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ABSTRACT

Due to the fact that the dissimilarity between the centered
and other patches within an image dynamically changes in
each denoising iteration, this paper proposes a new non-local
image denoising algorithm called the non-local fuzzy mean-
s (NLFM). It considers the weights as fuzzy variables and
adaptively update their values by solving an energy minimiza-
tion problem. A new exponential parameter is introduced
to the weights, offering a nonlinear mapping to enhance the
NLFM’s denoising performance. Two strategies are proposed
to solve the energy minimization problem in different parame-
ter settings. Experiments demonstrate that the NLFM outper-
forms several existing non-local means algorithms in terms of
visual quality and quantitative measures.

Index Terms— image denoising, non-local means (NLM),
non-local fuzzy means (NLFM)

1. INTRODUCTION

Image denoising is a classical research field in image process-
ing and computer vision due to the fact that the image is usu-
ally corrupted in some processing stages, such as image ac-
quisition, quantization and transmission. The quality of cor-
rupted images should be improved before further processing,
like image segmentation, recognition, and registration, etc.
Recent years, a large number of algorithms have been
developed to reduce the Gaussian noise with zero mean from
different perspectives. Among those denoising methods,
non-local means (NLM) [1, 2], as a classical spatial domain
method, has brought significant attentions of researchers.
NLM denoises the noisy image by calculating the weight-
ed average values of the neighboring pixels in a searching
window S; centered at the pixel 4, which can be expressed by:

oo Z icS; Win(.j)
X — 31—7 (1)
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where Y'(j) is the value at location j in noisy image Y, and
X () is the restoration result. The weights w;; describe the
dissimilarity between two patches as following

o (Y=Y
w;j = exp e

where || - || is the Euclidean norm, Y; and Y; represent the
image patches in Y, and A is a specified parameter.

Extensive investigations have proved that the non-local
processing is suitable for image denoising. Examples include
K-SVD [3], BM3D [4], LPG-PCA [5], PLOW [6], HOSVD
[7], and PEWA [8], etc. Therefore, many improved versions
of NLM have been proposed to enhance its denoising per-
formance using different principles, such as computation ac-
celeration [9, 10], dissimilarity measure [11], weight selec-
tion [12—15], and many others.

Studies have shown that the weights w;; play a significant
role in the NLM framework [12—-14]. However, in NLM and
its improvements, the weights are often set to be constants
during the iterative denosing processes. This setting is inap-
propriate because the corrupted images become cleaner and
image contents change dramatically after each new denoising
iteration.

In order to adaptively determine the weights, this paper
proposes a novel NLM algorithm, called the non-local fuzzy
means (NLFM). Our main contributions can be listed as fol-
lows:

2)

1. Unlike existing NLM methods which use fixed weight-
s, the proposed NLFM considers the weights as fuzzy
variables, and an energy function is established to find
their optimal values.

2. We introduce a new exponential parameter m to the
weights w;; in order to nonlinearly stretch their values
to a proper space to enhance the NLFM’s denoising per-
formance.

3. Under different ranges of parameter m, we propose two
strategies to solve the energy minimization problem.

The remainder of the paper is organized as follows. In
Section 2 we introduce the proposed NLFM algorithm in de-
tail. In Section 3 we describe the experimental results. Sec-
tion 4 offers our conclusions.
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2. NON-LOCAL FUZZY MEANS

2.1. Optimization Models

The NLM can be transformed into an optimization prob-
lem [12]. This is another understanding of NLM. We further
extend this concept to other classical image denoising meth-
ods including the mean filtering and Gaussian filtering. They
can also be transformed into the corresponding optimization
models from the mathematic point of view. The results are
given in Table I.

Table 1: The optimization models of denoising methods.

Method Optimization Model
Mean Filtering X(6) = argminy ;) > je 5, (V(5) — X (i))2
Gaussian Filtering X (i) = argmin y(; ZjES,; wii (Y(§) — X (4))?
NLM [12] X, = argminy, 37 e wig |G — X2
NLEM [11] X; =argminy, 32,5 wij Y — Xill
INLEM [12] Xi = argming 30, V@i 1Y — Xl

From Table I, we can observe the development of image
denoising techniques. The mean filtering processes the image
by simply averaging all pixel values within a patch (searching
window). It was improved by the Gaussian filtering using a
weighted Gaussian kernel. They both use the local informa-
tion or neighboring pixels.

The NLM algorithm further improves the Gaussian filter-
ing from the pixel-wise into patch-wise manner in terms of the
weight calculation and dissimilarity measure. Although this
improvement is quite simple, the NLM has been proved to be
a powerful tool of image denoising. Two improved NLM ver-
sions the non-local Euclidean medians (NLEM) [11] and im-
proved NLEM (INLEM) [12], promote the NLM’s denoising
performance by revising the weights w;; or/and the dissimi-
larity measure || X; — Y;||? in the optimization models shown
in Table I.

These methods calculate the weights w;; from the noisy
image patches and keep their values fixed for all denoising
iterations. The weights w;; are rough estimates of the dissim-
ilarity between two noisy patches. Due to the fact that the
image becomes cleaner after each iteration, it is necessary to
adaptively update the weights based on the denoising results
in the previous iteration. In Section 2.2, we propose a novel
NLM approach whose weights are set as fuzzy variables.

2.2. NLFM

This section introduces a novel non-local algorithm called
non-local fuzzy means (NLFM) for image denoising. It con-
siders the weights as fuzzy variables and updates their values
in each denoising iteration. The proposed NLFM is summa-
rized in Algorithm 1.

In above algorithm, the input parameter s and k denote the

radii of the searching window and patch in the image respec-
(0)

tively. Note that w;;” and X i(o) in Step 2(a) are used as initial
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Algorithm 1 Non-local Fuzzy Means (NLFM)
Input: The noisy image Y and parameters h, s, k, m.

e Step 1: Extract a patch, Y;, with radius k centered at every
pixel 7in Y.
e Step 2: For every pixel ¢, do

o2
(a) Set wf?) = exp (—%) for every j € S;, and
iV

g T
Jesi ZJES,i ng)

compute X(*) = 2

(b) Take wg.)) and Xfo) as initial values, and find

. o - i . (12
{Xi, @i} = argming >0, o wif | X — V5%,
s.t.3 s, wi; = 1 using an iterative way.

(¢) Assign X (i) to be the value of the center pixel in X;.

Output: Denoised image X.

values for the iterative calculation, and w;; in Step 2(b) are
variables determined by the solutions of optimization prob-
lems.
The optimization model of the NLFM is defined by:
{Xi, i} = argming_ > WP |X =Y. 3)
JES:

In the above model, both X; and w;; are unknown vari-
ables determined by the energy function. Weights w;; are
adaptively updated in different iterations. These are the major
differences between NLFM and the models in Table 1.

Furthermore, we introduce an exponential parameter m
(m > 0) to weights w;; which are usually normalized to
[0, 1]. In the energy function, parameter m plays a significant
role in the proposed NLFM. It performs a nonlinear mapping
to weights w;; into different spaces. If 0 < m < 1, small
weights w;; are stretched into large values while large weights
will be more compact. Opposite impacts appear when m >
1. As a result, m is tightly related to the contribution of
| X; —Y;||* to the energy function, and the selection of m defi-
nitely effects the solution of the energy minimization problem
as well as the denoising results. It is possible to tune the val-
ue of parameter m to achieve better denoising performance.
Next, we will show how to implement the NLFM for different
m values.

2.3. Optimization Strategies

The key step in the NLFM is to solve the optimization prob-
lem in Step 2(b). Different strategies are adopted according
to different settings of parameter m.

231 m=0

This means that weights w;; are neglected and NLFM reverts
to the mean filtering.
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232, m>0butm #1

In this situation, we use the Lagrange multiplier method to
solve the optimization model in Eq. (3). First, we define the
following Lagrange function:

F=> wlXi=YIP+ X[ > wij—1 “4)

JjES; JjES;

By setting the derivative with respect to w;; equal to zero,
we have

oF m—1 2
P =mw; || Xi = Y;[|7+A=0. Q)
Then w;; can be obtained in the following form,
A w1
o ) 6
i (mnxi—w) ©

Utilizing the constraint condition jes; Wij = 1, we ob-
2

tain,
m—1 -
les;

When weights w;; have been determined by Eq. (7) un-
der the constraint » jes; Wis = 1, X; can be obtained in the
following way directly:

Xi = Z winj.

JES:

1X: = Y5

7
X, v @

®)

In practice, we apply an iterative way to to find optimal

w;j and X;. Namely, starting from an estimate wg-) and X i(t),
the next iteration is set as
) _2 \ 1
X.t _ Y m—1
wi(;ﬂ) _ Z (H z(t) J ) 7 9)
les; HXz - Y2 ||
and
X = 3wy (10)
JES;:
As aforementioned, XZ-(O) and w" are initial conditions

ij
to start denoising iterations. An example is given in Fig. 1
to show the iterative processes. As illustrated in Fig. 1(a),

) calculated from a noisy image, are plotted in a
(0)

ij
%

descending order. X

weights w

can be obtained using Eq. (10). Then
(1)

we compute weights w;;* according to Eq. (9), which are plot-
ted in Fig. 1(b). It can be seen that the distribution of weights
is greatly changed. If we directly utilize these weights, the im-
age will be over-denoised. To avoid this problem, we update
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Fig. 1: Weights w;; used in different steps of the NLFM: (a)
Step 2(a) in Algorithm 1; (b) Eq. (9); (c) Eq. (11).
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(t+1)
ij

the weights by combining w and wg—)

way:

in the following

(1) (t+1)
Wy = ow;;

(®

+ (1 - a)w;;’, (11)

where 0 < o < 1. Fig. 1(c) shows the weights obtained
based on Eq. (11) with @ = 0.5. We can find that the weights
updated in this way not only preserve the tendency of the orig-
inal ones but also accommodate the weights for some specific
patches. Finally, the iterations will stop on the condition that
| X i(tﬂ) -X i(t) || is smaller than a given threshold.

Note that m is recommended to be a value not more than
5. Otherwise, all wg’; becomes small and similar values. The
following two problems may arise. First, the weights has sig-
nificantly reduced contribution to the minimization problem.
Second, it requires more iterations to minimize the energy
function.

233. m=1

Because the Lagrange multiplier method fails to solve the op-
timization problem in this situation, we then update X; and
w;; using an approximation algorithm. Assume that, after ¢
times iterations, a total of ¢ pairs of wg) and X i(t) are ob-
tained, where t = 0,1, 2, ---. Then we update w;; by

X(t) — V.2
= exp (—”LhQ]” forevery j € S;.  (12)

(t+1)
W

After that, X i(t) is updated by
(t+1)

= argmin y, E W
JES;

D)

; 1X; — Y51, (13)

This is similar to the classical NLM in this step. Howev-
er, different from the classical NLM, NLFM performs itera-
tive denoising processes. Its denoised patches still are derived
from the noisy patches Y}, j € S;. The stop criterion of de-
noising iterations here is the same as those in the situation
m # 1.

3. EXPERIMENTS

In this section, experiments are carried out to demonstrate
denoising performance of the proposed NLFM. Similar to
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Table 2: Comparison of the NLFM with other methods in terms of PSNR and SSIM at noise levels o = 10, 20, - - - , 100.

Image Method

PSNR (dB)

10 20 30 40 50 60 70 80 90 100

SSIM
10 20 30 40 50 60 70 80 90 100

NLM
NLEM
INLEM
NLFM

Peppers

32.57 27.84 25.29 23.69 22.58 21.87 21.22 20.69 20.15
32.04 28.01 25.44 23.86 22.65 21.89 21.27 20.75 20.25
31.52 28.14 26.10 24.37 23.06 22.17 21.43 20.84 20.27
32.04 28.49 26.33 24.69 23.41 22.54 21.63 20.96 20.38

19.67
19.76
19.75
19.87

0.895 0.820 0.760 0.703 0.651 0.603 0.559 0.515 0.477 0.439
0.892 0.822 0.762 0.707 0.655 0.608 0.565 0.520 0.483 0.444
0.891 0.822 0.754 0.683 0.621 0.568 0.522 0.478 0.444 0.406
0.900 0.835 0.773 0.707 0.647 0.608 0.568 0.526 0.492 0.453

NLM
NLEM
INLEM
NLFM

C.man

31.69 27.96 24.72 23.09 22.12 21.45 20.92 20.46 19.79
31.40 28.03 24.95 23.15 22.16 21.49 20.98 20.52 19.86
31.91 27.97 25.86 23.90 22.55 21.72 21.10 20.57 19.87
32.29 28.35 26.28 24.53 22.90 21.88 21.17 20.61 19.91

19.35
19.45
19.43
19.49

0.874 0.798 0.715 0.642 0.572 0.519 0.473 0.436 0.396 0.372
0.874 0.801 0.720 0.647 0.578 0.524 0.479 0.442 0.402 0.377
0.895 0.800 0.717 0.631 0.551 0.492 0.443 0.407 0.368 0.345
0.908 0.813 0.739 0.662 0.586 0.535 0.493 0.456 0.416 0.391

NLM
NLEM
INLEM
NLFM

Couples

30.49 25.55 24.06 23.30 22.72 22.23 21.80 21.24 20.77 20.51
30.44 25.66 24.04 23.28 22.72 22.24 21.82 21.27 20.82 20.57
30.45 26.51 24.67 23.62 22.88 22.29 21.80 21.20 20.73 20.46
30.82 27.00 25.06 23.80 22.97 22.36 21.87 21.28 20.85 20.60

0.847 0.689 0.618 0.559 0.508 0.470 0.429 0.391 0.366 0.340
0.852 0.691 0.617 0.560 0.508 0.471 0.430 0.392 0.368 0.342
0.869 0.735 0.642 0.566 0.502 0.457 0.412 0.372 0.348 0.323
0.879 0.757 0.661 0.579 0.514 0.473 0.434 0.397 0.374 0.348

NLM
NLEM
INLEM
NLFM

House

34.51 30.20 27.62 26.27 25.35 24.61 23.82 23.07 22.28 21.71
34.22 30.47 27.76 26.34 25.40 24.68 23.92 23.16 22.39 21.82
33.15 30.43 28.17 26.56 25.48 24.63 23.79 22.99 22.21 21.63
33.99 30.76 28.59 26.96 25.79 24.87 24.05 23.26 22.49 21.92

0.881 0.815 0.750 0.688 0.631 0.580 0.529 0.481 0.438 0.412
0.880 0.818 0.754 0.693 0.637 0.586 0.536 0.488 0.444 0.418
0.878 0.808 0.730 0.652 0.586 0.531 0.480 0.434 0.394 0.371
0.887 0.821 0.753 0.683 0.626 0.587 0.540 0.495 0.454 0.429

0.8

0.6

SSIM

0.4

0.2

0

10 20 30 40 50 60 70 80 90 100
Noise level

(a)

10 20 30 40 50 60 70 80 90 100
Noise level

(b)

Fig. 2: Quantitative measures of image denoising results us-
ing the proposed NLFM with different m values for various
noise levels: (a) PSNR; (b) SSIM.

most literatures, the restored images are evaluated by both
the structural similarity (SSIM) index [16] and peak signal-
to-noise rate (PSNR). The PSNR index is defined as

2552 M N

PSNR = 10 - log, 5.
N-1 .. S .
S XG0 - X6.9)]

14
M—-1
1=0

First, the effect of parameter m in NLFM is investigated
experimentally. Four common test images, “Lena”, “Finger-
print”, “Mandril”, and “Boats”, are selected for this test, and
m is set to be 0.5, 1, 2, and 3 respectively. Each test image
is corrupted by adding Gaussian noise with different o values
changing from 10 to 100 with a step of 10. The restoration re-
sults in terms of PSNR and SSIM are plotted in Fig. 2. They
are the average results of all test images in different noise lev-
els. As can be seen, the restored results of mm = 0.5, 1, 2 and
3 are better than those of m 1 for noise levels less than
o = 60, while all m values perform equally for larger noise
levels. In observation of overall performance, m = 2 is supe-
riors to other values in most cases. Therefore, m is set to 2 in
the following experiments in this paper.
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In the following experiments, we compare the proposed
NLFM with NLM, NLEM, INLEM on several standard test
images. All images, including the noise-free images and their
corresponding noisy versions, are limited to the size of 256 x
256 and a range of pixel values between 0 to 255. The param-
eters for NLM, NLEM, and INLEM are set as recommended
in [12]. For the NLFM, we set h = 60,s = 10,k = 3.

For a comparison purpose, all original test images are cor-
rupted by different degrees of noise with the same parameters
used in the former experiments. The corresponding PSNR
and SSIM results are reported in Table II. It can be concluded
from Table II that the NLFM achieves the best denoising re-
sults in most situations. Particularly, the NLFM obtains obvi-
ous improvements in the PSNR measures when ¢ < 60. Con-
sidering the SSIM measures, the improvements of the NLFM
are better although it works slightly worse than the NLEM
in few cases. This is because the optimization model for the
NLFM is to minimize the square error sum with respect to
the intensity of images and thus the structural details may not
recover very well sometimes.

4. CONCLUSION

In this paper, we have introduced a new NLFM which is an
improved version of the NLM for image denoising. Unlike
the NLM and some of its improvements, whose weights are
set to be constants in all denoising iternations, the proposed
NLFM considers the weights as fuzzy variables which are
determined by solving an energy minimization problem. In
this way, the weights are able to be updated and adaptive to
changes of image contents and denoising results. We also
introduced an exponential parameter to the fuzzy weights to
map them to a proper space for enhancing the NLFM’s de-
noising performance. Experiments were carried out to evalu-
ate the NLFM, and promising results have been achieved.
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