N © ~(N+1)m
‘X—Zakl//k”’ = Z ay™ Sy;—km if w>1, andm>0 4)
k=1 k=N+1 -
Dyt =yl = 172 if >1, andm=2 5)
k=0 k=0 -y
= 1 . 1++/5
Dyt =——e =y if y= (6)
k=0 1—l// 2

4) By varying its coefficients, b,c,m,a, ,the GPNS be specified into many well-known number systems, including

traditional phi number system, binary numeral system, ternary numeral systems and many other arbitrary base
systems.

% Binary number system

If b=1,c=2,m=1, anda, €{0,1}, then x*—x-2=0, w=2. The GPNS turns into the traditional binary numeral system
defined by,

X=a2"+a,_2""+a,,2+..+a,2° +a,2' +a,2" +a 2" +a,27 +a 27 +... 7
where g, € {0,1}, and i =0,1,2,3,....k .

The binary numeral system is a base-2 number system. It is widely used in many fields such as digital electronics, digital
communications, and all modern computers.

% Phi number system

+5

If b=l,c=1,m=1, anda, €{0,1}, then x* —x—1=0, y = IT , the equation (3) changes to

X=ay " +a_y" " +a_ v 7+ . vayiray+a,+ay va, T va T+ )

The GPNS becomes the traditional phi number system. The equation (8) is another format of the equation (2).

s Ternary t-representation

If b=l,c=1,m=2, and a, € {~1,0,1} , then x> —x-1=0, y’ = 3 +2\/§ ~2.618 . The GPNS is the ternary t-representation [23,
24] defined by,
X=ay™ +a,_ " +a,_ "+ . +ay'+ayi+a,+ta y +a,yt vay T+ ©)
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where g, € {~1,0,1}, and i =0,1,2,3,....,k .

The ternary t-representation is the ternary symmetrical number system with the ternary numerals {-1,0,1}. It has
irrational base — the square of the “golden ratio”. It can be used in computers for arithmetical operation control [23, 24].

% Ternary numeral system
If b=l,c=6,m=1, and a, € {0,1,2}, then x* —x—6=0, y =3. The GPNS is the ternary numeral system — a base-3 number
system [26, 27]. It is defined by,

X=a3"+a,_3"+a 3"+ .+a,3+a3 +a,3" +a 3" +a,3 +a 37 +... (10)

where g, € {0,1,2}, and i =0,1,2,3,....k .

% Balanced ternary numeral system
If b=1,c=6,m=1, and , € {~1,0,1}, then x’ —x—6=0, y =3. The GPNS is the balanced ternary numeral system [28], It is
defined by,

X=a3" +a_3"+a_,3"+. .+a,3+a3 +a,3" +a 3" +a,37 +a 37 +... (11)

where g, € {~1,0,1}, and i =0,1,2,3,....k .

The balanced ternary numeral system is also called the ternary symmetrical number system [23, 29]. It is used in
comparison logic and ternary computers.

Table 1. GPNS representation of integers.

b=le=2m=l, b=lc=lm=1, b=lc=lm=2, | b=lc=6m=1, | b=lLc=6,m=1,
GPNS | a€{0.1} a, € {0,1} a,€{-1,0,1} a, €1{0,1,2} a, € {-1,0,1}
Binary number Phi number system Ternary T Ternary numeral | Balanced ternary
system representation system numeral system

1 1 1.0 1.0 1 1

2 10 10.01 111 2 1T

3 11 100.01 10.1 10 10

4 100 101.01 11.1 11 11

5 101 1000.1001 111.71 12 111

6 110 1010.0001 101.01 20 110

7 111 10000.0001 100.01 21 111

8 1000 10001.0001 101.01 22 101

9 1001 10010.0101 11111 100 100

10 1010 10100.0101 110.11 101 101

11 1011 10101.0101 111.11 102 117

12 1100 100000.101001 17101.0T1 110 110

13 1101 100010.001001 ITIT1T1 111 111

14 1110 100100.001001 1110.1T1 112 IT1

15 1111 100101.001001 1T11.1T1 120 110

16 10000 101000.100001 1011.T01 121 111

17 10001 101010.000001 100 T.001 122 101

18 10010 1000000.000001 1000.001 200 100

19 10011 1000001.000001 1001.001 201 101

20 10100 1000010.010001 101 1.101 202 111

Note: “I” indicates “-1” in the table.
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s Examples of new number systems

Case #1: b:I,c:l, :1+\/§
2 2

Case #2: b=3,c=1,z//=l+2\/7

Case #3: b:7,c=1,1//=1+;/ﬁ

Table I shows the different representations of integers from 1 to 20.

3. GPNS BIT-PLANE DECOMPOSITION
Benefited from the GPNS properties, we introduce a new GPNS-based image bit-plane decomposition.

The traditional binary bit-plane decomposition [30] intends to decompose image into several binary bit-planes. Each bit-
plane contains the corresponding bits of the binary representation of all image pixels. For example, a grayscale image
can be decomposed into eight binary bit-planes. The 4th bit-plane consists of the 4th bits of all image pixels. The
traditional binary bit-plane decomposition has been used in image processing such as edge detection [31], image coding
and compression [32-34], as well as for security applications such as image encryption [35-37], data hiding [38, 39],
watermarking [40] and steganography [41, 42].

£

Bit-plane 5 Bit-plane 4

Bit-plane 3

Bit-plane 2 Bitplne 1 Blt-ple 0

Fig. 1. Image bit-plane decomposition using the balance ternary numeral system (base-3) with numerals {-1,0,1}.
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Bit-plane -9 Bit-plane -10 I Bit-plane -11
Fig. 2. Image bit-plane decomposition using the Phi number system (base-¢) with numerals {0,1} .

X ™%
Bit-plane 5

Bit-plane -4 .

Bit-plane -6
Fig. 3. Image bit-plane decomposition using the ternary T-representation (base-¢°) with numerals {~1,0,1} .
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The pixel intensity values of a digital image are non-negative integers. In the same manner of binary bit-plane
decomposition, a digital image can also be composed into several GPNS bit-planes. This is called GPNS bit-plane
decomposition. Since the base of the GPNS could be an irrational number, a rational number, or an integer. Therefore
the GPNS bit-planes may consist of binary bits or arbitrary-base bits. Moreover, the traditional binary bit-plane
decomposition is a special case of the GPNS bit-plane decomposition when »=1,c=2,m=1, and a, € {0,1} .

Fig.1-3 provides decomposition results of a grayscale Lena image using the GPNS bit-plane decomposition. Fig. 1
shows image decomposition using the balance ternary numeral system (base-3) with numerals {-1,0,1}. Using the Phi

number system (base-@) with numerals {0,1} , the image is decomposed into twenty-five bit-planes shown in Fig. 2.
Using the ternary t-representation (base-¢®) with numerals {~1,0,1}, Fig. 3 demonstrates that an image is decomposed
into thirteen bit-planes.

4. IMAGE ENHANCEMENT USING GPNS-BASED BIT-PLANE DECOMPOSITION

For a specific base of the GPNS, an image can be decomposed into a certain number of bit-planes with specific
numerals. This decomposition result could be used for other applications in image processing. This section investigates
the application of the GPNS bit-plane decomposition for image enhancement. A new image enhancement algorithm is
introduced. Some results of image enhancement are also presented.

4.1 New Image Enhancement Algorithm

The Parameterized Logarithmic Image Processing (PLIP) model is a mathematical framework [43]. Its operations make
use of a parameterized gray-tone function g(i, /) defined by,

g(i, j) = u(M) - f(i, ) (12)
where f(i, ) is the original image intensity.
The multiplication of two gray-tone images, g,, g, in the PLIP model is defined by,
g¥e, =0 (p(g) 0(g)) (13)

where ¢ transform and its inverse transform are defined by

1B
o(o) = — -8 o (o) = 11= &
p(g)=-A(M)-In [ A(M)] and ¢ (g)=A(M) [1 eXp(l(M)j J

The PLIP multiplication has been demonstrated to be able to yield visually appealing images [43].

Integrating the PLIP multiplication with the GPNS bit-plane decomposition, we introduce a new algorithm for image
enhancement, called . The algorithm is shown in Fig. 4.

» Combine 1%
| to k™ bit- |~ Sub-image #1
n GPNS | planes
Bit-planes : L
PLIP Enhanced
Original | Multiplication Image
Image | ?
| Combine:
! (k+1)" to n™" » Sub-image #2
Ly bit-planes

Fig. 4. Image Enhancement Algorithm using the GPNS bit-plane decomposition and PLIP Multiplication
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The new enhancement algorithm first decomposes the input image into » GPNS bit-planes with a specific base-y. Using
the definition 2.1, the algorithm combines the first £ GPNS bit-planes to obtain the sub-image #1. The sub-image #2 is
generated from the rest GPNS bit-planes by the same manner. The enhanced image is obtained by merging these two
sub-images using the PLIP multiplication.

As shown in equations (8) and (9), the variation of parameters, u(M), A(M), and B, will change the enhancement results
of the presented algorithm by modifying the properties of the PLIP multiplication. When A(M) is negative, the parameter
B will play important role for the PLIP multiplication. The new algorithm has potential for enhancing different types of
images such as grayscale images, biometrics and medical images.

4.2 Simulation Results

The presented algorithm has been applied to more than 26 images. Fig. 5 shows the enhanced results of four different
types of images. The enhanced images are more visually pleasuring and recognizable in details than the original ones.
This demonstrates that the new algorithm shows excellent performance for enhancing the contrast and details regions in
different types of images.

(b) Satelite image (d) X-ray image

= ——

()

Fig. 5. Image enhancement using the presented algorithm. (a)-(d) shows the original images; (e)-(h) shows the
corresponding enhanced images. This demonstrates that the presented algorithm can enhance different types of images.

5. CONCLUSION

This paper has introduced a new generalized phi number system, which has shown the ability of driving several existing
irrational-, rational- and integer-base number systems. Its applications for image decomposition and enhancement have
been investigated. We introduced a new parametric image bit-plane decomposition method using the new GPNS. It can
decompose an image into different number of bit-planes according the specification by parameters. Combining this
decomposition method with the PLIP multiplication, we have introduced a new image enhancement algorithm. The
algorithm has shown excellent performance for improving visual quality of different types of images.
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